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Dr. Ragini Verma University of Pennsylvania, USA



56 CHAPTER 2. BRAIN ANATOMY AND DIFFUSION MRI

by Basser et al. [1994b]. In this simplified model of water diffusion, Einstein’s and
Fick’s laws of diffusion are generalized. The scalar diffusion coefficient D is replaced
by a positive symmetric semi-definite matrix D representing diffusion, the diffusion
tensor. Therefore, Einstein’s relation (equation 2.1) is generalized, considering the
covariance matrix of the net displacement vector R
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We can use this generalization to characterize the diffusion propagator. First, we
notate the probability that a particle moves along the vector R in a time ⌧ as P (R, ⌧).
Then, we make a first order approximation to P (R, ⌧) ignoring the high order terms
and using equation 2.3. Finally, we obtain a partial differential equation which gov-
erns the diffusion propagator 1:

@P (R, ⌧)

@⌧
= Dr2P (R, ⌧). (2.4)

Under the assumption that the diffusion is Gaussian, the solution of this equation is
the propagator model given by Basser et al. [1994b]:

P (R, ⌧) =
1p
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The characteristics of this propagator model have proved to be an invaluable
resource in characterizing diffusion in living tissue, particularly in the human
brain [Johansen-Berg and Behrens: 2009].

In summary, diffusion is a fundamental physical process in nature and partic-
ularly physiology. The random motion of water molecules within a tissue are in-
fluenced by a variety of factors like cell membranes, the cytoskeleton, and macro-
molecules [Tanner and Stejskal: 1968]. It is due to this that being able to measure
and characterize diffusion, and in fact the diffusion propagator, is a valuable tool
to elucidate the microstructural and physiological features of tissues [Basser and
Pierpaoli: 1996]. In the past twenty years, nuclear magnetic resonance has made a
breakthrough in this area providing, through diffusion magnetic resonance imaging
(dMRI), a probe into the microstructure of living tissue [Alexander et al.: 2007].

2.3 NUCLEAR MAGNETIC RESONANCE

In 1946, Bloch et al. [1946] and Purcell et al. [1946] simultaneously described Nu-
clear Magnetic Resonance (NMR) which yielded them a joint Nobel Prize in Physics
in 1952. The basic principle behind NMR is that after aligning a magnetic nu-

1. The detailed intermediate mathematical derivations can be found in the work by Tuch [2002]
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Figure 2.10: Water diffusion measured by the first NMR-obtained signal: The decay of transverse
polarization associated with water at 25�C used by Carr and Purcell [1954] to measure the diffusion
coefficient of water. In this work, using a small magnetic gradient and the Spin-Echo method proposed
earlier by Hahn [1950] they observed that the decay is largely determined by the molecular diffusion
through the magnetic gradient. Image adapted from Carr and Purcell [1954]

cleus, for instance the proton 1H, with a very strong external magnetic field, its
response to a perturbation of the alignment by an electromagnetic field is charac-
teristic. Shortly after this, Hahn [1950] published a paper on the NMR spin echo in
which he noted that the random thermal motion of the spins would reduce the am-
plitude of the observed signal in the presence of an inhomogeneity of the magnetic
field. His work was influential on NMR and fundamental in understanding mag-
netic resonance imaging (MRI). Inspired by this work, Carr and Purcell [1954] used
the Spin-Echo NMR sequence proposed by Hahn [1950] and a sequence of their own
to measure the diffusion coefficient of water at 25�C, see figure 2.10. Carr and Pur-
cell used a small magnetic gradient and the Spin-Echo sequence and showed that the
decay on the transverse polarization was affected by water diffusion. Then they pro-
posed a second NMR sequence which was not influenced by water diffusion and used
both decays obtained by both sequences to measure the diffusion constant. This was
the first NMR signal ever obtained.

