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H I G H L I G H T S

� Staying together is a crucial operation for construction of complexity in biology.
� Staying together means that cells do not separate after division.
� We study the evolution of staying together.
� We explore a stochastic process with finite population size.
� We derive exact results for the limit of weak selection.
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a b s t r a c t

Staying together means that replicating units do not separate after reproduction, but remain attached to each
other or in close proximity. Staying together is a driving force for evolution of complexity, including the
evolution of multi-cellularity and eusociality. We analyze the fixation probability of a mutant that has the
ability to stay together. We assume that the size of the complex affects the reproductive rate of its units and
the probability of staying together. We examine the combined effect of natural selection and random drift on
the emergence of staying together in a finite sized population. The number of states in the underlying stochas-
tic process is an exponential function of population size. We develop a framework for any intensity of selection
and give closed form solutions for special cases. We derive general results for the limit of weak selection.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

This paper is part of the effort to explore how staying together
(ST) can contribute to the emergence of complexity in evolution
(Tarnita et al., 2013; Olejarz and Nowak, in press). ST means that
reproductive units do not separate, but stay together. For example,
cells that have divided can remain attached to each other forming
multi-cellular filaments or aggregates. ST in the context of cellular
division can therefore lead to the evolution of multi-cellularity,
which is a major topic of investigation (Bell and Mooers, 1997;
Bonner, 1998, 2008; Maynard Smith and Szathmary, 1998; Michod,
1999, 2007; Furusawa and Kaneko, 2000; Carroll, 2001; Pfeiffer
and Bonhoeffer, 2003; Kirk, 2003, 2005; King, 2004; Grosberg and
Strathmann, 2007; Rainey, 2007; Willensdorfer, 2008; Kolter,
2010; Rossetti et al., 2010, 2011; Koschwanez et al., 2011; Ratcliff
et al., 2012, 2013; Norman et al., 2013). Another example of ST is
that the offspring of a social insect do not leave the nest but stay
with their mother and participate in raising further offspring

(Wilson, 1971; Gadagkar, 1994, 2001; Hunt, 2007; Hölldobler and
Wilson, 2009). ST in the context of subsocial insects is a trajectory for
the evolution of eusociality (Nowak et al., 2010a). Another example of
ST is that reproducing intra-cellular symbionts remain in the same
host cell. The evolution of eukarya by endosymbiosis (Margulis, 1981)
is a form of staying together (Tarnita et al., 2013). At the dawn of life
protocells enable a staying together of RNA sequences that replicate
inside them (Chen et al., 2005; Bianconi et al., 2013). It is therefore of
great interest to study fundamental aspects of the evolutionary
dynamics of staying together. Previous work has focused on deter-
ministic evolutionary dynamics (Tarnita et al., 2013; Olejarz and
Nowak, in press). Here we develop a stochastic approach.

We study the fixation of ST in a population of finite size, N. We
introduce a single mutant that has the ability to stay together and
calculate the probability that it reaches fixation in a population
where the resident type does not stay together.

Our paper is structured as follows. In Section 2, we describe the
basic model and key results. In Section 3, we show the underlying
mathematical ideas and derivation of our results. In Section 4, we
provide a brief summary and outlook for future research.
The Appendix contains detailed derivations.
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2. Model and key results

We consider a population of constant and finite size, N. There
are two types: A has the ability to form complexes by staying
together (ST), while B only exists in single units. We use the
notation Ai to describe a complex of size i. The largest conceivable
complex size is given by the size of the population, N. In this case
the entire population would consist of a single complex.

We assume that the rate of reproduction of A units depends on
the size of the complex. An A unit in a complex of size i has
reproductive rate ai. In comparison a B unit has a fixed reproduc-
tive rate, 1, which determines the time scale.

If a unit within Ai reproduces, there are two possibilities: (i) the
new unit can stay with the complex, in which case we obtain a
complex that has grown in size, Aiþ1; or (ii) the new unit leaves
the complex, in which case we obtain an additional new complex
of size one, A1. The former happens with probability qi while the
latter happens with probability 1�qi. Thus, both the rate of
reproduction and the probability of ST can depend on the size of
the complex.

Reproduction in our system is described by the following
biological reactions:

Ai⟶
iaiqi Aiþ1

Ai ⟶
iaið1�qiÞAiþA1

B⟶
1
BþB ð1Þ

In any one time step we choose a random unit for reproduction
proportional to fitness and simultaneously we choose a random
unit to die. If a unit in a complex Ai (with iZ2) dies, then we
obtain a complex that is one unit smaller, Ai�1. If an A1 unit dies
then this complex disappears. Similarly if a B unit dies, the total
number of B units in the whole population decreases by one.

