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Abstract
This thesis explores the feasibility of using electron spins in semiconductor quantum dots as fundamental building blocks for quantum information processing. We start
from a general perspective, evaluating the possible limits to operation of such a spin-based
system. We show that the coherence properties of electron spins are limited by their interaction with lattice nuclear spins. We then consider approaches that take advantage of the
long coherence and relaxation times of the lattice nuclear spins to mitigate their effect on
the electron spin, and show how they could be used as a resource for long-term quantum
memory in the solid-state.
Next, we develop techniques for experimentally probing electron spin–nuclear spin
interactions in quantum dots, and demonstrate the controlled creation and measurement
of entangled electron spin states. A new paradigm for quantum information processing in
the presence of nuclear spins emerges—one that uses two electron spins to form a single
quantum bit. We demonstrate theoretically and experimentally the potential for long-lived
quantum memory using this system system, and find improved, specialized approaches to
quantum communication and quantum computing using pairs of electron spins. Finally,
we consider methods for scaling the system to large numbers of quantum bits such that
techniques for robust computation, including fault-tolerant computation, might be realized.
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Collaboration and visits with Prof. Peter Zoller and the IQOQI groups at Innsbruck
were also a critical part of the present study. Beyond the amazing depth of knowledge and
insight Peter brings to any problem of interest, I am lucky to have found such support, both
on scientific grounds and personal grounds, such as when minor tragedy (in the form of a
skiing accident) struck. The help of Peter, Prof. Reiner Blatt, Hans-Peter Bücher, Andrew
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Chapter 1

Introduction
1.1

Background
Magnetic interactions have been a central point of study in physics throughout the

19th and 20th centuries. Much of our understanding of atomic physics and solid state physics
is based upon theories of the quantum mechanical nature of the intrinsic magnetic dipoles
(spins) of fundamental particles. Over the last decade, spin has also become a paradigm
connecting the ideas of computation to quantum mechanical systems. Spin-1/2 particles,
with two distinct quantized states, bear a marked similarity to a classical bit, and may
be considered as a quantum bit, or qubit. However, by going beyond the approximations
leading to the emergence of classical mechanics and thermodynamics, quantum mechanical
systems such as spins may achieve a substantially larger range of dynamics than classical
systems. It was suggested early on [70] that quantum mechanical systems could perform
computations and simulations of staggering complexity. Later work showed that certain
problems, such as factoring, could be solved exponentially faster by a quantum mechanical
computation system [60]. This arises mathematically as the dynamics of the classical system
are governed by a polynomial number of equations in the number of bits, while a quantum
1

2
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mechanical system of interacting spins may have exponentially many non-trivial equations
of motion in the number of quantum bits.
Finding a practical approach for harnessing the complexity of quantum mechanics for controlled simulation or computation remains an outstanding challenge for modern
physics. We must manipulate, cause to interact, and, in a controlled manner, measure
many physically distinct quantum mechanical objects such that no undesired “collapse” of
the wavefunction occurs. The collapse occurs when the state of the computation system
becomes entangled with the state the environment in which our quantum mechanical system exists. On the one hand we want to isolate our computation system as well as possible
from the environment; but on the other hand, we require a connection to the outside world
to reliably manipulate the system. These contradictory requirements present the primary
difficulty for the development of a quantum mechanical computer.

1.2

Overview
This thesis focuses on the interplay between physical systems, their environment,

and quantum information science. The work considers, almost exclusively, electron spins in
quantum dots as potential quantum bits and their environment of lattice nuclear spins. We
start by considering lattice nuclear spins as an unwanted source of noise for electron spins,
then elaborate on methods for mitigating this effect, as well as manipulating the nuclear
spins and potentially using the interaction as a resource for quantum information protocols.
Finally, we consider how larger scale architectures for quantum computing using electron
spins may be made insensitive to this potential source of noise, in the process suggesting a
path towards robust, many qubit quantum computation.
A quantum dot is formed in a semiconductor structure by confining electrons to
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a physically small region at low temperatures. Loss and Divincenzo [122] were the first
to suggest that the spin of single electrons in such structures could be used for quantum
computing. There are several advantages: the spin is weakly coupled to almost everything
in the system, leading to potentially long lifetimes for the information stored in the spin
state of the electron, while the quantum dot system could be engineered using modern
semiconductor technology, possibly leading to very large scale integration of many quantum bits onto a single computer chip. However, the greatest disadvantage is the hyperfine
coupling of the electron spin in a quantum dot to the lattice nuclear spins of the semiconductor, which is orders of magnitude stronger than the coupling to phonons and other noise
sources [122, 134, 103, 82].
We start with a review of hyperfine interactions in a single quantum dot. The
next several chapters investigate how lattice nuclear spins may be considered a substantial
source of noise for quantum information processing using electron spins (Chapter 2) but
also be coherent manipulated to provide a potential resource for quantum computation
(Chapters 3 and 4). Other techniques for reducing the errors due to nuclear spins, either
by measurement (Chapter 5) or by passive encoding of information in noise-less subspaces
using pairs of electron spins (Chapters 6 and 8) are investigated. In the process, some
new ideas for implementing quantum information protocols with pairs of electron spins
were realized, and these are developed in Chapters 6, 7, and 10. Concurrent with this
theoretical work, experimental investigations in collaboration with the Marcus group at
Harvard confirmed the theoretical approaches suggested here and are included in Chapter
6. Additional experimental work, in which we attempt to directly manipulate the nuclear
spins using our control of the electron spin, is detailed in Chapter 7.
Finally, we shift focus from individual electron spins to the intriguing question of
connection: how can quantum information be efficiently shared at long distances using a
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semiconductor, and can long-range interactions lead to large-scale computation? Protocols
for quantum communication using electron spins are developed in Chapter 8. Chapter 9
develops ideas for converting electron spin information into the existence or absence of a
microwave photon in an on-chip resonator, while Chapter 10 considers the scalability of a
two-spin-based architecture using controlled transport of single spins.

1.3

Hyperfine interactions in a single quantum dot
We begin by reviewing the basic physics of hyperfine interactions for electron spins

in single GaAs quantum dots. The material of this section reviews the established theory
for single quantum dots [164, 134, 103, 43] and considers dynamical corrections to the model
of Refs. [164, 134]. This model will be used in subsequent chapters. Additional terms, such
as spin-orbit coupling, are neglected; theory [105, 104, 82] and experiment [87, 96] have
demonstrated that spin-orbit related terms lead to dephasing and relaxation on time scales
of milliseconds, whereas we will focus on interaction times on the order of nanoseconds to
microseconds. On these time scales, the orbital degrees of freedom, with characteristic level
spacings υ ∼ 0.5−1 meV, may be averaged over. The resulting low energy dynamics are due
entirely to a single, ground orbital state of the electron with a two spin states. We remark
that other III-V semiconductors have similar behavior—all III-V alloys have non-vanishing
nuclear spin components.

1.3.1

Electron spin Hamiltonian for a single quantum dot
The Hamiltonian for the Kramer’s doublet of the ground orbital state of the quan-

~ˆ including hyperfine contact interactions with
tum dot (denoted by the spin-1/2 vector S)
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(a)

(b)

(c)

Bnuc,z
Bext

Btot

Bext
=

S

S
Bnuc

Figure 1.1: (a) A schematic potential and energly level diagram for a single quantum dot, in
which one electron is confined to the low energy spectrum of a three dimensional potential.
Only the first and second orbital excited states, each a Kramer’s doublet, are shown. (b)
The lowest orbital state has a spin-1/2 electron (red cloud) interacting with the lattice
nuclear spins (blue and orange spheres). (c) Effective magnetic field due to both external
field and the nuclear field. When the external field is large, the transverse components of
the nuclear field are neglected in a rotating wave approximation.
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ˆ
lattice nuclei (spins I~β,j ) is [147, 134]
X
~ ext · S
~ˆ + ~γe
~ˆ · I~ˆβ,j
H = ~γe B
bβ,j αj S

(1.1)

β,j

~ˆ sums are over nuclear
where γe = g∗ µB /~ is the gyromagnetic ratio for electron spin S;
species (β) and unit cells (j). Anisotropy in the spin interaction is neglected as the conduction band electrons’ s-state character have a large contact term and weak long-range
dipole terms. Correspondingly, bβ is the effective hyperfine field due to species β within a
unit cell, with b75 As = −1.84 T, b69 Ga = −1.52 T, and b71 Ga = −1.95 T for GaAs [147].
The coefficient αj = v0 |ψ(~rj )|2 is the probability of the electron being at unit cell j, v0 is
the volume of the unit cell (2 nuclei), and ψ(r) the envelope wavefunction of the localized
electron.
It is convenient to rewrite the Hamiltonian using a collective operator for the
~ˆnuc = P bβ P αj I~ˆβ,j . This operator allows us to write the Hamiltonian
nuclear spins, B
β
j

~ ext and an intrinsic field,
as an electron spin interacting with an external magnetic field, B
~ˆnuc :
B
~ ext + B
~ˆnuc ) · S
~ˆ .
Heff = ~γe (B

(1.2)

In electron spin resonance, the effect of this nuclear field on the Larmor precession frequency
of the electron spin is known as the Overhauser shift, while in nuclear magnetic resonance,
the effect of the electron spin on the nuclear spin precession frequency is the Knight shift.
Several characteristic values [147, 134] for this interaction are noted in Table 1.1.
The maximum nuclear field value (all spins fully polarized with value I = 3/2) is h0 =
P
P
β
β bβ (xβ I )
k αk , where the relative population of nuclear species is x75 As = 1, x69 Ga =

0.6, and x71 Ga = 0.4 for GaAs, giving b0 = 5.3 T. Second, when the nuclear spins may be
described by a density matrix ρ = 1̂/(2I + 1)N (infinite temperature approximation for N
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nuclei), the root-mean-square (rms) strength of the field1 is
Bnuc =

q

~ˆnuc |2 i/3 =
h|B

sX
β,k

ˆ
b2β α2k h|I~β,k |2 i/3

v
Z
uX
u
2
xβ bβ )I(I + 1)v0 /3 d3 r |ψ(r)|4
= t(

(1.3)

(1.4)

β

√
= h1 / N .

(1.5)

R
P
where we have replaced j v0 with d3 r. The characteristic strength parameter is h1 =
q
P
2I(I + 1)/3 β xβ b2β = 4.0 T for GaAs, and N is defined as the number of nuclei with
R
which the electron has significant overlap, i.e., N = 2/[ d3 r |ψ(r)|4 v0 ].

While these numerical values are specific for GaAs quantum dots, in general dots

in other materials with non-zero nuclear spin may be described by similar parameters: a
√
maximum field strength parameter h0 and a rms field strength parameter, Bnuc = h1 / N .

1.3.2

The quasi-static approximation for nuclear spins
By writing the Hamiltonian (Eq. 1.2) with nuclei as an effective magnetic field,

we have implicitly indicated that the field may be considered on a similar footing to the
~ˆnuc may be replaced by the classical vector B
~ nuc ,
external magnetic field, i.e., the operator B
and expectation values hinuc are replaced by averages over the different initial classical field
values. The distribution used for averagine in the large N limit is
~ =
P (B)

1
2 )3/2
(2πBnuc

2
~ · B)/2B
~
exp(−(B
nuc ) .

(1.6)

This is the quasi-static approximation (QSA2 ) used in Refs. [164, 134]: we assume that over
time scales corresponding to electron spin evolution, the nuclear terms do not vary.
1

A√different convention than that of Ref. [134] is used: √
gaussians are always described by their rms, rather
than 2 times their rms. Thus our value of Bnuc = ∆B / 2, and similarly for other values to follow.
2
The QSA is designated the quasi-stationary fluctuating fields approximation in Ref. [134].