Almost 20 years later, the first acquisition of a bi-dimensional image using NMR
was performed by Lauterbur [1973], see figure 2.11. As the image was obtained
using two coupled magnetic gradients, he called the process zeugmatography, from
the Greek work zeugma, “that which is used to join”. Mansfield [1977] improved
on the previous technique. By using mathematical properties of the MRI signal, he
proposed a new ultrafast acquisition procedure: echo-planar imaging. The two pre-
vious techniques, zeugmatography and echo-planar imaging, became a fundamental
parts of medical MRI yielded a joint Nobel Prize in Physiology or Medicine 2003 to
their authors . There is a single piece missing to fully describe the techniques at the
heart of diffusion MRI: the gradient spin echo sequence developed by Stejskal and
Tanner [1965]. Due to its critical role, we dedicate the next section to the descrip-
tion of their technique.
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Figure 2.11: First bi-dimensional image obtained from NMR. Lauterbur [1973] was the first to pro-
pose the use of two coupled magnetic gradients in order to obtain a bi-dimensional slice. He called
this process zeugmatography. On the left we can see a drawing of the imaged object, with two capil-
laries filled with water, and on the right the resulting image obtained by NMR. Both images adapted
from Lauterbur [1973].

2.3.1 Pulse Gradient Spin Echo (PGSE)

The Stejskal and Tanner [1965] imaging sequence is used to measure the diffusion
of water molecules in a given direction g. This sequence uses two gradient pulses,
g(t), of duration time �, in the direction g to control the diffusion-weighting. The
gradient pulses are placed before and after a 180

� refocusing pulse (RF). More specif-
ically, a first 90� RF is applied to flip the magnetization in the transverse plane. The
first gradient pulse induces a phase shift of the spins whose position are now a func-
tion of time. The position of the spins is assumed to stay constant during time �.
Finally, after a time �, the 180

� combined with the second gradient pulse causes a
second phase shift. For static spins only, this pulse cancels the phase shift. Alter-
natively, spins under Brownian motion during the time period �, undergo different
phase shifts by the two gradient pulses, resulting in a T2 signal attenuation [Cercig-
nani and Horsfield: 2001]. This pulse sequence is illustrated in figure 2.12

Figure 2.13 shows examples of diffusion weighted images of the brain acquired at
different directions. In this figure it can be observed that direction specific attenua-
tion is related to the orientation of white matter fibres. By assuming that the pulses
are infinitely narrow (narrow pulse approximation), meaning the gradient pulse du-
ration � is short enough to neglect the diffusion of the water molecule at that time,
Stejskal and Tanner [1965] showed that the attenuation of the signal S(q, ⌧) is ex-
pressed as the 3-dimensional Fourier transform F of the ensemble average propaga-
tor P ,

S(q, ⌧)

S
0

=

Z

R3
P (r|r

0

, ⌧) exp(�2⇡iqTR)dr = F [P (r|r
0

, ⌧)]. (2.5)

In this equation, q = ��G/2⇡, with � the nuclear gyromagnetic ratio for water pro-
tons, G the applied diffusion gradient vector, S

0

is the baseline image acquired with-
out any diffusion gradient (also called the B

0

image) and P (r|r
0

, ⌧) is the diffusion
p.d.f. or diffusion propagator introduced in chapter 2. This P (·) is ultimately the
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In the next section, we will introduce the foundation of MRI and diffusion MRI. We

will show that diffusion MRI constitutes an amazing and non-invasive means to in-

vestigate the three-dimensional architecture of the human brain white matter that

has just been described.

3.3 MAGNETIC RESONANCE IMAGING

Magnetic Resonance Imaging (MRI) is by far the most popular application

of Nuclear Magnetic Resonance (NMR), for medical diagnosis. However, NMR is

also widely used in chemistry to perform NMR spectroscopy, ie. to study the atomic

composition of a given sample.

NMR was simultaneously described by Felix Bloch [40] at Stanford University

and by Edward Mills Purcell [253] at Harvard University in 1946. In 1952, they

both received the Nobel Prize in Physics for their discovery. The basic principle

behind NMR is that, after aligning a magnetic nucleus like Hydrogen-1 with a very

strong external magnetic field, its response to a perturbation of the alignment by

an electromagnetic field is characteristic. Four year after this discovery, in 1950,

Herman Carr, proposed to create the first one-dimensional MR images by introducing

a gradient in the magnetic field. In 1971, it was shown by Raymond Damadian

that T1 and T2 relaxation times of tumoral tissues are significantly longer than for

the corresponding normal tissues, hence opening great hopes for cancer diagnosis.

Shortly after Bloch and Purcell discovery, Hahn published his seminal paper [138] on

the NMR spin echo in which he noted that the random thermal motion of the spins

would reduce the amplitude of the observed signal in the presence of a magnetic field

inhomogeneity. This is a fundamental notion to understand diffusion MRI.