Death in our system is described by the following biological
reactions:

Ai⟶
i
Ai�1; iZ2

A1⟶
1
0

B⟶
1
0 ð2Þ

In contrast to the previous work on staying together which was
based on deterministic equations (Tarnita et al., 2013; Olejarz and
Nowak, in press), we do not consider the removal (death) of entire
complexes. Instead in our system individual units die to ensure
constant population size. This assumption facilitates the analysis
of the stochastic process (Fig. 1).

The above notation for the biological reactions in our system is
borrowed from chemical kinetics. Note however that we do not
use this notation to describe a time continuous process, but a
discrete one. Moreover, in our model there is always exactly one
birth and one death event to ensure that the population size is
strictly constant as in the Moran (1962) process.

Unlike the Moran process (for two types) our system has a very
large number of states. If we denote by xi the number of complexes
of type Ai and by y the number of B units in the population, then a
state of the process is given by a vector ðx1; x2;…; xN ; yÞ subject to
the constraint:

yþ ∑
N

i ¼ 1
ixi ¼N: ð3Þ

The total number of states grows exponentially with population
size, N.

The main biological question that we want to answer is the
following. We introduce one A1 unit in a population of N�1 many
B units and ask what is the probability that the lineage arising

from this single A unit takes over the whole population? Thus, we
want to calculate the fixation probability of A. There is either
fixation or extinction. Let ρ be the probability that starting with
one A unit the process eventually reaches a state where all units
are of type A and type B has become extinct (Fig. 2).

Let us consider a simple case first. If qi's are all 1, then A units
always stay together. Since we start with a single A1 complex, at
any time we have only at most one A complex. Hence the state
space of our stochastic process is simply given by the total number
of A units, i¼ 0;1;…;N. There are two absorbing states, 0 and N,
while the remaining states, i¼ 1;…;N�1, are transient. Using
standard methods (Karlin and Taylor, 1975; Nowak, 2006), we
obtain

ρ¼ 1þ 1
a1

þ 1
a1a2

þ⋯þ 1
a1a2⋯aN�1

� ��1

: ð4Þ

For our general systemwe can derive an analytic expression for
the fixation probability in the limit of weak selection. In this limit,
we assume that the reproductive rate of all units is very close to 1.
We introduce the notation ai ¼ 1þwsi, where si is the payoff
(fitness contribution) for being in a complex of size i and w is
the intensity of selection. For w¼0 we have neutrality. The limit of
weak selection is given by w-0. For studying weak selection, we
assume that w is small enough so that higher order terms of w are

Fig. 1. Stochastic evolution of staying together. Blue spheres represent A units
(cells) that have the ability to stay together after reproduction. Red spheres
represent B units which always separate. (a) The fitness values of units depend
on their type and for A units also on the size of the complex in which they are in. An
A unit in a complex of size i has reproductive rate ai. B units have reproductive rate
1. (b) In any one time step a random unit is chosen for reproduction proportional to
fitness and a random unit is chosen for death. The total population size (total
number of all units) remains constant. In this example, an A unit in the complex
of size 3 has reproduced; this complex has now size 4. A B unit has died.
(For interpretation of the references to color in this figure caption, the reader is
referred to the web version of this paper.)

Fig. 2. We introduce a single A unit (blue) in a population of B units (red). The
probability that the stochastic processes eventually reach a state where all units in
the population are of type A is called the fixation probability, ρ, of A. Note that there
is a single absorbing state of only B units, but there are many states that have the
property of consisting of only A units. (For interpretation of the references to color
in this figure caption, the reader is referred to the web version of this paper.)

W. Ghang, M.A. Nowak / Journal of Theoretical Biology 360 (2014) 129–136130



negligible. In this case, and retaining general qi, we obtain

ρ¼ 1
N
þN�1

2N
∑N�1

i ¼ 1 Cisi
∑N�1

i ¼ 1 Ci
w ð5Þ

where

Ci ¼ ∏
i�1

j ¼ 1
ðN�1� jÞqj ∏

N�1

j ¼ iþ1
ðNþ1� jqjÞ: ð6Þ

Therefore, the fixation of ST is favored by selection, ρ41=N, if

∑
N�1

i ¼ 1
Cisi40: ð7Þ

These results are proved in Appendices A and B.
If the qi values are less than one, then the fitness contribution

of smaller complexes is more important than that of larger
complexes. Since Ciþ1=Ci ¼ ðN�1� iÞqi=ðNþ1�ðiþ1Þqiþ1Þ which
for large N is approximately qi, the coefficient ðN�1Þ Ciþ1=

2N∑N�1
i ¼ 1 Ci of siþ1 is qi times smaller than the coefficient

ðN�1ÞCi=2N∑N�1
i ¼ 1 Ci of si. Hence, the fitness contributions of

smaller complexes are more important in determining the fixation
of A.