8

Chapter 1: Introduction

In terms of dephasing, we cite the results of Ref. [134]. At zero external magnetic
~ˆ evolves to:
field in the Heisenberg picture, the electron spin S
~ˆ
S(0)
2
~ˆ
hS(t)i
=
(1 + 2(1 − (γe Bnuc t)2 )e−(γe Bnuc t) ).
nuc
3

(1.7)

On the other hand, for large external magnetic fields, spin flips are not allowed by energy
conservation, but transverse spin components (e.g., Ŝx ) decay as:
hŜx inuc =

1
Ŝx
2
(1 + e− 2 (γe Bnuc t) ) .
2

(1.8)

A time-ensemble-averaged dephasing time due to nuclei in a single dot at large external
magnetic field is
T2∗ =

1
1
=
.
Ωnuc
γe Bnuc

(1.9)

This definition is appropriate when considering the decay of coherence of a single electron
in a single quantum dot.
Generalizing to all field values, for times longer than T2∗ ,
~ˆ ≫ Ω−1 ) = h(S(t
~ˆ = 0) · ~n)~ninuc
S(t
nuc

(1.10)

gives the average electron spin value, averaged over a time τ = 2π/ω.
The assumptions underlying the QSA are immediately applicable our pulsed experiments [96, 151]. The interactions with the nuclear spins during a pulse sequence (“run”)
occurs on sub-microsecond timescales, but each data point corresponds to integrating over
many runs, taking a total time of order seconds. If the nuclear field decorrelates slower
than the run interation time, but faster than integration time, the QSA is an appropriate
description of the system. Each integration has an opportunity to sample many configurations of the nuclear field, but each run sees one, static configuration. If individual runs’
interaction times become on the order of the decorrelation of the nuclei, corrections to the
QSA may no longer be neglected.
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Type
Charge
Charging energy
Orbital level spacing
Single dot two-electron
exchange near Bext = 0
Double-dot tunnel coupling
Double-dot inelastic tunneling
Electron spin
Larmor precession
Fully polarized overhauser shift
(Random) overhauser shift
Nuclear spin species β
Larmor precession
Knight shift
Dipole-dipole interaction
(nearest neighbor)

Time

tL
T2∗
tnL,β
tK,β
tdd

Energy

Magnetic field

Typical value

Ec
υ
J

5 meV
1 meV
300 µeV

Tc
Γ(ǫ)

10 µeV
0.01–100 neV

~γe Bext
AI
~γe Bnuc

Bext
h0
1
Bnuc = √hN

0–200 µeV
130 µeV
0.1–1 µeV

~γβ Bext
e Bnuc
~γe Bnuc λβ,j ≈ ~γ√
N

Bext
γe B
√nuc
γβ N
~γβ
v0

0–100 neV
0.1–10 neV

(~γβ )2
v0

0.01 neV

Table 1.1: Time, energy, and magnetic field scales for electron and nuclear spins in a single
and double quantum dots, from fast to slow.

At low magnetic fields, the QSA is valid up to the single electron spin-nuclear spin
interaction time (O(~N/A)), which is of order microseconds. In contrast, at large external
fields, the regime of validity for the QSA is extended—we may eliminate evolution due to
terms non-commuting with the Zeeman interaction (secular approximation or rotating wave
approximation). This yields an effective Hamiltonian

Heff = ~γe (Bext + Bnuc,z )Ŝz .

(1.11)

The z axis is set to be parallel to the external magnetic field. Corrections to the QSA have
a simple interpretation in the large field limit. As the Zeeman energy suppresses spin-flip
processes, we may write the corrections to Heff by seting Bnuc,z = Bz + δB̂z (t), where Bz
is the QSA term, and δB̂z (t) are fluctuations beyond the QSA (Appendix A). When the
number of nuclei N is large and fluctuations small, to leading order δB̂z is described by its
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fourier transformed correlation function:
hδB̂z (t + τ )δB̂z (t)i =

Z

dω S(ω)eiωτ

(1.12)

where S(ω) has a high frequency cutoff γ ≪ γe Bnuc .
Thus, at high magnetic field, nuclei contribute as a low frequency phase noise term
to the electron spin evolution. The form of S(ω) depends on the detailed parameters of the
nuclear spin Hamiltonian and the nuclear spin-nuclear spin interactions. We calculate the
high frequency components (short time behavior) using a perturbation theory analysis in
2 /B
Appendix A, and find a high frequency cutoff γ ∼ γe Bnuc
ext N . In terms of the parameters

considered in Table 1.1, we have ~γ ∼ 10−4 − 0.1 neV. We remark that the initial decay
of the correlation function is quadratic, indicating that beyond the high frequency cutoff
S(ω) decays faster than 1/ω 2 . This is true as well for decay of the field due to nuclear
dipole-dipole interactions when the timescales are short [146]. This arises from the finite
lattice spacing, leading to an appreciable time (order tens of microseconds) over which the
dipole-dipole interaction is reversible and the correlation decay occurs as a quadratic in
time. The decay of the power spectrum above the cutoff is important for understanding the
shape the echo envelope, which we detail in section 6.4.
In summary, this section has reviewed the interaction of an electron spin with
nuclear spins in a single quantum dot. At large external magnetic field, the electron spin
dephases on a time scale set by the average nuclear field, Bnuc . The field itself is quasi-static,
varying slowly when compared to the electron spin dephasing time T2∗ , and as such may
be correctable using techniques such as spin-echo (investigated in section 6.4). The initial
corrections, calculated in appendix A, indicate that first corrections to the QSA enter on a
timescale of microseconds.

Chapter 2

Dephasing of quantum bits by a
quasi-static mesoscopic
environment
J. M. Taylor and M. D. Lukin
Department of Physics, Harvard University, Cambridge, MA 02138 USA

We examine coherent processes in a two-state quantum system that is strongly
coupled to a mesoscopic spin bath and weakly coupled to other environmental degrees of freedom. Our analysis is specifically aimed at understanding the
quantum dynamics of solid-state quantum bits such as electron spins in semiconductor structures and superconducting islands. The role of mesoscopic degrees
of freedom with long correlation times (local degrees of freedom such as nuclear spins and charge traps) in qubit-related dephasing is discussed in terms of
a quasi-static bath. A mathematical framework simultaneously describing coupling to the slow mesoscopic bath and a Markovian environment is developed and
the dephasing and decoherence properties of the total system are investigated.
The model is applied to several specific examples with direct relevance to current experiments. Comparisons to experiments suggests that such quasi-static
degrees of freedom play an important role in current qubit implementations.
Several methods of mitigating the bath-induced error are considered.

Solid-state quantum information research attempts the difficult task of separating a
11
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few local degrees of freedom from a strongly coupled environment. This necessitates a clever
choice of logical basis to minimize the dominant couplings and environmental preparation
through cooling. Electron spin in quantum dots has been suggested as a quantum bit [122,
93], where orbital degrees of freedom do not carry quantum information. As a result,
the individual quantum bits are relatively well isolated from non-local degrees of freedom,
interacting strongly with only a local spin environment [134, 103, 43, 183, 38, 96, 112, 151]
and weakly to phonons through spin-orbit coupling [75, 82, 87, 61, 96]. Josephson junctions
and cooper-pair boxes in superconducting systems can be engineered for decreased coupling
to local degrees of freedom [194], and several different approaches to superconductor-based
quantum bit devices have shown remarkable promise as quantum computation devices [149,
31, 194, 128]. However, superconductor designs may strongly interact with local charge
traps and magnetic impurities [167, 126, 69], leading to errors from local noise.
In this paper we examine the problem of coupling to the local environment for a
solid-state system. By focusing on quantum information-related tasks, the detrimental effect
of local degrees of freedom on specific operations can be assessed. In our model, so-called
non-local degrees of freedom [170] (such as phonons and photons) are assumed to be weakly
coupled and considered in the normal Markovian limits. However, local coupled systems
corresponding to spins, charge-traps, and other finite-level systems, can be interpreted in
terms of a finite set of nearby spins that may be strongly coupled to the qubit. In some
cases, such as an electron spin in a quantum dot, this heuristic picture corresponds exactly
to the actual hyperfine coupling between electron spin and lattice nuclear spins. In those
systems, the local environment consists of 104 –106 lattice nuclear spins, and the coupling can
be strong [134, 103, 183, 181]. For superconductor-based designs, the quantum bit couples
both to actual spins and to charge degrees of freedom such as 1/f -type fluctuators [197],
which can be modeled as two-level systems. Thus, analysis of the most general coupling of
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a qubit to a mesoscopic collection of spins yields an understanding both of limitations in
current experiments and of methods for improving the operation and design of solid-state
quantum computation devices. We remark that several works have analyzed this type of
situation in detail for specific implementations, in superconducting qubits [69, 126] and
in quantum dot qubits [43, 38, 39, 90, 110]. We also note that recent work focusing on
quantum dot-based systems parallels several significant elements of the current paper [110];
the results were arrived at independently. The present work focuses on the generality of the
model and its impact in the context of quantum information processing.
We begin by considering a spin-1/2 system (the “qubit”) coupled to a finite number
of spin-1/2 degrees of freedom (the “mesoscopic bath”) to both weak and strong driving
fields. Inclusion of weaker, non-local couplings (the “Markovian environement”) through
a Born-Markov approximation reveals a natural hierarchy. A separation of time scales
indicates that the local environment is quasi-static with respect to experimental time scales
with long-lived correlation functions. However, over many experimental runs, the local
environment fluctuates sufficiently to defy efficient characterization and correction by means
of direct measurement. The generic nature of the coupling allows bath characterization using
only a few parameters. Then, detailed analysis of specific operations (phase evolution, Rabi
oscillations, spin-echo) and comparison to experimental results is possible. While such a
spin-bath model has been considered previously [207, 153, 157, 134, 126, 69], the significance
of the mesoscopic and quasi-static limits has not been emphasized.
We find that a quasi-static, mesoscopic environments results in fast dephasing,
induces power-law decay and non-trivial phase shifts for driven (Rabi) oscillations of the
qubit, and may be corrected for using echo techniques. The generality of the model suggests
it may be appropriate for many systems with strong coupling to a stable local environment.
In addition, comparison to experiments suggest this model can help explain the reduced
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contrast and long coherence times of current solid-state qubit systems, indicating that the
local environments of current solid-state qubits both have long correlation times and play
a crucial role in the dynamics of the qubit. Several methods of mitigating the effects of
the bath are considered, all of which take advantage of the long correlation time to reduce
errors. Some of these techniques are extensions of established passive error correction [204]
and quantum bang-bang ideas [192], while another, the preparation of coherences in the
environment to reduce dephasing (environmental squeezing) is introduced in this context
for the first time.

2.1

The physical system
Consider a relatively well-isolated two-level system (a qubit) in a solid-state en-

vironment. This could be a true spin-1/2 system such an electron spin or an anharmonic
system such as a hybrid flux-charge superconductor qubits 1 . The qubit is coupled to a collection of spin-1/2 systems comprising the mesoscopic bath. In addition to these potentially
strongly coupled degrees of freedom, other, weaker couplings to bosonic fields (phonons,
photons, and large collections of spins that can be mapped to the spin-boson model [71])
are included as a Markovian environment, and act as a thermal reservoir. Qualitatively,
this leads to a heirarchy of couplings. The qubit plus mesoscopic bath are treated quantum
mechanically, while the additional coupling to the larger environment (the thermal reservoir) is included via a Born-Markov approximation. Thus, the reservoir plays the role of
thermalizing the mesoscopic bath over long time scales and providing additional decay and
dephasing of the system. By assuming slow internal dynamics and thermalization for the
mesoscopic bath, a quasi-static regime is investigated, in contrast with the usual Markovian
1

The breakdown of the two-level approximation in superconductor-based qubit designs has already been
explored in great detail [22] and we instead focus on other sources of error due to local spins, charge traps,
etc.
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approximations for baths.
Starting from first principles, the Hamiltonian is introduced. A transformation to
the rotating frame allows for adiabatic elimination which simplifies the interaction, after
which the quasi-static assumption is considered. An explicit bath model is chosen, and the
role of the thermal reservoir included through a Linblad-form Louivillian.

2.1.1

Hamiltonian
The qubit, 2-level system, is described by the spin-1/2 operators Ŝx , Ŝy , and Ŝz . An

external biasing field produces a static energy difference between the two levels of angular
frequency ω. This serves as a convenient definition of z-axis. A driving field, with Rabi
frequency Ω and oscillating with angular frequency ν, is applied along a transverse axis
in the x − y plane. In most systems, ω is fixed, and modulation of Ω turns on and off
rotations around the transverse axis. The relative phase of the driving field to the biasing
field controls the axis about which rotations occur. We choose the phase such that rotations
occur around the x-axis. The Hamiltonian is
Ĥsys = ω Ŝz + 2Ω cos(νt)Ŝx ,

(2.1)

in units where ~ = 1. This Hamiltonian is commonly encountered in quantum optics, NMR,
ESR, and solid-state quantum information devices. For solid-state qubit systems, ω and ν
are typically ∼ 1 − 100 ns−1 and Ω ∼ 0.01 − 1 ns−1 .
Adding the most general environmental coupling possible, the total Hamiltonian
is
~ˆ · E
~ˆ + ĤE
Ĥtot = Ĥsys + λ̃S

(2.2)

~ˆ is a vector of environmental
where λ̃ is a coupling constant to the environment and E
operators. The tilde terms indicate that this coupling includes both the mesoscopic spin
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bath and the Markovian environment. All of the internal environmental dynamics, including
thermalization, is encompassed in ĤE .
Separating the environment E into the mesoscopic spin bath and Markovian environment, the interaction and environment terms in the Hamiltonian can be rewritten:
~ˆ · E
~ˆ + ĤE = λS
~ˆ · A
~ˆ + λC S
~ˆ · C
~ˆ + ĤA + ĤC + ĤAC .
λ̃S

(2.3)

The A terms denote the quasi-static bath degrees of freedom, while the C terms correspond
to a larger environment that can be treated in a Born-Markov approximation. Qualitatively,
the complete picture of bath and environment drawn in this paper is hierarchical in nature
(Fig. 2.1), with the system (qubit) coupled to a mesoscopic spin bath, both of which are
coupled to larger environments.
This paper focuses on the regime of strong system–bath coupling and weak system–
environment and environment–bath coupling. In this limit, we can treat the Markovian
environment’s effects entirely through a Lindblad form Louivillian acting on the combined
system–bath. We write the effective Hamiltonian as
~ˆ + ĤA ,
~ˆ · A
Ĥeff = Ĥsys + λS

(2.4)

while superoperator describing evolution of the system–bath density matrix ρ̂ is given by
the differential equation
ρ̂˙ = i[ρ̂, Ĥeff ] + Lenv ρ̂ .