As soon as 1973, Paul Lauterbur proposed a method [172], based on gradients

of magnetic fields, to reconstruct two dimensional MR images. Peter Mansfield

[204] further developed the use of magnetic fields gradients and, by studying the

mathematical properties of the MRI signal, proposed a new ultrafast acquisition

technique known as the echo-planar technique. In 2003, they jointly received the

Nobel prize in Physiology and Medicine for their discoveries on MRI.

MRI allows one to acquire non-invasively 3D images at high spatial resolution.

Various modalities can be obtained with the same device such as detailed anatomy

(structural MRI), functional activity (functional MRI), water-molecules diffusion

(diffusion weighted MRI), blood flow measurements (perfusion MRI), distribution of

various metabolites (MR Spectroscopy) and also blood vessels (MR Angiography).

The first part of this section briefly exposes the basic principles of MR imaging. We

then give the outlines of diffusion MRI.
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!"
B0

a) Random spins directions b) Spins aligned with
!"
B0

Figure 3.8: Random directions of spins in the absence of an external magnetic field

(a) and aligned spins in the presence of an external magnetic field
!"
B0 (b). Note that

the actual spin rotation around
!"
B0 occurs within a cone around

!"
B0.

3.3.1 MRI Principles

Physical model

Atoms are made of electrons, which hold a negative charge and rotate around a nu-

cleus. The nucleus can be divided in neutrons (not charged) and protons (charged

positively). It rotates around itself. MRI is based on this rotation motion. Some nu-

clei have the property to align with a magnetic field if their mass number is odd, i.e.

if the sum of numbers of protons and neutrons is odd. This is named angular mo-

ment or spin. Among others, 1H atoms, which represent 99.89% of naturally found

hydrogens atoms and are widely represented in biological systems, have a spin. MRI

is thus particularly relevant to study the structure of biological tissues such as the

human brain.

Spin nuclei being positively charged, their motion induces a magnetic field. Con-

versely, the resulting magnetic moment can be oriented by the application of a mag-

netic field. This reciprocity is largely used in MRI. From a macroscopic point of view,

no resulting field can be observed directly since each spin has its own, independent,

random orientation (figure 3.8 (a). However, when placed in a powerful external

magnetic field
!"
B0, the spin directions align parallel to this field (figure 3.8 (b). More

precisely, each spin rotates within a cone around
!"
B0. This is called spin precession.

The frequency of rotation, called the Larmor frequency, is related to the magnetic

field
!"
B0 through the gyromagnetic ratio ! by the following equation:

"0 = !#!"B0# (3.1)

! depends on the nucleus. Hydrogen, for instance, has a gyromagnetic ratio ! =

42.57MHz/T. This corresponds to a rotation frequency of f1H = 63.86MHz in a 1.5

Tesla magnetic field. Because of this rotation motion, a spin can be modeled by a

small magnetic dipole with moment !"m, such that

d!"m
dt

= !!"m $!"B0
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It is actually cumbersome to understand MRI at a microscopic scale. It is convenient,

at a macroscopic level, to replace the individual spin by a single magnetization vector

representing the spin of all the particles in a voxel (about 2.1015 protons/mm3). The

net resulting magnetization
!"
M is the sum of all the elementary moments and, by

making the assumption of a uniform distribution of the dipoles orientations in a given

voxel, we simply end up with a
!"
M =

!"
0 .

However, under the action of a static magnetic field
!"
B0 (from 1 and up to more than 9.4

Tesla), particles get aligned in the direction of that field and induce a magnetization

parallel to
!"
B0 at equilibrium. In that state, the amplitude of

!"
M represents only a

small fraction of what it would have been if all the particles were aligned in the same

direction. Actually, by the laws of thermodynamics, the number of spins following the

orientation imposed by
!"
B0 (low energy state, called spin-up) slightly outnumbers the

amount of spins anti-parallel to the outer field (high energy state, called spin-down).

The difference is small and given by the ratio:

N!

N+
= exp

!

!
E!"

B0

kT

"

where N! and N+ are respectively the number of spins in the upper and lower

states, k is the Boltzmann constant and T the temperature in Kelvin. Applying the

Boltzmann relation, one can estimate that, at the ambient temperature and within a

1.5 T field, there is a difference of 10 in favor of low energy protons among a total of 1

million protons.