It is plausible that in many biological settings, ST complexes
have a maximum size beyond which further growth is impossible.
Let us now consider the case where 0oqir1 for all iok and qi¼0
for all iZk. Thus, Ak is the largest complex that can be generated.
There is no growth from Ak to Akþ1 and beyond. For weak selection
the probability of fixation is given by

ρ¼ 1
N
þN�1

2N
∑k

i ¼ 1Cisi
∑k

i ¼ 1Ci
w ð8Þ

where

Ci ¼ ðNþ1Þ ∏
i�1

j ¼ 1
ðN�1� jÞqj ∏

k�1

j ¼ iþ1
ðNþ1� jqjÞ; i¼ 1;…; k�1 ð9Þ

and

Ck ¼ ∏
k�1

j ¼ 1
ðN�1� jÞqj ð10Þ

For large N, we have the following asymptotic expression for the
fixation probability:

ρ¼ 1
N
þw

s1þq1s2þq1q2s3þ⋯þq1q2⋯qk�1sk
2ð1þq1þq1q2þ⋯þq1q2⋯qk�1Þ

þO
1
N

� �� �
: ð11Þ

Therefore, the fixation of ST with maximum size k is favored by
selection if

∑
k

j ¼ 1
sj ∏

j�1

i ¼ 1
qi40 ð12Þ

This condition holds for large population size and weak selection.
More generally, we can prove that if (11) holds then for any initial
state the fixation of A is favored by selection and the fixation of B is
opposed by selection.

In the next section, we describe a method how to evaluate the
fixation probabilities in our stochastic process.

3. Derivation of system of linear equations for fixation
probabilities

A state of our stochastic process is given by the pair ð x!; yÞ. The
vector x!¼ ðx1; x2;…; xNÞ denotes the configuration of the A units
in the population. The nonnegative integer xi represents the
number of complexes of size i. The largest possible complex has
size, N, which is the total population size. The nonnegative integer
y denotes the number of B units. Since the total population size is

strictly constant, we have the constraint

N¼ yþ ∑
N

i ¼ 1
ixi ð13Þ

We need to calculate the probabilities of all possible transitions
from state ð x!; yÞ. For this purpose, we introduce notations for
birth and death events. The probability that a unit within a
complex Ai is chosen for reproduction is given by

bi ¼
iaixi

yþ∑N
j ¼ 1jajxj

ð14Þ

The probability that a B unit is chosen for reproduction is given by

b¼ y
yþ∑N

j ¼ 1jajxj
ð15Þ

The probability that a unit within complex Ai is chosen for death is

di ¼
ixi
N

ð16Þ

The probability that a B is chosen for death is

d¼ y
N

ð17Þ

In order to describe transitions in the system, we define the ith
standard unit vector ei ¼ ð0;…;0;1;0;…;0Þ where the ith compo-
nent is 1 and all others are zero. Starting from a generic state,
ð x!; yÞ, we have the following 10 transitions:

1. A unit in Ai is chosen for reproduction and its offspring stays
with the complex; a B unit is chosen for death. This event
happens with probability bidqi. The transition is

ð x!; yÞ-ð x!þeiþ1�ei; y�1Þ: ð18Þ

2. A unit in Ai is chosen for reproduction and its offspring does
not stay; a B unit is chosen for death. This event happens with
probability bidð1�qiÞ. The transition is

ð x!; yÞ-ð x!þe1; y�1Þ: ð19Þ

3. A unit in Ai is chosen for reproduction and its offspring stays
with the complex; a unit in the same Ai complex is chosen for
death. This event happens with probability biði=NÞqi. The state
remains the same; the transition is

ð x!; yÞ-ð x!; yÞ: ð20Þ

4. A unit in Ai is chosen for reproduction and its offspring does
not stay; a unit in the same Ai complex is chosen for death.
This event happens with probability biði=NÞð1�qiÞ. The transi-
tion is

ð x!; yÞ-ð x!�eiþei�1þe1; yÞ: ð21Þ

5. A unit in Ai is chosen for reproduction and its offspring stays
with the complex; a unit in a different Ai complex is chosen for
death. This event happens with probability biðdi� i=NÞqi. The
transition is

ð x!; yÞ-ð x!þeiþ1þei�1�2ei; yÞ: ð22Þ

6. A unit in Ai is chosen for reproduction and its offspring
does not stay; a unit in different Ai complex is chosen for
death. This event happens with probability biðdi� i=NÞð1�qiÞ.
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The transition is

ð x!; yÞ-ð x!þe1þei�1�ei; yÞ: ð23Þ

7. A unit in Ai is chosen for reproduction and its offspring stays
with the complex; a unit in Aj (ja i) is chosen for death. This
event happens with probability bidjqi. The transition is