(2.5)

The Louivillian, Lenv , is described below.
Regarding other limits, the weak system-bath limit can be treated pertubatively
when the bath-environment coupling and/or system-environment coupling is stronger. When
the system-environment coupling can be experimentally controlled, such as during qubit
manipulation, the system degree of freedom could be used to transfer entropy from the

Experimental control
and measurement
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System

Mesoscopic
spin bath

Markovian environment

Figure 2.1: Heirarcichal system–bath–environment coupling. External control of the system
(qubit) and measurement are independent of the environment The mesoscopic spin bath
is strongly coupled to the system, while the environment provides weak dephasing of the
system and spin bath degrees of freedom. Internal dynamics of the spin bath can be ergodic,
but some experimental control of the bath may be achieved in limited situations (e.g.,
through NMR) as indicated.

bath to the environment in a controlled manner, yielding non-thermal initial states of the
mesoscopic spin bath. The usefulness of this final point will be discussed later.
In many cases, the bias field ω is large (|ω| ≫ |Ω|, |λ|). This is similar to the
quantum optical case; accordingly, the standard recipe of transformation into a rotating
frame and a rotating wave approximation is also valid here, and off-axis (flip-flop) terms
are removed, resulting in a Jaynes-Cummings-like Hamiltonian. Roughly speaking, energy
cannot be conserved when the system spin flips through changes of the bath state. However,
the additional coupling to the bath leads to terms not found in the Jaynes-Cummings
Hamiltonian.
More explicitly, applying the unitary transformation U = exp(−iω Ŝz t), the Hamil-
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tonian is
ˆ
H̃
eff

= Ω/2[eiνt + e−iνt ][eiωt Ŝ+ + e−iωt Ŝ− ] +
λŜz Âz + λ/4[eiωt Ŝ+ Â− + e−iωt Ŝ− Â+ ] +
ĤA .

(2.6)

When the detuning of the driving field is small, δ = (ν − ω) ≪ ω, the highly oscillatory terms in this rotating Hamiltonian can be neglected. To do so, the propagator
Rt ˆ ′ ′
Û (t) = T̂ exp(−i 0 H̃(t
)dt ) is formally expanded over one period of the applied unitary

transformation, τ = 4π/ω, and a Magnus expansion [123] gives
∞
X
Ĥk )]
Û (τ ) = exp[−iτ (

(2.7)

k=0

Ĥ0 = 1/τ

Z

τ

ˆ
H̃(t)
dt

0

Ĥ1

= Ω/2[Ŝ+ + Ŝ− ] + (δ + λÂz )Ŝz + ĤB
Z τ Z t1
ˆ ), H̃(t
ˆ )] dt dt .
= −i/2τ
[H̃(t
2
1
2
1
0

(2.8)
(2.9)

0

The first term Ĥ0 will be used hereafter. Neglecting Ĥ1 and higher terms of the expansion if
formally equivalent to the rotating wave approximation used to derive the Jaynes-Cummings
Hamiltonian.

2.1.2

Quasi-static bath assumptions
In standard analyses, usually the bath dynamics are fast relative to the system

dynamics, and a Born-Markov approximation is appropriate. However, when the internal
bath dynamics are much slower than the system dynamics, the internal bath correlation
functions are long lived, and we can consider a quasi-static bath. In this picture, one
collective bath operator (here Âz ) has, in the Heisenberg picture, a long-lived correlator.
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In particular,
1−

hÂz (t + τ )Âz (t)i
hÂ2z i

≪1

(2.10)

for τ & 1/Ω. The quasi-static limit is approached when this is satisfied for τ > texpt (the
time for a single experimental run) but not for τ ≃ ttot (the time to generate enough runs
to characterize Âz ).
We consider this in detail. Internal dynamics of the spin bath and coupling to the
Markovian environment will result in a decay of correlations. A general description of the
correlator is
hÂz (t)Âz

(t′ )i

=

Z

′

dω S(ω)eiω(t−t )

(2.11)

where the spectral function S(ω) has some high frequency cutoff, Γ, set by the internal
dynamics of the bath [41]. When Γ ≫ Ω, the Markovian limit may be reached, and the
quasi-static theory developed here is no longer necessary.
When Γ → 0, the thermalization time goes to infinity. Then, while the state of the
bath is initially unknown, a series of measurements can be used to estimate the detuning of
the system, and thus the value of λÂz (see, e.g., Refs. [80, 110]). If the manipulation process
has a measurement time for a single projection of τm & 1/Ω, after n such measurements,
the error of hÂz i will be
∆(hÂz i) ≃

λ
√ .
Ω n

(2.12)

This procedure is exactly that of a classical phase estimation algorithm. It takes a time
∝ n to generate a

√
n improvement in the knowledge of the current value of Âz .

In between lies the quasi-static limit, where a single experiment (i.e., preparation
of a given qubit state, evolution under H0 for a specified time, followed by projective measurement) can be performed well within the correlation time, but not enough experiments
can be performed to well estimate Âz . Qualitatively speaking, this is equivalent to taking
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a thermal average for the ensemble of measurements, and mathematically the same as the
result for the simultaneous measurement of a large number of exactly similar systems. The
uncertain knowledge of Âz leads to dephasing when attempting specific quantum information operations.
P
As a typical case, consider an internal bath Hamiltonian HA = ~ k ωB,k B̂zk and
~ˆ = P αk B
~ˆ k . This could describe nuclear spins for quantum-dot systems,
a coupling with A
k
P
k , the rotating-wave approximation is valid if
or charge traps. As [ĤA , Â+ ] = k αk ωB,k B̂+

ωB,k ≪ ω for all k. Then, the application of a large bias field ω, e.g., due to a static magnetic

field, makes the interaction essentially static and classical, whereby the system experiences
~ˆ fluctuations are due to corrections to the rotating wave
a fluctuating (classical) field A;
approximation and coupling to the Markovian environment. Non-classical correlations of the
bath, produced by off-resonant interactions [110] or preparation techniques (e.g., Chapter 3)
return the problem to the fully quantum domain.
For example, for electron spin in quantum dots, where the bath is lattice nuclear
spins, dipolar diffusion processes lead to flip-flop interactions wherein a spin inside the dot
is exchanged with that of a spin outside the dot, producing ergodic dynamics within the
bath on ms timescales [45, 203]. In contrast, spin-lattice relaxation (coupling to the larger
environment) can be minutes to hours in time. Over time, the dipole diffusion destroys
the correlations of the Âz parameter. Detailed calculations, using the method of moments,
suggest that diffusion in dots is within an order of magnitude of the bulk diffusion rate [48],
and this diffusion decorrelates Âz no faster than the time scale set by the NMR linewidth
(10 ms−1 for GaAs [146]). Thus the primary effect of spin-lattice relaxation (coupling to
a Markovian environment) is to produce an initial thermal state of nuclear spins, while
dipole-dipole interactions lead to decorrelation of Âz (internal bath dynamics).
For concreteness, we choose for our mesoscopic spin bath of N spin-1/2 systems
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to have the form
Âz =

X

αk Iˆzk

(2.13)

k

where Iˆzk is the spin component corresponding to the kth bath spin, and an internal Hamil√
tonian giving the quasi-static limit. As many bath variables scale as N α¯2 , we normalize
the αk such that α¯2 = 1/N , thus keeping λ as the sole bath strength parameter. The bars
above quantities denote statistical averages over static variables. As we have assumed all
bath spins are spin-1/2, we can choose the z axis without loss of generality.

2.1.3

Markovian environment effects
The principle effects of the Markovian environment are two-fold: it leads to relax-

ation of the qubit system, and it leads to long-time thermalization of the mesoscopic spin
bath. We have established that the internal dynamics of the quasi-static bath, combined
with coupling to the Markovian environment, will lead to decorrelation of Âz and dynamic
thermalization. For a weakly coupled Markovian environment, with equilibriation times for
the bath that are much longer than experimental times, the main effect of the Markovian
environment is to produce an initial mesoscopic spin bath state of the form ρA ∝ e−HA /kB T .
In general, the additional Markovian environment degrees of freedom will also
couple to the system, leading to relaxation and decoherence that we can model with a
Lindblad form of the Louivillian of the combined system-spin bath density matrix. Formally,
tracing over the environment yields a superoperator (see Eqn. 2.5)
Lenv ρ = 2γs [2Ŝ− ρŜ+ − ρŜ+ Ŝ− − Ŝ+ Ŝ− ρ]
h
X
+
2Γk 2Iˆ− ρIˆ+ − ρIˆ+ Iˆ− − Iˆ+ Iˆ− ρ
k

i
+2Iˆ+ ρIˆ− − ρIˆ− Iˆ+ − Iˆ− Iˆ+ ρ

(2.14)

corresponding to the Markovian environment. We presume that the spin-bath is in the high
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temperature limit, while the qubit system only has spontaneous decay. This is consistent
with the rotating wave approximation. The resulting equations, with pure radiative decay
for the system, are cumbersome to work with, and we will sometimes use the input-output
operator formalism, which is formally equivalent by the quantum fluctuation-dissipation
theorem.

2.2

Free evolution
In this section, free evolution for a variety of experimentally-relevant situations is

considered. Free evolution corresponds to the case of Ω = 0, i.e., the absence of driving
field. In quantum information, free evolution is equivalent to phase rotations (Z rotations),
and the behavior of free evolution is an indicator of how good a quantum memory the
chosen qubit provides. The decay of coherence during free evolution due to the mesoscopic
spin bath may be severe; however, we consider spin-echo methods as a means of mitigating
the bath’s effects.
Equation 2.8 is the basic Hamiltonian used hereafter; Âz is given by Eqn. 2.13.
For free evolution, Ω = 0, and the Hamiltonian is

ĤF ID = (λÂz + δ)Ŝz .

(2.15)

For time-dependent Âz such that [Âz (t), Âz (t′ )] = 0 (appropriate for the specific baths
consider in section II), the exact propagator from t = 0 to time t is

UF ID (t) = exp[−i(δt + λ

In the quasi static limit, we may usually replace
of the propagator.

Z

Rt
0

t

Âz (t′ )dt′ )Ŝz ] .

(2.16)

0

Âz (t′ )dt′ with Âz t, simplifying evaluation
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Free induction decay
To illustrate free evolution, we start by studying free induction decay (FID), con-

sidered for this case by [207] and for a dynamical spin bath by [185]. FID corresponds to the
decay experienced by a spin coherence (e.g., a density matrix element |↑ih↓|) during evolu√
tion in a Ramsey-type experiment. The system is prepared in the state |+i = 1/ 2(|↑i+|↓i),
with hŜ+ (0)i = 1/2, for example, by rotations induced by control of Ω (considered below).
The driving field is turned off (Ω = 0) and the system evolves according to the Ŝz coupling
only. Then,
ΦF ID =

hŜ+ (t)i

hŜ+ (0)i

D
E
= exp[−i(λÂz + δ)t]

bath

(2.17)

For an uncorrelated bath (hIˆzk Iˆzj i = hIˆzk ihIˆzj i for k 6= j) we can write this in terms of
individual bath couplings

2

ΦF ID = e−iδt

Y
k


cos(λαk t/2) − ih2Iˆzk i sin(λαk t/2) .

(2.18)

The minimum of the projection of the actually final state of the desired final state, FF ID =
|ΦF ID |2 is bounded from below by (Mink [|h2Iˆzk i|])N . Thus, initial bath polarization for
finite N limits the maximum decay.
The initial decay of this coherence is quadratic, giving
FF ID ≃ 1 −

(λt)2 X 2
2αk (1 − h2Iˆzk i2 ),
2

(2.19)

k

as shown in the inset of Figure 2.2. For a large number of spins, the intermediate time
decay converges to a Gaussian, exp[−(γF ID t)2 /2], with a rate
γF ID = λ

sX
k

2

α2k (1 − h2Iˆzk i2 ).

(2.20)

For an arbitrary, quasi-static bath (i.e.,
R ∞ not necessary a spin-bath) with a density matrix that is diagonal
in the eigenbasis of Âz , ΦF ID = e−iδt −∞ dΛρ(Λ)e−iΛt , demonstrating that ΦF ID is exactly the inverse
Fourier transform of the bath degree of freedom in this case.
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√
Figure 2.2: FID √
evolution (FF ID ) in time scales N /λ for increasing inhomogeneity, σα =
increasing decay in the short time
{0.1, 0.3, 0.6, 1}/ N , N = 30, P = 0. The inset shows √
limit due to increasing inhomogeneity, σα = {5, 10, 20}/ N , N = 30, P = 0.