The net magnetization
!"
M can be decomposed into two components (figure 3.9):

• A longitudinal component
!"
Mz, i.e. parallel to

!"
B0

• A transverse component
!!"
Mxy, orthogonal to

!"
B0

At equilibrium, after a sufficient exposure time to
!"
B0, the transverse component

!!"
Mxy

vanishes. All the individual spins are indeed precessing, but they are all out of phase

with each other.

Excitation phase

By applying an oscillating electromagnetic (radio-frequency) pulse toward the area

of the body to be examined, it is possible to perturb the difference in the number of

atoms between the two energy states. The idea is to use a much weaker field than
!"
B0 at the Larmor frequency of the targeted nuclei and to apply it through a rotating

reference frame orthogonal to
!"
B0. It causes the particles in that area to absorb the

energy required to make them spin in a different direction and move from the lower

energy state towards the higher.

The exposure to the radio-frequency pulse causes the net magnetization to spiral
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X Transversal Component

Longitudinal

Net Magnetization!"
Mz

!!"
Mxy

!"
M

Component

Vector

!"
B0

Precession Trajectory

Figure 3.9: The net magnetization vector
!"
M , decomposed into a longitudinal compo-

nent
!"
Mz and a transverse component

!!"
Mxy.

away from
!"
B0.
!"
M rotates away from the longitudinal position in an amount propor-

tional to the duration of the pulse. It is even possible to flip the original direction of
!"
M . A pulse of 90 degrees would zero out the longitudinal component of

!"
M (figure 3.10)

while a 180 degrees pulse, or ”inversion pulse”, completely inverts the longitudinal

component through an excess of antiparallel spins.

The net magnetization also starts to dephase since different particles experience a

slightly different magnetic field. This is usually referred to as phase coherence. All

the magnetic moments are in phase in their precession motion. The MRI signal is ac-

quired by measuring a current induced in the plane where the radio-frequency pulse

was applied. The frequency of this current is the Larmor frequency of the nucleus

and its amplitude is directly linked to the amount of magnetization in that plane.

Relaxation phase

By removing the radio-frequency pulse, particles begin to return to their initial en-

ergy state, aligned with the external field, from the higher to the lower. This is as-

sociated with a loss of stored excess energy to surrounding particles which can be

detected by the coil of the MRI scanner. We can then observe two different types of

relaxation processes:

• T1 weighted images follow the evolution of the increasing longitudinal compo-

nent of
!"
M

• T2 weighted images follow the evolution of the decreasing transversal compo-

nent of
!"
M
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Y

X

Z

!"
M

!

RF

Figure 3.10: Excitation phase: the energy given by the RF pulse flips the net magne-

tization vector
!"
M of an angle ! (here ! = 90!).

In clinical MRI, the radio-frequency pulse is typically chosen to coincide with the

Larmor frequency of the hydrogen nucleus. The energy release during relaxation is

thus an estimate of the number of protons or, in other words, the amount of water.

Spin lattice relaxation (T1): The spin lattice relaxation is based on the energy

exchange between protons and surrounding molecules. This energy dissipation is

characterized by the restoration of the longitudinal component to its equilibrium

value. This recovery process is modeled by an exponential function characterized

by a time constant T1, the period for the longitudinal magnetization to recover 63%

of its equilibrium value (figure 3.11). For a 90-degree excitation pulse, we have:

Mz = M0(1! exp

!
! t

T1

"
)

The recovery process is considered as finished after 5 T1 periods.

Spin-spin relaxation (T2): Spin-spin relaxation refers to the loss of net mag-

netization in the transverse plane related to protons dephasing. Spins do not only

give up their energy to surrounding lattice molecules but also to other neighboring

nonexcited spins. This process is also modeled by an exponential function character-

ized by another time constant T2, which corresponds to the period for the transversal

component to loose 63% of its value just after the RF pulse:

Mxy = M0 exp

!
! t

T2

"
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T1 Time

63%

100%

Figure 3.11: Spin lattice relaxation describes the longitudinal component recovery as

a function of time and is characterized by the T1 constant.

This dephasing is actually further increased by local magnetic field inhomogeneities,

since the Larmor frequency will also be nonuniform throughout the region. A time

constant slightly different to T2, T2!, is therefore used. The transverse component

induces a current in a coil, known as Free Induction Decay (FID). The T2! constant

can be evaluated through the convex envelop of the FID curve (figure 3.12).