ð x!; yÞ-ð x!þeiþ1�ei�ejþej�1; yÞ: ð24Þ

8. A unit in Ai complex is chosen for reproduction and its
offspring does not stay; a unit in Aj (ja i) is chosen for death.
This event happens with the probability bidjð1�qiÞ. The
transition is

ð x!; yÞ-ð x!þe1�ejþej�1; yÞ: ð25Þ

9. A B unit is chosen for reproduction; a unit in Ai is chosen for
death. This event happens with the probability bdi. The
transition is

ð x!; yÞ-ð x!�eiþei�1; yþ1Þ: ð26Þ

10. A B unit is chosen for reproduction; a B unit is chosen for
death. This event happens with probability bd. The state
remains the same; the transition is

ð x!; yÞ-ð x!; yÞ: ð27Þ

As in the standard Moran (1962) process, we choose the
birth and death events at the same time to maintain exactly the
same number of individuals. Thus, the size of the population is
always constant, N, and the same for both types of events. Note
also that if the birth and death events occur in a complex of the
same size, then we must distinguish between whether it is
exactly the same complex or another complex of the same size,
because the two cases yield different transitions (as shown
above).

We denote by ρ
x!;y

the probability that A reaches fixation
when starting from state ð x!; yÞ. A has reached fixation, if the
population is in a state of the form ð z!;0Þ, which means that B has
become extinct, y¼0. There are many states where A has become
fixed. All those states fulfill the constraint ∑N

i ¼ 1ixi ¼N. The other
absorption possibility is that A becomes extinct and B reaches

fixation, y¼N. There is exactly one such state, which we denote by
ð 0!;NÞ.

The fixation probabilities are given by the following equation:

ρ
x!;y

¼∑
i
bidqiρ x!þ eiþ 1 �ei ;y�1

þ∑
i
bidð1�qiÞρ x!þe1 ;y�1

þ∑
i
bi

i
N
qiρ x!;y

þ∑
i
bi

i
N
ð1�qiÞρ x!�ei þ ei� 1 þ e1 ;y

þ∑
i
bi di�

i
N

� �
qiρ x!þeiþ 1 þei� 1 �2ei ;y

þ∑
i
bi di�

i
N

� �
ð1�qiÞρ x!þe1 þ ei� 1 � ei ;y

þ∑
i
bi ∑

ja i
djqiρ x!þ eiþ 1 � ei �ej þ ej� 1 ;y

þ∑
i
bi ∑

ja i
djð1�qiÞρ x!þ e1 � ej þej� 1 ;y

þ∑
i
bdiρ x!�ei þ ei� 1 ;yþ1

þbdρ
x!;y

ð28Þ

The summation is always i¼ 1;…;N unless otherwise stated. The ρ
values satisfy the boundary conditions: ρ

0
!

;N
¼ 0 and ρ

z!;0
¼ 1.

Using the above system of linear equations, we can compute
the fixation probabilities, but the problem becomes quite intract-
able even for moderate N, because of the large number of states.
The number of transient states (with 0oyoN) is given by
pð1Þþpð2Þþ⋯þpðN�1Þ, where p(i) is the ith partition number.
Hardy and Ramanujan (1918) derived for large N that

pðNÞ � 1
4
ffiffiffi
3

p
N
expðπ

ffiffiffiffiffiffiffiffiffiffiffiffi
2N=3

p
Þ: ð29Þ

Using the Stolz–Cesáro Theorem (Stolz, 1885; Cesáro, 1888), we can
prove

pð1Þþpð2Þþ⋯þpðNÞ � 1
2π

ffiffiffiffiffiffiffi
2N

p expðπ
ffiffiffiffiffiffiffiffiffiffiffiffi
2N=3

p
Þ ð30Þ

which is the approximate number of transient states in our
process for large N. For example, if N¼100 there are about 1:5�
109 transient states.

In the Appendix we show how to calculate analytical expres-
sions for the fixation probabilities in the limit of weak selection,
thereby providing a derivation of our main results that were listed
in Section 2.

4. Conclusion

We have introduced a stochastic process to study the evolution
of staying together in populations of finite size. We have derived a
special result for the case of any intensity of selection. We have
derived general results for the limit of weak selection. Our main
result is the following. Suppose that staying together generates
complexes up to a maximum size, k, but not beyond. In this case
we have qi40 for i¼ 1;…; k�1 and qi¼0 for iZk. The reproduc-
tive rate of a unit in a complex of size i is given by ai ¼ 1þwsi,
where si is the selection coefficient and w is the intensity of
selection. For large population size, N, and in the limit of weak
selection, w-0, we find that staying together is advantageous if

s1þq1s2þq1q2s3þ⋯þq1q2⋯qk�1sk40: ð31Þ
What is the intuition for this result? First of all, we note that we

obtain a linear function in the fitness values, si, which is expected
given that we consider the limit of weak selection. Second, we
observe that the selection coefficients of smaller complexes are