When the inhomogeneity in the αk coefficients is low, the system experiences
√
mesoscopic revival on a time scale given by the single spin coupling strength, λᾱ ≃ λ/ N .
This type of revival is shown in Figure 2.2, where a Gaussian distribution of αk of increasing
widths are used, and a bath polarization P = h2Iˆz i = 0 is assumed. These mesoscopic effects
for finite spin systems have been investigated in great detail elsewhere [207], and we refer
readers to those works for a detailed description. In most physical settings, inhomogeneity is
large and revival will not be observed. However, for systems where N is small, fluctuations
can become substantial even with a large inhomogeneity in the αk ’s, and such fluctuations
have been observed experimentally [185].
To put the results in an experimental context, we consider a Ramsey fringe experx ),
iment. A system is prepared in the |↓i state. A π/2 pulse is applied along x (denoted Rπ/2

and then at a later time t, an opposite, −π/2 pulse is applied. Afterwards, a projective
measurement on z measures the rotation of the Ŝy eigenstate due to environmental effects
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and detuning. In terms of actual experimental implementations, preparation of a spin-down
eigenstate and measurement along the Ŝz axis is enough, if we use two π/2-pulses with a
delay t. Formally, in the limit of perfect pulses the propagator is
x
x
UF ID (t) = R−π/2
exp[−iλÂz Ŝz t]Rπ/2
.

(2.21)

In the limit of perfect pulses, the probability of measuring the final state in the |↓i state is
given by FF ID as a function of the delay time, t. If the system is coupled to a spin bath, it
will show Gaussian-type decay in the initial time period. This decay is limited in extent for
baths of finite polarization (non-infinite temperature). For a small bath size, mesoscopic
fluctations and revival after the initial decay may be evident.
For a series of sequential measurements, the finite correlation time of the bath will
be evident. For example, for fixed interaction time τ , a series of measurements {Mk } giving
1 for |↓i and 0 for |↑i at times tk will manifest correlations due to the correlations of Âz at
the different times, tk . Assuming the quasi-static limit, such that M̂k = cos2 (λÂz (tk )τ /2),
we find
1
hMj Mk i − hM i = exp[−(λτ )2
8
2

Z

dωS(ω)(eiω(tj −tk ) − 1)]

(2.22)

where the cutoff Γ of S(ω) is such that Γτ ≪ 1. Thus, the correlation function for a series
of measurements with τ Γ ≪ 1 in principle allow reconstruction of the spectral function
qR
describing Âz . We note that γF ID = λ
S(ω)dω.

2.2.2

Spin-echo decay
As the bath correlation time is long, spin-echo techniques can exactly cancel this

type of dephasing. For spin-echo, a π-pulse is applied in between the two π/2-pulses; the
time delays before and after the π-pulse are t1 and t2 , respectively. The total evolution is
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thus
x
USE (t2 ; t1 ) = Rπ/2
exp[−iλÂz Ŝz t2 ]Rπx
x
exp[−iλÂz Ŝz t1 ]Rπ/2


x
x
R−π
exp[−iλÂz Ŝz t2 ]Rπx
= R−π/2

(2.23)

x
x
= R−π/2
exp[−iλÂz Ŝz (t1 − t2 )]Rπ/2
,

(2.25)

x
exp[−iλÂz Ŝz t1 ]Rπ/2

(2.24)

which is the original FID propagator (Eqn. 2.21) with t → (t1 − t2 )/2. The previous results
hold but now as a function of the time difference. In particular, no decay occurs when
t1 = t2 ! The probability of measuring |↓i is
FSE (t1 , t2 ) = hcos2 [λÂz (t1 − t2 )/2]i
=

1
{1 + exp[−γF2 ID (t1 − t2 )2 /2]}.
2

(2.26)

Spin-echo fidelity (FSE (t, t)) is limited both by the imperfections in the rotations,
x
Rπ/2
and Rπx , Markovian processes that directly lead to decay of Ŝz , and decay of the

correlation function of Âz , i.e., in the interaction picture, Âz (t) 6= Âz (t′ ) for t much later
than t′ . The first type of error, examined in detail below, does not depend on the total
time t1 + t2 , while the latter errors do. Neglecting imperfections in rotations, the effect of
a correlated bath on spin-echo is a textbook problem, and we merely cite the result here:
FSE (t, t) =

1 e−2γt
+
2
2
× exp[−λ2

(2.27)
Z

S(ω) sin4 (ωt/2)/(ω/2)2 dω]

where we assume Âz is a Gaussian variable described by the spectral function S(ω), as
per Equation 2.11. The results of a spin echo experiment allow an alternative method
of extracting the correlation function associated with the mesoscopic spin bath. For a
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spectral function describing the bath with cutoff Γ ≪ 1/t, the echo will decay according to
exp[−2γt − λ2 Γ2 t4 /4].
For free evolution (Ω = 0), used for phase gates and quantum memory, we find that
a mesoscopic spin bath leads to dephasing in the quasi-static limit, with a time scale given
by 1/λ. Sequential measurements in a Ramsey-type experiment allow for reconstruction of
the of the spectral function associated with the bath. Furthermore, spin-echo can be used
to reduce the dephasing dramatically.

2.3

Driven-evolution
While the free evolution of the system is illustrative of quantum memory, a critical

operation for quantum information processing is rotations about an axis perpendicular to
the applied bias. This is achieved by a pulse in the transverse coupling field strength, Ω,
leading to driven oscillations between |↑i and |↓i. These Rabi oscillations form the basis for
the x-axis rotations used, for example, in Ramsey-fringe experiments, and more generally
for producing a universal set of single qubit gates.
In practice, the perfect rotations (Rabi pulses) needed to produce perfect rotations
are unavailable, due to the finite power available for such pulses. We now consider in detail
rotations obtained by driving the system (non-zero Ω in Eqn. 2.8) in the presence of the
mesoscopic spin bath and Markovian environment. In the Heisenberg picture, the singlespin (system) operator equations of motion are given by
~ˆ
dS
~ˆ
= i[H0 , S].
dt

(2.28)

For time independent Âz (quasi-static limit) we can solve these equations exactly, noting
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~ˆ = ω̂~n × S,
~ˆ where
that d/dt S
q

(λÂz + δ)2 + Ω2 ;


Ω






−1
ˆ = ω̂ 
~n
.
0




λÂz + δ

ω̂ =

(2.29)

(2.30)

This evolution corresponds to the optical Bloch equations, giving driven rotations of the
qubit Bloch vector on the Bloch sphere about an axis ~n at frequency ω̂. The dependence
these quantities upon the state of the bath leads to shot-to-shot fluctuations, which broadens
ensemble or sequential measurements.
Alternatively, we may write the propagator for Ĥ0 as
ˆ·S
~ˆ
Û (t) = cos(ω̂t/2)1̂ − 2i sin(ω̂t/2)~n
where we have taken the quasi-static limit, such that

d
dt Âz

(2.31)

≃ 0.

Returning to Equations 2.29–2.30, we calculate the rotation of an initial z eigenstate with hŜz (t = 0)i = 1/2, i.e., determine the Rabi oscillations expected for the initial
state |↑i. The field Ω leads to population and coherence oscillations. Considering the z and
y components together, we define
fˆ =

ζ̂(t) =

(λÂz + δ)2
(λÂz + δ)2 + Ω2
q
2
Ω exp(−i (λÂz + δ)2 + Ω2 t)
(λÂz + δ)2 + Ω2

(2.32)

.

(2.33)

Then, h2Ŝz (t)i = Re[hfˆ + ζ̂(t)i] and h2Ŝy (t)i = Im[hζ̂(t)i]. The value of hfˆi is a measure of
the maximum contrast of population oscillations, and also gives the steady-state population
difference and lineshape; this is approximately maximal for δ = −λhÂz i. hζ̂(t)i gives the
oscillatory part of coherence and population.
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Steady-state behavior
For long times, the steady state behavior will be given by hfˆi, which measures the

population difference between ↑ and ↓. This gives the measureable response of the system
to CW excitations of the system. A simple estimate of hfˆi is provided by writing Âz as
hÂz i + δÂz , and assuming h(a + Âz )−2 i = h(a + hÂz i)2 + h∆Â2z i)−1 i. Then,
hfˆi =

1
1 + Ω2 /[(δ + λhÂz i)2 + λ2 h∆Â2z i]

.

(2.34)

This has a maxima at the mean bath detuning, λhÂz i, and as such this point would be
the observed zero in detuning. Differences from this observed zero, denoted δ̃, gives an
absorption spectrum of
hfˆi = 1 −

Ω2
δ̃2 + λ2 h∆Â2z i + Ω2

(2.35)

which behaves as a Lorenztian with a linewidth given by the combined power broadening
and bath broadening for Ω ≪ λh∆Â2z i1/2 .
The approximations used for this simple estimate break down for large bath
strength. To find this behavior in the strong bath limit, where higher order moments
are important, we need not assume that the bath density matrix is uncorrelated, as before,
but rather that the bath density matrix is diagonal in an eigenbasis of the bath operator,
Âz .

3

This would be appropriate for nuclei interacting with an electron spin in a quantum

dot at finite magnetic field, or for charge traps capacitively coupled to the system.
We can evaluate hfˆi by tracing over the bath density matrix, replacing ρbath =
P

λAz

ρλAz |λAz ihλAz | with ρ(Λ). The integrals involved are solved in Appendix B.1. We

note that the result is

3

p
hfˆi ≃ 1 − ρ(−δ) 2πΩ/u

(2.36)

By assuming the bath density matrix is diagonal in the Âz eigenbasis, the result derived (Eqn. 2.40) in
fact is generally true for any bath that is non-singular (ρsym (ω ≥ Ω) not singular) and satisfies u ≥ 0, not
just a spin-bath. However, the spin-bath provides a natural case for [ĤB , Âz ] ≃ 0, as mentioned in the text.
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Figure 2.3: Lineshapes for a bath with N = 10 and increasing inhomogeneity [σα =
0.1(green),0.5(red),1(blue)]. The additional line is N = 20, σα = 0.5 (black).

for the lineshape. This has assumed that u−1 is a frequency scale over which the bath
density of states is relatively flat, and as such can be Taylor expanded to second order.
This time scale is

u=

Ωρ′′ (−δ)
5
−
.
4Ω
ρ(−δ)

(2.37)

In other words, driven oscillations can measure the bath density of states as a function of
detuning, convolved with a kernel of width u−1 . We plot several lineshapes in Fig. 2.3.
Essentially, we find that the steady-state behavior of the system indicates a maximum of population in the state opposite the initial state at a detuning δ = −λhÂz i. In
addition, in the weak field limit, the line shape provides a sensitive measure of diagonal
components of the bath’s density matrix, so long as a calibration of Ω independent of the
bath exists.
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Time-dependent behavior
We now consider the actual, observable population and coherence oscillations in-

duced by a driving (Rabi) field. Looking at the explicit time dependence, we consider the
envelope of oscillations given by |ζ̂(t)|. The initial decay is quadratic, (1−hf i)[1−(γΩ,0 t)2 /2],
and when renormalized to give maximal contrast, it has a width
s
d2
hζ̂(t)i
γΩ,0 =
− 2
dt (1 − hfˆi) t=0
=

Ω2

1 − hfˆi
s
D

(2.38)

×

(2.39)

1
(λÂz +δ)2 +Ω2

E

−



1
√
(λÂz +δ)2 +Ω2

2

.

This suggests that measurements of such short time decay will measure second order moments of the bath operators.
While the short time behavior is consistent with Gaussian decay, as would be
expected from a non-Markovian, non-dissipative bath, the long time behavior is a power
law.
The integrals involved are solved in Appendix B.1; essentially we solve for hζ̂(t)i,
and find
−iΩt

hζ(t)i ≈ ρ(−δ)e

√

2πΩe−iθ(t)
p
.
τ (t)

(2.40)

where the time scale for phase shift, and phase shift angle, are given by
τ (t) =

p

t 2 + u2

θ(t) = 1/2 tan−1 [t/u] ,

(2.41)
(2.42)

and u is the same as Eqn. 2.37.
We note that this result is much more robust than Eqn. 2.36, due to the oscillatory
terms in the integrand canceling out behavior in the exponential tail. This solution encompasses the long time behavior (t ≫ Ω−1 ), and breaks down if ρsym is singular for ω ≥ Ω or
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if u < 0 4 . The lack of dependence of the effective Rabi frequency on the detuning follows
naturally from situations where the density of states at −δ, ρ(−δ) is sizeable: that portion
of the density of states is resonant, and the resonant behavior dominates. When u < 0, we
may be in the detuning dominated regime, and these results no longer hold.