T2
37%

Signal

Time

Figure 3.12: Spin-spin relaxation describes the exponential decrease of the transver-

sal component as a function of time and is characterized by the T2 constant.

The different biological tissues are characterized by respective T1 and T2 values, as

shown in table 3.1. The intensities of MR images comes from these values.

Image construction through pulse sequence

A pulse sequence is a series of RF pulses and/or magnetic field gradients applied to

a sample to produce a specific form of MR signal. It is indeed possible to encode and

thus recover the MR signal from specific regions in the volume of interest by means

of RF and linear gradients applied along the 3 spatial directions.
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Tissue T1 (ms) T2 (ms)

CSF 2200-2400 500-1400

Grey matter 920 100

White matter 780 90

Fat 240-250 60-80

Blood (deoxygenated) 1350 50

Blood (oxygenated) 1350 200

Muscles 860-900 50

Table 3.1: Approximate T1 and T2 values (ms) in various tissues at 1.5T.

Figure 3.13 illustrates a basic pulse sequence. A first gradient Gz in the
!"
B0

magnetic field direction results in a linear intensity variation of the magnetic field

that can be used to select a slice. In this case, a slice is a plane orthogonal to
!"
B0 with

a typical thickness of 1-10mm. Based on relationship (3.1), the spins of a given slice

are hence characterized by a specific Larmor frequency. After the RF pulse at the

frequency related to the target slice, two transient gradients are applied to encode

the x and y dimensions in the slice plane. A first gradient Gy in the y direction

induces a phase shift related to the position along the y axis: this is the phase

encoding. A second gradient Gx in the remaining x direction is applied, leading to a

precession frequency variation along the x axis: this is the frequency encoding. This

process actually performs an acquisition of the plane data in the frequency space (or

k-space). For each selected slice, an inverse Fourier transform finally maps these

data back into the 2D spatial domain.

A pulse sequence is first characterized by the delay between two similar RF pulses,

called the Repetition Time (TR). The other parameters of interest depend on the

actual sequence. Indeed, different pulse sequences were developed to measure the

relaxation times. For instance, Gradient Echo simply repeats the Free Induction

Decay described above and allows to sample T2!. Most sequences often comprise

additional RF pulses following the slice selection one, to partially refocus the

transverse magnetization and produce an echo, leading to a more reliable measure.

Spin-Echo is the application of a 90 degree pulse followed by a 180 degree pulse

after a time TE/2. This second pulse, which refocuses the transverse magnetization

and results in an echo at time TE (Echo Time), removes local field inhomogeneities

dephasing, hence allowing to directly measure the T2 decay. On the other hand,

Inversion Recovery, which relies on a 180 degree pulse followed after a time TI

(Inversion Time) by a 90 degree pulse, enhances the T1 weighting. The choice of

the specific pulse sequence parameters (TR, TE, TI,...) finally determines the image

contrast. Two distinct tissues may for instance have similar T1 values but distinct

52



RF

Signal

Signal Readout

Free Induction Decay
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Line readout
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RF pulse
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Gy
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Figure 3.13: A simplified MRI pulse sequence timing diagram.

T2 values, so the choice of the sequence depends on the information of interest.

The straightforward application of a given pulse sequence allows to get a static

image contrasting different tissues. However, based on the same principles, it is

possible to indirectly image dynamic processes such as oxygen flow or the motion of

water molecules. In the next section, we introduce the basic principles of diffusion

MRI.

3.3.2 Diffusion MRI

Diffusion MRI is the unique non-invasive technique that allows to probe and quantify

the diffusion of water molecules in the body. By modeling the local anisotropy of

this diffusion process, it becomes possible to indirectly infer the architecture and

properties of tissues such as the brain white matter.

Physical principles of Diffusion Tensor Imaging (DTI)

Above the absolute zero temperature, water molecules freely move and collide with

each other in an isotropic medium according to Brownian motion (figure 3.14) [43].