0.0 0.2 0.4 0.6 0.8 1.0
0

50

100

150

Probablity to stay together, q

j 2

j 3

=

=

C
rit

ic
al

 b
en

ef
it 

to
 c

os
t r

at
io

, b
/c

Fig. 3. The critical benefit to cost ratio, b/c, is shown as a function of the probability
to stay together, q. The fitness landscape is given by si ¼ �c for i¼ 1;2;…; j and
si ¼ b�c for i¼ jþ1;…; k. The maximum complex size is k¼10. The minimum size
for a beneficial complex is j¼2 (blue) or j¼3 (red). (For interpretation of the
references to color in this figure caption, the reader is referred to the web version of
this paper.)
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relatively more important than that of larger ones, which makes
sense given that larger complexes have to arise from smaller ones
and are less abundant in the equilibrium distribution. Specifically,
the selection coefficients of large complexes are discounted by the
products of the probabilities of staying together describing the
sequence of events that would form them. Note also that if all
selection coefficients are zero, we have neutrality. If all selection
coefficients are positive, then staying together is obviously favored
by selection. Interesting conditions emerge, if some selection
coefficients are negative while others are positive.

Special cases of the above criterion are

(i) Let q1 ¼ q2 ¼⋯¼ qk�1 ¼ 1 and qk¼0. This means that there is
certainty of staying together up to size k, but not beyond.
In this case, ST is advantageous if

s1þs2þ⋯þsk40: ð32Þ

(ii) Let qi ¼ qo1 and qk¼0. This means that there is a fixed
probability of staying together, which is the same for all
complexes of size smaller than k. Once size k is reached all
new units leave with certainty. In this case, ST is advanta-
geous if

s1þqs2þ⋯þqk�1sk40: ð33Þ
We can also consider particular choices for the fitness
landscape.

(iia) Fitness landscape with step function (Fig. 3): si ¼ �c for
i¼ 1;2;…; j and si ¼ b�c for i¼ jþ1;…; k. ST entails a cost.
Complexes provide a benefit if they are greater than size j.
Here ST is advantageous if

b
c
4

1�qk

qjð1�qk� jÞ: ð34Þ

(iib) Linear fitness slope (Fig. 4): si ¼ �cþbði�1Þ. Again ST entails a
cost, but complexes also provide benefits that increase linearly
with the size of the complex. Here ST is advantageous if

b
c
4

ð1�qÞð1�qkÞ
qð1þðk�1Þqk�kqk�1Þ

: ð35Þ

Subsequent work on stochastic staying together might incor-
porate diffusible public goods (Allen et al., 2013; Olejarz and
Nowak, in press), evolutionary game dynamics in populations of

finite size (Nowak et al., 2004; Imhof and Nowak, 2006; Lessard
and Ladret, 2007; Ladret and Lessard, 2008), and spatial selection
(Nowak and May, 1992; Killingback and Doebeli, 1996, 1998; van
Baalen and Rand, 1998; Szabó and Hauert, 2002; Hauert and
Doebeli, 2004; Ifti et al., 2004; Santos and Pacheco, 2005; Szabó
and Fath, 2007; Gore et al., 2009; Tarnita et al., 2009; Nowak et al.,
2010b; Damore and Gore, 2012; Garcia and De Monte, 2012;
Broom and Rychtár, 2013; Sanchez and Gore, 2013; Allen and
Nowak, 2014). We are also interested in characterizing the
mutation-selection distribution of different ST mutants over all
possible transient states.

Appendix A. The limit of weak selection

We can derive analytical results in the limit of weak selection.
Let us write the fitness value of an A unit in a complex Ai as

ai ¼ 1þwsi: ð36Þ

The parameter w scales the intensity of selection. The value si is
the selection coefficient that is associated with being in a complex
of size i. As before the fitness value of B units is 1. The limit of weak
selection is given by w-0. In particular, we can write Taylor
expansions keeping linear terms in w and neglecting higher
order terms.

For complete neutrality, w¼0, each unit is equally likely to
produce a lineage which will be inherited by the entire population.
Therefore, we have

ρ
x!;y

¼N�y
N

: ð37Þ

For the limit of weak selection, adding linear terms in w, the
fixation probabilities must be of the form

ρ
x!;y

�N�y
N

þwL
x!;y

: ð38Þ

The linear terms, L
x!;y

, can be calculated by plugging these fixation
probabilities into system (28). We obtain

N2L
x!;y

¼ y
N
∑
i
ixisi

þy∑
i
ixiqiL x!þ eiþ 1 � ei ;y�1

þy∑
i
ixið1�qiÞL x!þ e1 ;y�1

þ∑
i
i2xiqiL x!;y

þ∑
i
i2xið1�qiÞL x!� ei þei� 1 þe1 ;y

þ∑
i
i2xiðxi�1ÞqiL x!þ eiþ 1 þ ei� 1 �2ei ;y

þ∑
i
i2xiðxi�1Þð1�qiÞL x!þ e1 þ ei� 1 �ei ;y

þ∑
i
ixiqi ∑

ja i
jxjL x!þ eiþ 1 � ei �ej þ ej� 1 ;y

þ∑
i
ixið1�qiÞ∑

ja i
jxjL x!þ e1 � ej þej� 1 ;y

þy∑
i
ixiL x!� ei þei� 1 ;yþ1

þy2L
x!;y

ð39Þ

The L terms satisfy the boundary conditions L
0
!