2.3.3

Discussion
The long-time behavior, Eqn. 2.40, may seem peculiar at first. The power-law

decay envelope comes from the portion of the bath density of states that is “on-resonance”
with the oscillations. In particular, for short times, Rabi oscillations are insensitive to
detunings less than the Rabi frequency. This window narrows for longer time, leading to
the observed power law behavior. More curiously, for times t ≫ u, there is an overall phase
shift of π/4 that is independent of many of the parameters of the bath. This dynamic shift
eludes a similar immediate qualitative description, arising from the continuity of the bath
density of states and the pole induced by probing of the bath (by means of the applied Rabi
field) that is insensitive to first derivatives of the bath, i.e., bath variables come in only in
their quadrature and higher moments.
It is crucial to distinguish these results from more standard inhomogeneous broadening results. Unlike the case of Doppler broadening, for example, in this system the
individual system detunings do not change as a function of time. When the correlation
function is short-lived, the behavior would instead follow directly from the well understood
results describing inhomogenous broadening due to Doppler shifts of laser-induced Rabi
oscillations.To extend these results to describing inhomogeneous broadening in ensembles
of self-assembled quantum dots, for example, would require considering the additional effect
of inhomogeneity in the Rabi strength, Ω, and it is unclear that the corresponding phase
4
Well-separated singularities in ρsym can be treated as additional stationary phase integral terms, and
for each, corresponding oscillations at the resonance with different time-scales uj will emerge.
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shift would behave in a similar manner to the case of a single Rabi frequency. As such, that
analysis is beyond the scope of this paper.
To compare these analytical results to exact solutions, we solve the system for
finite spin, where we exactly evaluate the trace for finite N . In the homogeneous case, the
Dicke picture of collective angular momentum allows us to go to large N , while the inhomogeneous case requires exponential operations for the exact value, but can be simulated
through stochastic modeling of the trace function. We compare several different values of
inhomogeneity and bath size N in Figure 2.4, and show strong quantitative agreement between the short time and long time approximations with the numerical evolution. We also
show the convergence to full contrast for a fixed time and varying Rabi power.
The previous analysis assumed that the bath density of states could be taken
as a Gaussian, which can be shown to reduce to the assumption of Gaussian noise [78].
However, inclusion of non-Gaussian effects leads in the general cases to integrals without
easy solution.
The deviation from Gaussian noise for the fourth order at T = ∞ is
hÂ4z i − 3hÂ2z i2
3hÂ2z i2

≃ −2/N.

(2.43)

To investigate the role non-Gaussian effects play, simulations with finite numbers of spin
were conducted; the thermodynamic limit recovers Gaussian statistics. For small inhomogeneity, Fig. 2.4c indicates that increasing spin number decreases the amplitude of fluctuations from the expected Rabi signal. Increasing inhomogeneity leads to an apparent
additional reduction of fluctuations, though quantifying this effect remains difficult.

2.3.4

Inclusion of the Markovian environment
For completeness, we now add the coupling of the qubit to an additional, Marko-

vian environment, with a corresponding “radiative” decay to the ground state with a rate

34
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Figure 2.4: (a) Comparison of short time and long time theoretical results to analytic
results, with σα = ᾱ/2, λ = 1, N = 20, and Ω = 2π. The exact solution (solid line)
compares well with the short time decay (dashed line) and the long time tail plus phase
shift (dotted line). (b) Comparison of the same exact result with the case with γ = 0.5
(dotted line). (c) Fluctuations for N =6 (solid),10 (dashed), 14 (dashed-dotted), and 20
(dotted).
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γ. The optical Bloch equations must now be modified to include this decay, and exact
solutions, while available, are cumbersome. However, the case of FID, with Ω = 0, is
immediately understandable. In the Heisenberg picture, we write
dŜ+
= −γ Ŝ+ + iλÂz Ŝ+ + F̂+ ,
dt

(2.44)

where the stochastic input field F̂+ has the standard Markovian kernel, hF̂− (t)F̂+ (t′ )i =
2γδ(t − t′ ). Solving this equation of motion exactly for hŜ+ (t = 0)i = 1/2 gives
ΦF ID,γ =

hŜ+ (t)i

hŜ+ (0)i

D
E
= exp(−iλÂz t − γt)

bath

= ΦF ID e−γt .

(2.45)

The Markovian environment results in irreversible exponential decay, which would be unaffected by any spin-echo experiment. For long correlation time baths, spin-echo experiments
provide a direct measure of the Markovian component of the decay.
For the case with Ω 6= 0, we use the analytical evolution for solving the Kraus

~ˆ
~ˆ + ~u and evaluating the expectation valoperator form for the Bloch vector, dS/dt
= MS
ues of all functions of Âz at each time point. The results are cumbersome, and checked

only numerically. Qualitatively comparing the result, shown in Figure 2.4b, to the γ = 0
case, we see that the crucial features of phase shift and fast initial damping with long-lived
oscillations remain, but that the steady state population difference is shifted, and the oscillations are eventually damped by the exponential tail. The corresponding lineshape is
approximately
hfˆi = 1 −

D

Ωγ
[(γ/2)2 +(λÂ

z

+δ)2 +Ω2 ]

E

(2.46)

Finally, we now consider the effect decorrelation of Âz plays in the observed oscillations. Unlike the case of free evolution, [H0 (t), H0 (t′ )] 6= 0, leading to difficulties in
analytical evaluation of the propagator including decorrelation effects. We can, however,
consider it partially by use of a Magnus expansion, in the limit of weak to intermediate
strength mesoscopic spin bath.
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Formally, we transform H0 to the interaction picture with respect to ΩŜx , and
with δ = 0, giving
H̃ = λÂz [cos(Ωt)Ŝz + sin(Ωt)Ŝy ]

(2.47)

If we assume Âz varies on time scales much longer than 1/Ω, we can use a magnus expansion.
The expansion of this Hamiltonian at peaks in the expected oscillations (τ = 2π/Ω) yeilds
Uef f (τ ) = exp[−iτ (H0 + H1 + . . .)]

(2.48)

with
H0 = 0

(2.49)

H1 = 2(λÂz )2 /ΩŜy .

(2.50)

We neglect higher order contributions by assuming that hÂ2z i4 λ4 /Ω4 ≪ 1. Thus, the envelope of oscillations should be determined by
Uef f (t) = exp[−i

Z

t
0

2(λÂz (t′ ))2 ′
dt Ŝy ] .
Ω

(2.51)

where we have assumed that over a time τ , Âz (t) is fixed. We note that this form of quadratic
noise has been investigated in detail [126]. The lowest order perturbative expansion requires
determining the spectral function
SA2 (ω) =

Z

dτ
hÂz (t + τ )2 Âz (t)2 ie−iωτ .
2π

(2.52)

Assuming Gaussian statistics for Âz , we find
Z
Z
′
hAz(t)2 Âz (t′ )2 i = ( dωS(ω))2 + 2( dωS(ω)eiω(t−t ) )2

(2.53)

The resulting decay of oscillations should be given by
4λ4
exp(− 2
Ω

Z

dωSA2 (ω)

sin2 (ωt/2)
)
(ω/2)2

(2.54)
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Figure 2.5: Expected value of 2Ŝz as a function of time for an initial state Ŝz = 1/2, with
driving and low frequency noise λ = Ω/2. Decorrelation rates of 0 (black), Ω/100 (red),
Ω/30 (green) and Ω/10 (blue) are √
shown. It is apparent that decorrelation leads to steady
state values of zero, faster than 1/ t decay, and reduced phase shift (from π/4).

Oscillations with low frequency noise for S(Ω) are shown in Fig. 2.5.
We remark that for time independent Âz and a Gaussian density of states we can
evaluate the expected envelope of oscillations,
hUef f (t)i = (1 + 2itρ′′ (0)/ρ(0)Ω)−1/2 ,

(2.55)

√
6 0
reproducing the 1/ t long-time tail found by more exact means. Furthermore, as hÂ2z i =
in general, a phase shift due to small rotations around Ŝy after each Rabi oscillation should
be expected.

2.4

Application to experimental systems
We now consider the physical systems where the quasi-static bath assumptions

are valid. One case is nuclear spins interacting with an electron spin in a quantum dot.
There, the dominant internal bath Hamiltonian is aligned with the bath-interaction, and

Chapter 2: Dephasing of quantum bits by a
quasi-static mesoscopic environment

38

[ĤB , Âz ] = 0 identically [183, 131]. Another system is superconducting qubits, where
charge-traps and other few-state fluctuators play a similar role. Finally, some NMR systems
with one probed spin (e.g., a Carbon-13) is coupled to many spins (e.g., nearby hydrogens).

2.4.1

Electron spin in quantum dots
The hyperfine interaction between the electron and the nuclear spins is given by
HQD = γe B0 Ŝz + λQD

X
k

X
~ˆ · I~ˆ + γn B0
Iˆzk
αk S

(2.56)

k

where the αk ∝ |ψ(rk )|2 are weighted by the electron wavefunction’s overlap with lattice
√
site k. For GaAs quantum dots with N nuclear spins, λQD ≃ 207ns−1 / N [147], with the
P
normalization condition k α2k = 1. Identifying γe B0 = ω and adding a time dependent

ESR field in the x-axis the model Hamiltonian is recovered, with λ = λQD . In the case of
a large applied magnetic field (ω ≫ λQD ), the results heretofore derived hold.

While experiments investigating ESR and spin dephasing in single quantum dots
are ongoing, the contraints imposed by the quasi-static limit make standard ESR technically
difficult to achieve. For small quantum dots (e.g. single electron quantum dots), λQD & 0.1
ns−1 (N ≃ 105 ). If the decorrelation rate Γ is determined by dipolar-diffusion processes, it
can be no faster than 10 ms−1 , the linewidth of NMR in bulk GaAs, and the quasi-static limit
is appropriate. For the quasi-static field to be overcome, either many measurements must
be taken in the correlation time of the bath, or ESR field’s Rabi frequency Ω must be much
larger than 0.1 ns−1 . This latter requirement may be quite difficult for current experimental
parameters. Active correction sequences may lower this rate, by averaging through NMR
pulses the dipolar interaction [196, 131], making it possible to perform accurate phase
estimation within the enhanced correlation time of the bath.
There is another important situation where the mesoscopic bath picture holds:
during an exchange gate [122, 151]. In particular, for two tunnel coupled quantum dots,
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each in the single-electron regime, the overall Hamiltonian is
1
2
~ˆ1 · S
~ˆ2
HDQD = HQD
+ HQD
+ JS

(2.57)

where J is the exchange interaction between the two dots. While the ms = ±1 triplet states
(|↑↑i, |↓↓i) are well separated by Zeeman energy, the ms = 0 states (|↑↓i, |↓↑i) are nearly
degenerate. In the basis {|↑↓i, |↓↑i}, this two-level system is described by the Hamiltonian


(DQD)
−λ
Â
/2
Ω/2
z


Hms =0 = 
(2.58)

(DQD)
Ω/2
λÂz
/2
(DQD)

where λÂz

=

i
i i ˆk,i
k,i=1,2 λQD (−) αk Iz

P

is the bath parameter for this two-level system,

and Ω = J. This Hamiltonian maps exactly to Equation 2.8.
Recently experiments demonstrated coherent oscillations driven by controlled exchange interactions [151]. The system was prepared in an eigenstate of the mesoscopic spin
bath interaction (e.g., the |↑↓i state) and coherent oscillations between |↑↓i and |↓↑i were
driven by applying a pulse of non-zero Ω for finite time. These experiments correspond exactly to the driven evolution examined in the previous section. As such, for small exchange
values (Ω ≃ λ) we expect the exchange operations to exhibit the characteristic powerlaw decay and phase shift found in this work. Our approach agrees with system-specific
theoretical predictions of Ref. [39].

2.4.2

Superconducting qubits
The quasi-static assumptions also hold for bistable two-level fluctuators, where

the Iˆz eigenvalues denote which state is populated, and the dominant interaction with a
charge system is a conditional capacitive energy, leading to a Ŝz Iˆz interaction between the
two. Furthermore, 1/f -type two-level fluctuators, considered the source of most Josephson
junction dephasing [100, 76], are quasi-static in the high frequency regime, i.e., above the
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bath cutoff. Curiously, the spin-boson model [24] does not fulfill this criterion. Other
pseudo-spin systems, such as flux qubits, may or may not have this structure, depending
on the bath degrees of freedom.

The extension of our results to superconducting qubit experiments is motivated by
results characterized by low contrast, long-lived Rabi oscillations, similar to those exhibited
in our model. For a system with some minimum time of applied Rabi field (as is often
the case in these experiments) the initial, fast decay could be encompassed by oscillations
occurring within this minimum time, while the observable oscillations correspond to the
long-time tail.

Of the superconducting qubit experiments, we focus on Ref. [128], as 1/f noise
is a dominant term for similar devices in CW behavior. In addition, there are observed
resonances with flucuators in the measurement spectrum [167], which suggests that coherent
coupling to these two-level systems may be possible. A model which includes preparation
and measurement errors is considered in Appendix B.2; we note the results here. We find
that in the low power regime, our model explains the observed behavior, but at higher
powers incoherent heating due to driving microwaves play an important role as well.