At a macroscopic scale, this phenomenon yields a diffusion process. In an isotropic

medium, the diffusion coefficient D was related by Einstein [106] to the root mean

square of the diffusion distance:

D =
1

6!
"RTR# (3.2)
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Figure 3.14: An image of Brownian motion, done with three different step sizes. The

hierarchical structure is clearly visible. More saturated colors represent smaller step

sizes. Image under the Gnu Free Documentation License 1.2

In this expression, ! is the diffusion time and R is the net displacement vector

R = r! r0, with r0 the original position of a particle and r, its position after the time

! . "# denotes an ensemble average.

The scalar constant D, known as the diffusion coefficient, measures the molecules

mobility in the isotropic case and depends on the molecule-type and the medium

properties but not on the direction. For example, at normal brain temperature, 68%

of the water molecules diffuse in 50ms in a sphere of 17 µm diameter.

In anisotropic biological tissues, water molecules mobility is constrained by ob-

stacles formed by surrounding structures, such as the axonal membranes in the

brain. Moreover, it is known that the myelin sheath can modulate the anisotropy

of the diffusion while the microtubules and neurofilaments do not modify it [30]. In

this case, the scalar diffusion coefficient D must be replaced by a bilinear operator

D. Einstein relation 3.2 can be generalized be considering the covariance matrix of

the net displacement vector R

D =

!

"#
Dxx Dxy Dxz

Dxy Dyy Dyz

Dxz Dyz Dzz

$

%& =
1

6!
"RRT # (3.3)

It was proposed in 1994 by Basser et al. [25] to use this second order symmetric and

positive-definite tensor to model the intrinsic diffusion properties of biological tissues.

The diffusion coefficient d related to any direction !$u % R3 is given by:

d = !$u TD!$u
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Figure 3.15: Stejskal-Tanner imaging sequence.

It possible to introduce a Gaussian model for water molecules free diffusion. The

probability to find a molecule, initially at position r0, at r after a delay ! is given by:

p(r|r0, !) =
1

!
(4"!)3|D|

exp

"
"(r" r0)TD!1(r" r0)

4!

#
(3.4)

One of the first problems encountered in Diffusion Tensor Imaging (DTI) is to esti-

mate the 6 independent parameters of D. This can be achieved with a minimum of 6

diffusion weighted images (DWI), each measuring a T2 signal attenuation related to

the diffusion coefficient in a specific direction "#gi =
!"gi

|!"gi |
, i = 1, ..., N , plus one reference

image acquired without any diffusion weighting. The diffusion weighted images can

be obtained with an appropriate imaging sequence using diffusion gradients "#gi .

Imaging sequence

To measure water molecules diffusion in a given direction gi, i = 1, ..., N (for the

sake of clarity, we note gi = "#gi in the remainder), the Stejskal-Tanner imaging se-

quence [276] is used (figure 3.15). This sequence uses two gradient pulses g(t) in the

direction g, of duration time #, to control the diffusion weighting. They are placed
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before and after a 180 degrees refocusing pulse. More specifically, a first 90 degrees

RF is applied to flip the magnetization in the transverse plane. The first gradient

pulse then causes a phase shift !1 of the spins whose position is now a function of

time r(t):

!1(t) = "

! !

0
g(t)T r(t)dt (3.5)

Spin position is in fact assumed to stay constant during time #. Finally, the 180

degrees pulse combined with the second gradient pulse induces another phase shift

!2(t) = !"
! !+!

!
g(t)T r(t)dt (3.6)

It is applied after a time ! separating the two gradient pulses. This pulse cancels the

phase shift !1 only for static spins. On the other hand, spins under Brownian motion

during the time period ! separating the two pulses undergo different phase shifts by

the two gradient pulses, resulting in a T2 signal attenuation [59].

Figure 3.16 shows examples of diffusion weighted images acquired with two different

directions g(t). It illustrates the direction specific attenuation related to white mat-

ter fibers orientation. By assuming the pulses to be infinitely narrow (see [289] for

instance), equations 3.5 and 3.6 can be rewritten to yield a net phase shift

! = !1 + !2 = "#gT (r(0)! r(!)) = "#gTR

where R denotes the spin displacement between the two pulses. For the remaining of

this section, it is convenient to introduce the displacement reciprocal vector q = "#g

[289].

The signal attenuation can be modeled by the following equation [142]

S(q, $) = S0"exp (i!)# (3.7)

where S0 is the reference signal without diffusion gradient. This expression can be

rewritten as follows:

S(q, $) = S0

!