;N
¼ 0 and

L
z!;0

¼ 1 for all vector z!'s. Although the system still contains

exponentially many variables, we can solve it explicitly. Let us
introduce the sequence of numbers u1;u2;…;uN�1. We start with
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Fig. 4. The critical benefit to cost ratio, b/c, is shown as a function of the probability
to stay together, q. The fitness landscape is given by si ¼ �cþbði�1Þ for i¼ 1;…; k.
The maximum complex size is k¼3 (blue) or k¼100 (red). (For interpretation of the
references to color in this figure caption, the reader is referred to the web version of
this paper.)

W. Ghang, M.A. Nowak / Journal of Theoretical Biology 360 (2014) 129–136 133



the definition

u1 ¼
∑N�1

i ¼ 1∏
i�1
j ¼ 1ðN�1� jÞqj∏N�1

j ¼ iþ1ðNþ1� jqjÞsi
2N∑N�1

i ¼ 1∏
i�1
j ¼ 1ðN�1� jÞqj∏N�1

j ¼ iþ1ðNþ1� jqjÞ
: ð40Þ

We define uiþ1 for i¼ 1;…;N�2 inductively as follows:

qiðN� i�1Þuiþ1 ¼ ðN� iqiþ1Þui�ðN�1Þð1�qiÞu1�si=N ð41Þ
We introduce the summation sequence vi ¼ u1þ⋯þui for

i¼ 1;…;N�1. Then we construct the vector v! whose ith coordi-
nate is vi. Now we are ready to present the exact solution as

L
x!;y

¼ y x!� v!: ð42Þ

This result can be proven by direct computation. See Appendix C
for details.

The fixation probability of a single A unit is

ρ¼ ρe1 ;N�1 ¼
1
N
þwLe1 ;N�1: ð43Þ

Remember that e1 is the N-dimensional vector ð1;0;…;0Þ. We
obtain

ρ¼ 1
N
þN�1

2N
∑N�1

i ¼ 1 Cisi
∑N�1

i ¼ 1 Ci
w ð44Þ

where

Ci ¼ ∏
i�1

j ¼ 1
ðN�1� jÞqj ∏

N�1

j ¼ iþ1
ðNþ1� jqjÞ: ð45Þ

This result holds for the limit of weak selection. Note that the
contribution of the selection coefficient si to the fixation prob-
ability, ρ, is ½Nþ1�ðiþ1Þqiþ1�=½ðN�1� iÞqi� times larger than that
of siþ1. For large N the impact of si is 1=qi times larger than the
impact of siþ1. Thus, for qi values less than one, we find that the
fitness contributions of smaller complexes are more important
than that of larger complexes, which makes sense.

Appendix B. Weak selection and maximum complex size

We now introduce a maximum complex size, k. It is possible to
grow up to Ak, but not beyond. If a unit in Ak is chosen for
reproduction, the offspring will always leave. Therefore qi40 for
all i¼ 1;‥; k�1, but qk¼0. A state of our system is again given by
ð x!; yÞ, but the vector x! has only k many components
ðx1; x2;…; xkÞ. We derive a simple criterion for A to be advanta-
geous or disadvantageous, which holds for large population size,
N. Consider the quantity

C ¼ ∑
k

j ¼ 1
sj ∏

j�1

i ¼ 1
qi: ð46Þ

If C40 then for any initial state ð x!; yÞ we have ρ
ð x!;yÞ

4 ðN�yÞ=N,
which means that the fixation of A is favored by selection starting

from any initial state. If Co0 then for any initial state ð x!; yÞ we
have ρ

ð x!;yÞ
oðN�yÞ=N, which means that the fixation of A is

opposed by selection starting from any initial state.
Using Eq. (44) for ρe1 ;N�1, we have

ρe1 ;N�1 �
1
N
þN�1

2N
C1s1þC2s2þ⋯þCksk

C1þC2þ⋯þCk
w ð47Þ

where

Ci ¼ ðNþ1Þ ∏
i�1

j ¼ 1
ðN�1� jÞqj ∏

k�1

j ¼ iþ1
ðNþ1� jqjÞ; 8 i¼ 1;…; k�1

ð48Þ

and

Ck ¼ ðN�2ÞðN�3Þ⋯ðN�kÞq1q2⋯qk�1: ð49Þ
Furthermore, we can derive

ρ
x!;y

¼N�y
N

þyðN�yÞ
N

s1þq1s2þq1q2s3þ⋯þq1q2⋯qk�1sk
2ð1þq1þq1q2þ⋯þq1q2⋯qk�1Þ

�

þO
1
N

� ��
w ð50Þ

for any transient initial state ð x!; yÞ. The proof is presented in
Appendix D.