Fitting the parameters from Appendix B.2 to the Rabi oscillations shown in
Ref. [128] yield the values in Table 2.1. The results are consistent with bath domination
for low power (Ω < 0.5ns−1 ) and heating / preparation error dominating at high power.
This gives the characteristic low contrast oscillations observed, even though the static measurement efficiency is quite high (order 75-85%). The resulting oscillations are compared
to Ref. [128] in Fig. 2.6.
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Table 2.1: Fitted values (explained in Appendix B.2) for the model describing the experiments of Ref. [128]. The values in parenthesis are the 90% confidence intervals of the
fit.
M↑↑
0.75(4)
M↓↓
1.00(3)
Γ
0.10(4) ns−1
λ
0.27(1) ns−1

Figure 2.6: Plot of oscillations reproduced from Ref. [128] (filled circles). The probability of
1/2
spin flip, P1 = 21 − hŜz (t)i is plotted versus Rabi frequency Ω ∝ P10 a fixed Rabi evolution
time of 25 ns. Overlaid for the given fit parameters are the expected values from our model
(solid line).
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2.4.3

Other systems
Under certain conditions, NMR systems may be described by a quasi-static meso-

scopic spin bath . For example, large molecules or crystalline structures with long correlation
times and coherent dynamics within the molecule, where one or few spins are coupled to
many adjacent spins in a static configuration, may be described by our model. In contrast,
liquid state NMR with small molecules has bath characteristics dominated by transient
couplings to other molecules, and our model is inappropriate.
One example is in cross-polarization experiments on solid-state ferrocene, where
defocusing sequences are applied to generate a Hamiltonian equivalent to Eqn. 2.8 [27]. By
direct observation of the cross-polarization signal, driven evolution may be observed. We
remark that previous experiments, investigating spin-bath coupling in free evolution [185]
will not show this behavior. System specific work [42] is in general agreement with our
results.

2.5

Methods to mitigate bath effects
While the strongly coupled mesoscopic spin bath leads to dephasing during free

evolution and reduced contrast and a dynamical phase shift during driven evolution, the
long-time correlation of the bath allows for correction. We start by considering spin-echotype passive error correction, which can be implemented if a sufficiently strong Rabi frequency for driving is available. We then consider how entropy transfer from the quasi-static
bath to the environment (bath-cooling) may be an effective alternative means of reducing
the damping due to the bath. In essence, for specific bath models, it may be possible
to prepare coherences in the bath which effectively reduce the uncertainties engendered
by the bath. The inherently quantum mechanical nature of this leads us to consider this
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mechanism as environmental squeezing.

2.5.1

Passive error correction
With strong Rabi power (Ω ≫ λ), high fidelity Rabi oscillations are possible even

in the presence of the mesoscopic spin bath. This is the power-broadened limit. The error
of such pulses scales as (λ/Ω)2 and as such determining the quasi-static bath strength for a
given system will yield the required Rabi power to overcome the effects of the bath through
passive error correction.
In this limit, spin-echo techniques work well to greatly extend the lifetime of oscillations, and passive error correction [204] will be straightforward to implement. Higher
order pulse sequences than those considered in Section III may lead to further improvement [68]. Other techniques, such as quantum bang-bang [192], are already implicit in this
analysis in the form of coherent averaging theory [131].

2.5.2

Cooling the bath
When experimental limitations of Rabi power or other experimental difficulties

make minimization of the coupling strength impossible, the quasi-static bath remains a
problem uncorrectable by passive error correction. Then, active cooling techniques may be
a useful alternative. We now outline how, for the specific case of scalar interactions with
the bath, qubit manipulation may lead to efficient entropy transfer from the mesoscopic
spin bath to the qubit system. By exploiting resonances between the bath and system,
we may cool the bath degrees of freedom. Furthermore, in the quasi-static limit, coherences developed between bath spins can lead to additional improvements through a form of
squeezing.
To illustrate cooling, the explicit case of an electron spin in a quantum dot is illu-
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minating. For that system, the full spin-coupling (including the terms previously neglected
in the rotating wave approximation) is a scalar interaction [183],
!
X
ˆ
~ˆ · A
~ˆ = λS
~ˆ ·
αk I~k .
λS

(2.59)

k

The dominant terms in the internal Hamiltonian of the nuclear spins is
HA =

X

ωk Iˆzk ,

(2.60)

k

due to the Larmor precession of the nuclear spins in the external magnetic field. When
the effective splitting of the qubit (electron spin) is comparable to ωk , the electron spin
comes into resonance with the nuclear spins. In essence, by tuning the system near such
a “noise-resonance”, the bath can be driven in a double-resonance manner (analogous to
electron-nuclear double resonance, ENDOR), where the on-axis (z − z) coupling is offset by
the changing frequency of the applied Rabi field. Before, the internal spin dynamics were
considered to be much slower, i.e., ωk ≪ |ω + λhÂz i|. For double-resonance, this condition
is no longer satisfied, and the quasi-static approximations begin to break down.
For this resonant regime, the reader is referred to previous work on electron spin
cooling [94, 181] for the details of the process. The benefits of cooling are outlined here. In
the fully cooled state, the quasi-static bath acts entirely as an additional detuning on the
system, as hÂz i2 = hÂ2z i. Near such high polarization, the quasi-static bath effects do not
supress Rabi and Ramsey-type effects, as the bath strength parameter at high temperature
q
(λ hÂ2z i) is greatly reduced at low temperature. Quantitatively, this improvement is given
p
by the ratio of γF ID (Eqn. 2.20) at high and low polarizations, which is η = 1/(1 − P ) for a

polarization P of the bath (neglecting inhomogeneous corrections). In terms of experimental

observables, it should result in an increase in the observed contrast of Rabi oscillations and
improved Ramsey signals as if the bath strength parameter, λ, had been reduce by the
improvement factor η. The improvements will be limited by coherences developed within
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the bath, by the correlation time of the quasi-static bath, which will limit the lifetime of the
cooling, and by other, non-local (and correspondingly difficult to cool) degrees of freedom,
implicit in the Markovian environment component of this model.
Cooling could proceed along the following lines. The system is prepared in a
|↓i state by coupling to the Markovian environment, e.g., by moving to a strongly coupled
region of parameter space. This is the current preparation method for superconductor-based
qubit designs; in quantum dots, the energy difference between spin states due to zeeman
splitting or exchange interactions allows preparation by controlled coupling to a nearby
Fermi sea [151]. Then a weak, negatively detuned Rabi field is applied for a short time
(order one Rabi flop). This process is repeated many times. Including state measurement
after the Rabi field will allow measurement of the cooling efficiency, as the bath will lead
to additional flip to the |↑i state in the far detuned regime. In some cases, where the
natural frequencies of the bath degrees of freedom are large, resonances between the bath
and system may be observed. Tuning to the “red” side of these resonances will also force
cooling to occur.
As cooling is effected only through the logical basis states (the qubit states of up
and down), it is not necessarily efficient. For a simple scalar coupling (e.g. a hyperfine
interaction), cooling proceeds due to the action of the Â− operator, where
Â− =

X
k

k
αk Iˆ−

(2.61)

However, states |Di with the property Â− |Di = 0 cannot cool under this action. This is
similar in practice to single mode cooling, and as such it does not greatly improve the bath
polarization or entropy [181] for intermediate or larger bath sizes. However, these states do
have a useful symmetry property, namely they are “dark” under the action of the collective
lowering operator. Thus, the natural state of the density matrix after many cycles of cooling
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is
ρ̂ =

X

ρ(β)|D(β)i

(2.62)

β

where the sum is over other degeneracies (see [4, 181] for details). We now indicate how
cooling limited to polarizations such that η remains order unity can still be sufficient to
greatly reduce the dephasing induced by the mesoscopic spin bath.
In particular, if this cooling can be applied along the axis of Rabi oscillations
(rather than the z axis), the effects of such marginal cooling are immediately apparent. In
particular, the component of noise in the x and y axes are averaged by the bias, ω, while
the z axis is only averaged by the driving field, Ω. If the z component of the bath noise
can be reduced, the corresponding Rabi and Ramsey signals will be improved. In the case
√
of homogeneous coupling (αk = 1/ N ) to the environment, it can be shown immediately
that cooling into dark states decreases the quadrature in the non-cooled axes, i.e.,
√
hÂ2z i = 1/ N
which is a

√

(2.63)

N improvement over the uncooled state. As the other quadratures correspond

to noise suppressed by the bias, the effect on experiment is immediate and possible quite
useful. Such Rabi-axis cooling can be achieved for nuclei in quantum dots by first cooling
along the natural (z) axis, followed by a NMR π/2-pulse to rotate the nuclear coherences
to be parallel to the driving field.
The coherences between spins in the bath have a limited lifetime, determined by
the decay of the correlation functions of the bath. Therefore, for this process to be useful,
the qubit-bath interaction must be much faster than the bath decorrelation time, but this is
exactly the quasi-static approximation already made. Before each run of a Rabi oscillationtype experiment, a cooling sequence could be applied, to keep the bath degrees of freedom.
The resulting oscillations should reflect the “cooled” bath results, and as such could provide
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a substantial improvement over uncooled systems.

2.6

Conclusions
The response of a two-level system (a qubit) with driving fields coupled to a

local, mesoscopic collection of finite-level systems and with additional coupling to a larger,
Markovian environment has analyzed in this paper. The natural simplifications of the
Hamiltonian lead to a quasi-static regime, wherein bath correlation functions are long-lived
when compared to experimental manipulation and measurement time scales. However,
decorrelation of the bath and dynamic thermalization processes lead to apparent decay
when a single-qubit is manipulated and measured repeatedly. The large variations of bias
produced by the quasi-static bath can be difficult to correct with limited Rabi frequency
ranges accessible to experiments.
The simple case of free induction decay demonstrates the role increasing bath
strength and non-Markovian effects have to play on the short term, non-exponential decay,
while finite number effects can lead to revivals and fluctuations, distinctly mesoscopic effects.
This illustrates explicitly the non-Gaussian nature of the bath.
In the presence of weak fields, a line-shape distinctive to the spin-bath model is
discovered, though inclusion of additional (Markovian) decoherence and dephasing recovers
the expected Lorentzian behavior. As the driving field’s strength is increased, Rabi oscillations are possible, but for short times there may be a phase shift of order π/4 and fast initial
decay of the oscillation envelope. However, longer times, with only a power law decay going
as t−1/2 , will most likely be dominated by other, exponential decay processes. As a result, a
quasi-static bath could lead to reduced contrast of oscillations that may be consistent with
experimental observations of superconducting qubit devices. In addition, experiments with
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single- and double-quantum dots may probe this quasi-static bath model more directly.
Finally, the role of passive error correction, quantum bang-bang, and environment
cooling have been considered, with each appropriate for different ranges of parameters. It
may be that as the understanding of quasi-static, local baths increases the means to mitigate
their effect will become more apparent. This is a first and crucial step towards that end.
The authors would like to thank A. Imamoglu, D. Loss, J. M. Martinis, H. Pastawski,
A. Sorensen, and C. van der Wal for helpful discussions. This work has been supported in
part by NSF and ARO.
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We describe a technique to create long-lived quantum memory for quantum
bits in mesoscopic systems. Specifically we show that electronic spin coherence
can be reversibly mapped onto the collective state of the surrounding nuclei. The
coherent transfer can be efficient and fast and it can be used, when combined
with standard resonance techniques, to reversibly store coherent superpositions
on the time scale of seconds. This method can also allow for “engineering”
entangled states of nuclear ensembles and efficiently manipulating the stored
states. We also present a unified description of cooling and manipulation of a
mesoscopic bath of nuclear spins via coupling to a single quantum system of
electronic spin (quantum bit). We show that a bath cooled by the quantum
bit rapidly saturates. Although the resulting saturated states of the spin bath
(“dark states”) generally have low degrees of polarization and purity, their symmetry properties make them a valuable resource for the coherent manipulation
of quantum bits. Specifically, we demonstrate that the dark states of nuclear ensembles can be used to provide a robust, long-lived quantum memory for qubit
states.
An intriguing challenge for modern science and technology is the coherent manipulation of quantum systems coupled to realistic environments. Interest in these problems is
49
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in part due to fundamental aspects of quantum control and decoherence, but this research
has also been stimulated by recent developments in quantum information science [141]. Although over past decades much progress has been made in the controlled manipulation of
isolated atomic and optical systems [136], the complex environment of a solid-state system
makes it significantly more challenging to achieve a similar degree of control.
Spin degrees of freedom of electrons confined in semiconductor quantum dots are
attractive qubit candidates [122, 19]. Relatively long decoherence times are expected for
such systems and techniques for the coherent manipulation and measurement of electron
spins are now being developed. For the latter, coupling of spin and charge degrees of
freedom is probably necessary. Experimental measurements of the spin relaxation times
indicate sub-MHz rates [75], although it is not yet clear what will determine the ultimate
coherence lifetimes. Spin-orbit coupling of electron spins to phonons will be the dominant
mechanisms for electron-spin decoherence considered in this paper.