R3

p(r|r0, $) exp
"
iqTR

#
dr (3.8)

where p(r|r0, $) is the so-called ensemble-average diffusion propagator (EAP)

[162, 289]. It is easy to see in equation 3.8 that the ratio S(q,")
S0

is nothing but

the Fourier transform of the EAP. This is a key observation that is at the core of

q-space or diffusion displacement imaging [47] since it potentially gives access to

the complex diffusion profile of water molecules at each voxel. However, the actual

computation of the inverse Fourier transform of S(q, $) is difficult in practice and has

given rise to many acquisition and computational techniques to approximate the EAP.

Diffusion Spectrum Imaging (DSI) was proposed by Tuch et al. [290, 193] and
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Figure 3.16: Axial slice of diffusion-weighted images (DWI) with two different dif-

fusion gradient directions (red arrows). MR signal attenuation is found in regions

having fibers mostly aligned with diffusion gradient direction (yellow arrows).

is based on the sampling of a three-dimensional Cartesian grid (of typical size

11 ! 11 ! 11) at each voxel. The subsequent 3D inverse Fourier transform of the

modulus of the diffusion signal yields the EAP. The major drawback of this technique

is its extremely high acquisition time. In order to alleviate this constraint, Tuch

proposed to sample the q-space only on a shell since we are, in fact, only interested

in the angular information of the EAP to differentiate multiple fiber orientations

within a given voxel. He showed [288] that it was indeed possible to reconstruct the

Orientation Distribution Function (ODF), i.e. the radial projection of the EAP,

!(u) =

! !

0
p("u|r0, #)d"

by working directly on the sphere and thus bypassing the 3D grid sampling necessary

for DSI. Many techniques have been proposed to compute ODFs from High Angular

Resolution Imaging (HARDI) [119, 291, 226, 51, 91, 92]. HARDI typically requires

the acquisition of 30 to several hundreds diffusion weighted images with different

non-collinear diffusion gradients, gi, to be able to clearly discriminate multiple

diffusion directions.

If we make the assumption of free diffusion, the probability density function

p(r|r0, #) can be written as

p(r|r0, #) =
1

"
(4$#D)3

exp
|r" r0|2

4#D
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for isotropic media and it becomes as in equation 3.4 for anisotropic media. Using

these expressions of the EAP yields simple expressions for the signal S(q, !), ie. re-

spectively [276]

S(qi, !) = S0 exp (!bD)

(it is independent on the direction gi) and

S(qi, !) = S0 exp
!
!bgT

i Dgi
"

where b is the diffusion weighting factor depending on scanner parameters and pro-

posed by Le Bihan et al. [37]:

b = "2#2|g|2
#

!! #

3

$

We recall that |g| is the magnitude of the diffusion gradient pulse, # its duration and

! the time separating two pulses (see figure 3.15).

Hence, signal attenuation, i.e. the signal sensitivity to water molecules diffu-

sion, is stronger if the diffusion coefficient gT
i Dgi is important. Note also the

importance of the b factor that has to be appropriately tuned with respect to gT
i Dgi

to avoid either a very low signal attenuation if b is too small or a poor SNR if b is too

high. A typical value is b = 1000s.mm!2.

For the purpose of DTI, images are collected with one or more b factor(s) and

at least 6 independent gradient directions gi and one reference image S0. The

diffusion tensor D can then be estimated at each voxel using the S(qi, !) and S0.

The classical method to derive the tensors uses least squares technique, but various

alternative methods have been proposed. We will come back to this particular point

in chapter 6. We finally end-up with a diffusion tensor image, i.e. a 3D image with

6 parameters describing the local tensor D at each voxel. From the eigenvalue

decomposition of D, one can visualize the diffusion in each voxel by a diffusion

ellipsoid: the directions of the main axes are given by the eigenvectors of D and

their lengths are proportional to the square root of their respective eigenvalues. If

all the eigenvalues are of the same magnitude, the ellipsoid will be spherical, while

if one of the eigenvalues is much greater than the others, it will be more elongated.

More details can be found for instance in [28, 313]. Figure 3.17 illustrates the

corresponding ellipsoids field in an axial slice. The blue (respectively red) color refers

to elongated anisotropic (resp. spherical isotropic) ellipsoids.

3.4 CONCLUSION

We have presented, in the first section of this chapter, an overview of the
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