Appendix C. Proof of formula L
x!;y

¼ y x!� v!

Lemma C.1. The system of linear equations

1
N
siþqiðN� i�1Þuiþ1�ðN� iqiþ1ÞuiþðN�1Þð1�qiÞu1 ¼ 0 ð51Þ

with i¼ 1;…;N�1 has a unique solution. For convention, we assume
uN ¼ 0.

Proof. We show that the corresponding matrix is non-singular.
Let t

!
be an arbitrary null vector of the matrix. In other words, the

components ti satisfy

qiðN� i�1Þtiþ1�ðN� iqiþ1ÞtiþðN�1Þð1�qiÞt1 ¼ 0 ð52Þ
for i¼ 1;…;N�1. Let M be the maximum modulus of t

!
and it is

attained at 1r jrN�1. Hence M¼ jtjj. By the triangle inequality,
we have

ðN� jqjþ1ÞM¼ ðN� iqiþ1Þjujj
¼ jqjðN� j�1Þtjþ1þðN�1Þð1�qjÞt1j
r jqjðN� j�1Þtjþ1jþjðN�1Þð1�qjÞt1j
rqjðN� j�1ÞMþðN�1Þð1�qjÞM
¼ ðN� jqj�1ÞM:

Therefore M¼0 and ti's are all zeros. Therefore 0
!

is the only null
vector of the corresponding matrix and hence the matrix is non-
singular, as desired. □

Lemma C.2. In the solution of the above system in C.1, we have

u1 ¼
∑N�1

i ¼ 1∏
N�1
j ¼ iþ1ðNþ1� jqjÞ∏i�1

j ¼ 1ðN�1� jÞqjsi
2N∑N�1

i ¼ 1∏
N�1
j ¼ iþ1ðNþ1� jqjÞ∏i�1

j ¼ 1ðN�1� jÞqj
ð53Þ

Proof. This can be proved by observing the following identity:

1
N

∑
N�1

i ¼ 1
∏
i�1

j ¼ 1
ðN�1� jÞqj ∏

N�1

j ¼ iþ1
ðNþ1� jqjÞsj

¼ ∑
N�1

i ¼ 1
∏
i�1

j ¼ 1
ðN�1� jÞqj ∏

N�1

j ¼ iþ1
ðNþ1� jqjÞððN� iqiþ1Þui

�qiðN� i�1Þuiþ1�ðN�1Þð1�qiÞu1Þ

Note that all the ui terms are cancelled for iZ2. □

Theorem C.3. For each population N, there exists a RN�1 vector v!
which only depends linearly on si's and depends on N and qi's such
that

L
x!;y

¼ y x!� v! ð54Þ

for any population N, i.e, yþ∑N�1
i ¼ 1 ixi ¼N. The vi's are given by

vi ¼ u1þu2þ⋯þui for each i¼ 1;…N�1 where ui's are solution of
the system of linear equations in C.1.

Proof. We need to show that L
x!;y

¼ y x!� v! is a solution by
directly plugging it into (39). After cancelling x!� v! terms, we
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need to check the following equation:

y
N
∑
i
ixisiþyðy�1Þ∑

i
ixiqiuiþ1

þyðy�1Þ∑
i
ixið1�qiÞui

þy∑
i
i2xið1�qiÞð�uiþu1Þ

þy∑
i
i2xiðxi�1Þqiðuiþ1�uiÞ

þy∑
i
i2xiðxi�1Þð1�qiÞðu1�uiÞ

þy∑
i
ixiqi ∑

ja i
jxjðuiþ1�ujÞ

þy∑
i
ixið1�qiÞ∑

ja i
jxjðu1�ujÞ

þðyþ1Þy∑
i
ixið�uiÞ

¼ 0

After dividing both sides by y, we can organize the left-hand side
into

1
N
∑
i
ixisiþ∑

i
ixiuiþ1qi ðy�1Þþ ∑

ja i
jxjþ iðxi�1Þ

 !

þ∑
i
ixiu1ð1�qiÞ ðy�1Þþ iþ iðxi�1Þþ ∑

ja i
jxj

 !

þ∑
i
ixiui � ið1�qiÞ� iðxi�1Þqi� iðxi�1Þð1�qiÞ� ∑

ja i
jxj�ðyþ1Þ

 !