3.1

Nuclear ensemble memory
This section describes a technique for greatly extending the lifetimes of electron-

spin qubits in confined structures by coherently mapping an arbitrary spin superposition
state into the spins of proximal, polarized nuclei. This is achieved by effective control of
the spin-exchange part of hyperfine contact interaction. After the transfer is completed, the
resulting superpositions could be stored for a very long time – up to seconds – and mapped
back into the electron spin degrees of freedom on demand. We further show that the stored
states can be manipulated using an extension of standard resonance techniques.
Although it is widely known that nuclear spins can possess exceptionally long
coherence times due to their weak environmental coupling, single nuclear spins are very
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difficult to manipulate and measure in practice [99]. In the present approach these problems are circumvented by using collective nuclear degrees of freedom, which do not require
individual addressing and control. We demonstrate that such collective states are extremely
robust with respect to realistic imperfections, such as partial initial polarization and spin
diffusion, and decoherence. As a result the present technique allows combines the strengths
of electron spin (or charge) manipulation with the excellent long-term memory provided by
nuclei.
When uncontrolled, the coupling of electronic spin degrees of freedom to nuclei
may be considered an environmental decoherence process. Interesting features of this process arise from its non-Markovian nature [103, 134, 102]. The present paper shows that
properly controlled coupling of electrons to nuclei can be used to greatly extend the effective coherence time of electron spins. This study parallels recent work involving the use of
atomic ensembles as quantum information carriers [53].
To illustrate the technique, consider a single electron localized in quantum dot.
The effective Hamiltonian for the electron and N spin-I0 nuclei in a magnetic field B0 along
the z-axis is
Ĥ = g∗ µB B0 Ŝz + gn µn B0

X

Iˆzj + V̂HF ;

(3.1)

j

The first two terms of Eq. 3.1 correspond to the Zeeman energy of the electronic and nuclear
spins; the third term is the hyperfine contact interaction between the s-state conduction
P
ˆ ~ˆ
electrons and the nuclei in the dot, V̂HF = j aj I~j · S.
The coefficients aj = Av0 |ψ(~rj )|2

correspond to the one-electron hyperfine interaction with the nuclear spin at site ~rj , where
A is the hyperfine contact interaction constant, v0 is the volume of a unit cell, and ψ(~r) is
the envelope function of the localized electron. Spin-orbit effects are strongly suppressed
in confined structures [86]; they main contribution to relaxation of electron-spin coherence.
P
ˆj
The hyperfine term can be written V̂HF = V̂D + V̂Ω where V̂D =
j aj Iz Ŝz and V̂Ω =
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(a)

electron
2DEG

(b)
B-Field
time
Figure 3.1: (a) A schematic of an electron trapped in a quantum dot with polarized nuclei.
(b) Storage, where a pulse in the magnetic field starts amd brings the spins into resonance.
After the electron spin has flipped (π-pulse) the pulse is ended. Readout is the same process
in reverse.

j
j
aj /2(Iˆ−
Ŝ+ + Iˆ+
Ŝ− ). V̂D produces an effective magnetic field for the electron B̂eff =
P
B0 − 1/g∗ µB j aj Iˆzj , which results in the well-known Overhauser shift. However, when

P

j

g∗ µB B̂eff ≪ V̂Ω , spin exchange becomes the dominate effect.

3.1.1

Fully polarized case
We start with a perfectly polarized nuclear ensemble |0in = |I0 , ..., I0 in , as shown

in Fig. 3.1(a). Due to a total angular momentum conservation only a spin-down initial
electron state can undergo non-trivial evolution. When the dynamics are governed by V̂Ω
(B̂eff → 0), there is a coherent exchange of excitations between electronic and nuclear
degrees of freedom. For the inital state | ↓ie ⊗ |0in , spin-exchange couples this state to the

Chapter 3: Long-lived quantum memory in a mesoscopic environment

53

collective nuclear excitation with one flipped spin | ↑ie ⊗ |1in with
X
X
aj |I0 , ..., (I0 − 1)j , ..., I0 in .
|1in ≡ (
|aj |2 )−1/2
j

j

Hence the evolution is given by the two-level dynamics





|
↓i|0i
cos(Ωt/2)
−i
sin(Ωt/2)
|
↓i|0i






 (t) = 

 (0),
| ↑i|1i
i sin(Ωt/2)
cos(Ωt/2)
| ↑i|1i

The ensemble displays Rabi-oscillations with an effective Rabi rate:
Ω=

s

2I0

X
j

|aj |2 .

At the same time, the spin-up electronic state | ↑ie ⊗ |0in is an eigenstate of both V̂D and
VΩ . Hence, by pulsing the applied field to go from g∗ µB B̂eff ≫ V̂Ω to B̂eff ∼ 0 for a time
t = π/Ω as diagramed in Fig. 3.1(b), an arbitrary superposition of electronic state will
undergo the following evolution:
(α| ↑ie + β| ↓ie ) ⊗ |0in → | ↑ie ⊗ (α|0in + iβ|1in ),
demonstrating that an electronic spin state can be coherently mapped into nuclei.
The Rabi-flopping process can be controlled by removing the electron from the dot
or by changing the effective magnetic field, B0 . Away from the resonance condition (|Beff | ≫
Ω/g∗ µB ), the system is far detuned and no evolution will occur. For the perfectly polarized
state the effective detuning is δ = (g∗ µB −gn µn )B0 +I0 A+(I0 −1)A/N . The Rabi frequency
√
√
¯ 2 )/ā2 )1/2 with
depends upon the distribution of the aj coefficients, Ω = 2I0 A/ N (1 + (∆a
¯ 2 ∼ ā2 ,
bars denoting averages over the set {aj }. For a GaAs dot with 104 nuclei and ∆a
A ≈ 90µeV and I0 = 3/2, and the speed of transfer is determined by Ω/2π ≃ 0.6 GHz, which
exceeds the expected spin coherence time by three orders of magnitude. The resonance
condition is fulfilled for |Beff | ≪ 50mT. Retrieval of the stored qubit can be implemented

54

Chapter 3: Long-lived quantum memory in a mesoscopic environment

by reversing this process: we either inject a spin-polarized electron into the dot or change
the effective magnetic field, bringing the levels into resonance, and Rabi oscillations pick
up at the same point as before. The rise time of such a pulse must be much less than the
Rabi time for high fidelity transfer. This requirement can be greatly alleviated by using
adiabatic passage techniques (see e.g. Ref. [53]).
Before proceeding with a detailed description of the coherence properties and imperfections we note that the above results can be easily generalized to the preparation of
complex collective nuclear states. For example, injection of a series of spin-down electrons
into spin-up polarized nuclei will lead to a progressive increase of the nuclear spin. In
ˆ P ˆ
the basis of collective angular momentum, I~ = i I~i , we define the total angular momentum nuclear states |min = |I = N I0 , Iz = I − min . Each electron can effect the transfer

| ↓ie ⊗ |min → | ↑ie ⊗ |m + 1in . When injected electrons are prepared in different superposition states this process can be used to effectively “engineer” collective states of nuclear
ensembles. In fact using a proper sequence of electrons an arbitrary state of the type
P
|Ψin = Im=0 cm |min can be prepared 1 . We note in particular that the highly entangled
√
states of the kind (|0in + |min )/ 2, with large m could be used for high-resolution NMR
spectroscopy in analogy with related atomic physics studies [13, 91]. Such states can also be
prepared by manipulating one electron in the dot with fast electron-spin resonance (ESR)
pulses.
Injection of polarized electrons, combined with ESR pulses, can also be used to
perform manipulation of the stored nuclear state. For example, the qubit stored in nuclear
spin could be mapped into the injected electron and an ESR pulse can be used to rotate it.
Subsequently, it can be mapped back to nuclei. Alternatively virtual, off-resonant (|δ| ≫ Ω)
1

For spin-1/2 nuclei considering a reverse process |Ψi → |0i provides a proof, in direct analogy to C.K.
Law and J.H. Eberly, Phys. Rev. Lett. 76, 1055 (1996). The same argument applies to larger nuclear spin
I0 when m ≪ I.
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coupling of storage states to electron spin can be used to shift the resonance frequencies of
transitions |min → |m + 1in relative to each other. For example in the case of two lowest
states m = 1, 2 the differential shift is on the order of Ω4 /|δ|3 . Whenever this shift is large
compared to decoherence rate and the spectral width of excitation pulse, the lowest two
states of collective manifold |0in , |1in can be considered as an effective two level system and
can be manipulated through NMR pulses and other means. These ideas could be extended
to the spin-exchange coupled qubits proposal [122].

3.1.2

Imperfections
We now turn to the consideration of various decoherence mechanisms and imper-

fections that limit the performance of the storage technique. To evaluate the effects of
spatial inhomogeneity we note that the collective state | ↑ie ⊗ |1in is not an eigenstate of
V̂D unless the aj ’s are identical. The effect is determined by the distribution of eigenenergies
under V̂D of the states | ↑ie ⊗ |I0 , ..., I0 − 1j , ..., I0 in , given by
Ej = (g∗ µB /2 − gN µN I0 )B0 + I0 A/2 − aj /2
¯ 2 ∼ ∆a
¯ 2 , the inhomogeneous linewidth is ∼ ā = A/N . Hence inhomogeneous
Since ∆E
√
broadening is smaller than the relevant time scale for Rabi-flopping by a factor of N ,
and is negligible during transfer operation. After the mapping, its effect can be mitigated
by either removing the electron from the dot, thereby turning off the hyperfine interaction
entirely, or by using ESR spin-echo techniques to reverse the phase evolution [25].
The leading decoherence process for the stored state is nuclear-spin diffusion, with
dephasing rates in the kHz domain. Thermal effects associated with spin-lattice coupling
are on the order of minutes even for room-temperature samples [131]. However, techniques
from NMR can be used to mitigate this effect [131, 147]. By applying fast NMR pulse
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sequences [196] to rotate the nuclear spins the time average of the leading terms in the
dipole-dipole Hamiltonian can be reduced to zero, leaving only residual dephasing due
to second-order dipolar effects, pulse imperfections and terms due to the finite length of
the averaging sequence. These phenomena have been studed for several decades for solidstate NMR systems and well-developed techniques routinely reduce T2 by several orders of
magnitude [131], down to sub-Hz levels. Hence, coherent qubit storage on the time scale of
seconds seems feasible.
To evaluate the effects of partial polarization on the storage fidelity, we use the
Heisenberg picture. In the homogeneous case (ai = a = A/N ), the Dicke-like collective
operators defined above yield Iˆ2 and Jˆz = Ŝz + Iˆz as the constants of motion. We consider
˙
operator equations of motion Â = i[Â, Ĥ], for the three operators Ŝz , Ŝ+ Iˆ− , and Ŝ− Iˆ+ ,
which commute with the constants of motion. We replace Iˆz terms in the resulting equations
with Jˆz − Ŝz and use the identity Iˆ+ Iˆ− = Iˆ2 − Jˆz2 − [Iˆ− , Iˆ+ ]/2 to put the equations in terms
of constants of motion and the three operators we look to solve:
Ŝ+ Iˆ− − (Ŝ+ Iˆ− )†
d
Ŝz = a
dt
2i
d
(Ŝ+ Iˆ− ) = i[(g∗ µB − gn µn )B0 + a(Jˆz − 1)](Ŝ+ Iˆ− )
dt
− ia(Iˆ2 − Jˆ2 + 1/4)Ŝz .
z

(3.2)

(3.3)

It is convenient to choose new constants of motion, δ̂ = ((g∗ µB − gn µn )B0 + a(Jˆz − 1))
and Ω̂ = a(Iˆ2 − Jˆz2 + 1/4)1/2 . These commute with each other and with Ŝz , Ŝ+ Iˆ− . As
these equations are similar to those for two-level atoms in a field, we make the Bloch vector
identifications:
Û
V̂
Ŵ

Ŝ+ Iˆ− + (Ŝ+ Iˆ− )†
,
2
Ŝ+ Iˆ− − (Ŝ+ Iˆ− )†
= −a/Ω̂
,
2i

= −a/Ω̂

= Ŝz .

(3.4)
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˙
ˆ = (Ω̂, 0, −δ̂). The Bloch vector operator, M
~ˆ = M
~ˆ × ω
~ˆ , will
and Eqns. 3–4 become M
~ˆ with ~ω
p
ˆ at a frequency ω̂0 = δ̂2 + Ω̂2 . For no initial electron
rotate about the axis defined by ~ω

spin-nuclear spin correlation, we can easily solve for Ŝz and find
hŜz (t)i = h

δ̂2 + Ω̂2 cos(ω̂0 t)
Sz (0)i.
ω̂02

(3.5)

p
For the perfectly polarized nuclear state, Eq. 3.5 gives hŜz i = −1/2 cos(A 2I0 /N t)

for the spin-down species and 1/2 for the spin-up species, exactly replicating the fully polarized behavior. In the case of partial polarization, even though we will set hδ̂i = 0, hδ̂2 i
remains finite. The first part of Eq. 3.5 prevents complete transfer, to order hδ̂2 i/hω̂02 i. For
partial polarization P < 1, hω̂02 i ≈ a2 N (2I0 + O(1 − P )). In a thermal state, all 2-particle
expectation values factor, so hδ̂i = 0 and
hδ̂2 i = a2 (hJˆz2 i − hJˆz i2 ) ≈ N a2 (1 − P )2I0 .