¼ 1
N
∑
i
ixisiþ∑

i
ixiuiþ1ðN� i�1Þqi

þ∑
i
ixiu1ð1�qiÞðN�1Þ�∑

i
ixiuiðN� iqiþ1Þ

¼∑
i
ixi

1
N
siþqiðN� i�1Þuiþ1�ðNþ1� iqiÞuiþðN�1Þð1�qiÞu1

� �
:

By the definition of ui, this is zero as desired. □

Appendix D. Staying together with maximum complex size, Ak

The maximum size of staying together is given by k. We have
qi40 for i¼ 1;…; k�1 and qk¼0. A state of the process is given by
ð x!; yÞ where the vector x! has k components, ðx1;…; xkÞ.

Lemma D.1. For i¼ 1;…; k, we have

Nui ¼
s1þq1s2þq1q2s3þ⋯þq1q2⋯qk�1sk
2ð1þq1þq1q2þ⋯þq1q2⋯qk�1Þ

þO
1
N

� �
: ð55Þ

Proof. We prove the assertion by induction on i. If i¼1, by C.2, we
have

u1 ¼
∑k

i ¼ 1∏
k
j ¼ iþ1ðNþ1� jqjÞ∏i�1

j ¼ 1ðN�1� jÞqjsj
2N∑k

i ¼ 1∏
k
j ¼ iþ1ðNþ1� jqjÞ∏i�1

j ¼ 1ðN�1� jÞqj
: ð56Þ

Therefore Nu1 is a rational function of N such that both
numerator and denominator are polynomials of degree k�1.
Hence by comparing the leading coefficients of numerator and
denominator, we have the assertion trivially in this case.

Let us now prove the assertion for iþ1 (1r irk�1) with the
induction hypothesis that the assertion is true for 1;…; i. We
denote

α¼ s1þq1s2þq1q2s3þ⋯þq1q2⋯qk�1sk
2ð1þq1þq1q2þ⋯þq1q2⋯qk�1Þ

: ð57Þ

Using C.1, we have

Nuiþ1�α¼ ðN� iqiþ1Þ
qiðN� i�1ÞðNui�αÞ�ðN�1Þð1�qiÞ

qiðN� i�1Þ ðNu1�αÞþ 2α�s1
qiðN� i�1Þ:

ð58Þ
By the induction hypothesis the right-hand side of the above
equation is Oð1=NÞ. Hence the conclusion follows. □

Theorem D.2. Suppose that the maximum complex size is koN. We
have qi40 for i¼ 1;‥; k�1 and qk ¼ 0. Then for sufficiently large
population size N, the fixation probability A is approximately

1
N
þ s1þq1s2þq1q2s3þ⋯þq1q2⋯qk�1sk

2ð1þq1þq1q2þ⋯þq1q2⋯qk�1Þ
þO

1
N

� �� �
w ð59Þ

Proof. The assertion follows from direct application of C.3 and
D.1. □

Theorem D.3. For any state ð x!; yÞ with 0oyoN, we have

L
x!;y

¼ yðN�yÞ
N

s1þq1s2þq1q2s3þ⋯þq1q2⋯qk�1sk
2ð1þq1þq1q2þ⋯þq1q2⋯qk�1Þ

þO
1
N

� �� �
:

ð60Þ

Proof. We denote

α¼ s1þq1s2þq1q2s3þ⋯þq1q2⋯qk�1sk
2ð1þq1þq1q2þ⋯þq1q2⋯qk�1Þ

: ð61Þ

By D.1 and definitions of vi in C.3, we have that

Nvi ¼ iαþO
1
N

� �
ð62Þ

for each i¼ 1;…; k. Then we have the following inequality:

jL
x!;y

�yðN�yÞ
N

αj ¼ y ∑
k

i ¼ 1
xi vi�

iα
N

� �
j

����
¼ y ∑

k

i ¼ 1

xi
N
ðNvi� iαÞj

����
ry ∑

k

i ¼ 1

xi
N

max
1r jrk

ðNvj� jαÞ

¼ yðN�yÞ
N

max
1r jrk

jNvj� jαj

¼ yðN�yÞ
N

O
1
N

� �
:

Therefore, L
x!;y

¼ ðyðN�yÞ=NÞðαþOð1=NÞÞ as desired. □

As a direct consequence of the above formula, we can calculate
the stability of an all A population against invasion of a single B.
Since the stability is the average of the ρ

x!;1
for all ðN�1Þ

population distribution of A's with the weights according to
stationary distribution, the extinction probability of a single B is

N�1
N

þ s1þq1s2þq1q2s3þ⋯þq1q2⋯qk�1sk
2ð1þq1þq1q2þ⋯þq1q2⋯qk�1Þ

þO
1
N

� �� �
w: ð63Þ
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