(3.6)

Accordingly, the error scales as
hδ̂2 i
≈ 1 − P.
hω̂02 i

(3.7)

Remarkably, this result demonstrates that efficient transfer is possible even with many nuclei
in the “wrong” state as long as the average polarization per nuclei is high.
We modeled this system numerically with an initial thermal nuclear state. Oscillation of hŜz i for several polarizations is shown in Fig. 3.2(a). The effect of partial
polarization is immediately apparent; the transfer peak is less than 1/2, and the Rabi frequency decreases. We define fidelity, minimum for the spin-down initial state, as F =
Tr[ρ0 (1/2 + Ŝz (π/hΩ̂i))2 ]. Fig. 3.2(b) shows that the analytical estimate is close to the numerically calculated values; thus, the transfer error can, to a large extent, be explained by
the thermal uncertainty in δ̂. The residual effect most likely stems from phase mismatching,
as measured by the broadening of ω0 , such that at t = (πhω0 i)−1 , hcos(ω0 t)i = 1 − O(1 − P ).

58

Chapter 3: Long-lived quantum memory in a mesoscopic environment

Figure 3.2: (a) The evolution of hSz (t)i for three nuclear polarizations, P = 0.96 (solid
curve), 0.82 (dotted), and 0.67 (dot-dash) versus time in units of the P = 1 Rabi time.
(b) Solid line: Storage fidelity F for inhomogeneous effects (N = 104 ) versus error in
nuclear polarization, 1 − P . Dotted line: analytical estimate of thermal effects. Dashed
line: numerical simulations of thermal effects. Dot-dash line: product of inhomogeneous
and thermal results.

Inhomogeneous broadening for a thermal initial nuclear state is somewhat more
pronounced than the fully polarized case first considered. The V̂D inhomogeneity causes
slow dephasing of the stored state, and the inhomogeneous coupling in V̂Ω results in leakage
in readout of the stored state into a set of states orthogonal to the original nuclear state.
The results shown in Fig. 3.2(b) were calculated for a distribution of ai ’s corresponding
to a gaussian |ψ(~r)|2 . We plot the estimated fidelity for a complete storage and readout
cycle as a function of the initial polarization of nuclear spins. The total expected fidelity, is
approximated by the product of these two results (Fig. 3.2(b)). Hence, only modest nuclear
polarizations are required to obtain a high fidelity of storage.
In summary, we have demonstrated that is possible to reliably map the quantum
state of a spin qubit onto long-lived collective nuclear spin states. The resulting states have
long coherence times, and can be retrieved on demand. Furthermore, the stored states can
be efficiently manipulated and similar techniques can be used for quantum state engineering
of collective nuclear states.
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Experimental implementation of these ideas requires preparation of nuclear spin
polarizations in the vicinity of confined electrons. Optical pumping of nuclear spins has
demonstrated polarizations in GaAs 2D electron gases on the order of 90% [158] and 65%
in self-assembled dots [77], and forced spin-flips through quantum hall edge states [52]
has a claim of a similarly high polarization ability (85%). We anticipate that combining
either of these techniques with electron localization in quantum dots would be a promising
avenue of study. The methods outlined in this paper can be used to further increase the
nuclear polarization. A current of spin-polarized electrons passing through the quantum
dot with a dwell time τdwell < π/Ω0 will result in spin transfer, thereby increasing nuclear
polarization. By keeping Beff tuned to zero with increasing nuclear polarization the spin
flip-flop remains resonant and, when combined with dephasing to prevent saturation, leads
to efficient cooling, similar to a recent proposal [67].
Coherence properties of the spin-exchange process could be probed in transport
measurements. For example, sending spin polarized currents through the quantum dot in
which the spin-exchange interaction is tuned to resonance will result in collapses and revivals
of the electron spin polarization that will be a periodic function of the dwell time in the
dot. Those can be measured using spin-filter techniques. For a given polarization P and
τdwell , the spin will be rotated by Ω(P )τdwell /π. Note that repolarization will be necessary
√
after ∼ N nuclear spins have been flipped.
Practical applications of the storage and retrieval techniques and manipulation of
stored states requires time-varying control over the spin-exchange coupling. This can be
accomplished by using a pulsed magnetic field of order 50mT for a few ns, by engineering
the electron g-factors [159, 130], or by optical AC Stark shifts [158] These techniques can
be combined with a number of avenues for entanglement and manipulation of the electronic
spin and charge states currently under exploration [7, 122]. Finally, quantum memory can
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facilitate implementation and reduce scaling problems for more ambitious tasks such as
quantum error correction [175] or quantum repeaters [53].

3.2

Preparation and control of a mesoscopic environment
This section demonstrates that a single quantum system (qubit) can be used to

prepare and control a mesoscopic environment, turning the bath into a useful resource. We
consider a system consisting of a single electronic spin in a semiconductor quantum dot
interacting with a mesoscopic bath of nuclear spins within the confined volume. Recently it
has been shown that cooling the spin bath to high values of polarization and purity greatly
reduces the associated decoherence [103]. Furthermore, due to the bath’s intrinsic memory,
it can be used as a long-lived quantum memory for qubits and for quantum state engineering
of collective nuclear states [183]. However, achieving a high degree of nuclear polarization in
a quantum dot remains a major experimental challenge. Most ideas under exploration use
the hyperfine contact interaction between electron spins and the bath. Some work in situ,
using either spin-polarized currents [67] or optical pumping [77, 94]. Other techniques use a
different geometry for cooling, such as quantum Hall edge state tunneling near a quantum
point contact [52].
We focus on in situ manipulation, when the qubit degrees of freedom are themselves used to cool nuclei. We show that such a qubit-based cooling process rapidly saturates
resulting in non-thermal states of the nuclear bath with low polarization and purity. However, the symmetry properties of such “dark states” allow for complete control of the qubit’s
interaction with the environment. We illustrate this by showing that the mesoscopic bath
prepared in saturated states can be used to provide a long-lived quantum memory for qubit
states. A combination of adiabatic passage techniques and spin-echo results in near unity
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storage fidelity even for the bath with vanishingly small polarization. Before proceeding we
also note that the idea of using qubit states to cool the environment is now widely applied
in atomic systems such as trapped ions [108] or microwave cavity QED [154].
A simple Hamiltonian can describe a single electron spin confined in a quantum
dot interacting with an applied external magnetic field B0 and with N spin-I0 surrounding
nuclei via the hyperfine contact interaction:

Ĥ = g∗ µB B0 Ŝz + gn µn B0

X
j

Iˆzj + a

X
j

~ˆ · I~ˆj ,
αj S

(3.8)

j
and Ŝz,± are spin operators for nuclei and electrons, respectively. The hyperfine
where Iˆz,±

interaction is split into a field aligned (Overhauser) component V̂zz = aÂz Ŝz and a JaynesCummings type component, ĤJC = a/2(Â+ Ŝ− + Â− Ŝ+ ). We use collective operators
P
j
, αj = N v0 |ψ(rj )|2 is the weight of the electron wavefunction at the jth
Âz,± = j αj Iˆz,±
lattice site, and a is the average hyperfine interaction constant per nucleus.

3.2.1

Polarization of nuclei
Nuclear degrees of freedom are cooled by cycling spin-polarization through the

quantum dot. A spin-down electron is injected from leads connected to a polarized reservoir
or by means of optical excitation. It interacts for some short time τ , and then is ejected
/ recombined. Each iteration can cool the bath by flipping a nuclear spin through ĤJC .
If the energy difference of the injected electron spin and the flipped electron spin, h∆i =
(g∗ µB −gn µn )B0 +ahÂz −1i is large compared to the inverse time of interaction, τ −1 , energy
conservation considerations block the spin-flip process. However, changing the applied field
to maintain h∆iτ ≪ 1 allows cooling to continue efficiently [94].
Regardless of the exact details of the process, cooling will saturate. The system is
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driven into a statistical mixture of “dark states” |Di, defined by [94]
Â− |Di = 0.

(3.9)

To cool past this point of saturation, either dark states must couple to other states of the
bath or the geometric coupling coefficients αk must change [94]. When high polarization is
achieved, previous results hold [103, 183]. When these mechanisms are slow compared to
the cooling rate, an appropriate mixture of dark states well approximates the steady state
of the bath.
The homogeneous case illustrates the essential features of cooling. With αk = 1,
we rewrite Âz,± as collective nuclear angular momentum operators Jˆz,± ; correspondingly,
Jˆ2 becomes a conserved quantity. The Dicke basis, characterized by total (nuclear) angular
momentum J (0, 1/2 ≤ J ≤ N/2), its projection into the z axis mJ , and a permutation
group quantum number β, is then appropriate [4]. The operator Jˆ− changes neither J
nor β, but nuclei in a state |J, mJ , βi are cooled to the state with lowest mJ (dark state)
|J, −J, βi. For an initial thermal bath of nuclei with polarization P0 , the corresponding
steady state solution is found by summing over −J ≤ mJ ≤ J. Tracing over β, we find
N/2
1
1 − P02
ρ̂ss =
ρn (J)|J, −JihJ, −J| =
4
2P0
J


X
(1 + P0 )J+1 (1 − P0 )J+1
−
|J, −JihJ, −J|.
×
D(J)
(1 − P0 )J
(1 + P0 )J
X



(3.10)

J

D(J) denotes the number of β quantum numbers allowed for a given J and is independent

N 
N
of mJ . In the case of spin-1/2 nuclei, D(J) = N/2−J
− N/2−J−1
. The resulting nuclear

polarization P and Von Neumann entropy associated with the “cooled” ensemble are shown
in Figure 3.3 as a function of initial thermal polarization P0 . The differences shown in

Fig. 3.3 between the thermal and saturated baths become negligible for large N , but the
dynamics of the two baths differ dramatically. In essence, even though the purity and
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Figure 3.3: Saturated state polarization P versus initial thermal polarization P0 for
N =100(dotted), 300(dashed) and 103 (solid). Inset shows entropy per spin.

polarization are low, the symmetry properties of the dark states restricts evolution of the
combined electronic-nuclear system to two levels.

3.2.2

Quantum memory with dark states
We illustrate the reversible nature of the coupling between dark states and the

single spin by showing how a quantum state can be stored into collective nuclear states.
An arbitrary qubit state |Ψi = u| ↑i + v| ↓i will be mapped into the bath states. With just
a pure state |J, −Ji, spin-down is decoupled entirely, while spin-up couples nuclei to the
p
collective state |J, −J + 1i with a Rabi frequency ΩJ = a 2|J|. As
2
ĤJC
| ↑i|J, −Ji =

a2
J| ↑i|J, −Ji,
2

the motion is given by the cyclic dynamics of a two-level system. Near resonance (|h∆2 i| .
|ΩJ |2 ), the qubit will oscillate fully between electronic and nuclear states. For high polarization P this is in direct analogy to the case discussed in Ref. 4. However, for low P , all
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states of the mixture must be in resonance; the range of J with significant probability goes
√
as the width of the binomial distribution, N , while the width of the resonance, given by
√
hΩJ i/a, goes as P N . In this regime, the resonance is much narrower than the range of
populated J states.
This problem can be solved with adiabatic passage [121]. By sweeping the detuning
from far negative to far positive, the system passes through the series of avoided crossings
and for each J
(u| ↑i + v| ↓i)|J, −Ji → | ↓i(ueiφJ |J, −J + 1i + v|J, −Ji.
Adiabatic passage is not sensitive to the exact value of the coupling constant (Rabi frequency) between individual pairs of levels, and is robust provided the sweep rate of the
detuning is sufficiently slow.
In general, the relative phase φJ accumulated depends on the details of the detuning sweep. Sweeping the detuning back reverses storage, but the final state, (ue2iφJ | ↑i+v| ↓
i)|J, −Ji, has an additional non-trivial phase which reduces the final off-diagonal matrix
P
element of electronic spin density matrix: ρ↑↓ = uv ∗ [ J ρn (J)e2iφJ ]. Spin-echo avoids this

strong dephasing by exactly compensating the adiabatically acquired phase.

2

An example

sequence is presented in Table 3.1. The two waiting segments should be symmetric, to
compensate for other arbitrary J-dependent phases.

3

Thus a mixture of saturated states

can be used as an ideal quantum memory.
In practice, the electron-spin decoherence rate γ limits the minimum speed of the
P ~
j
k
The necessity of spin echo can also be understood by considering the spin-wave modes, Jˆ+
= j eik·~rj Iˆ+
.
(k=0)
, or in the inhomogeneous case, Â+ ),
The cooling process only cools the completely symmetric mode (Jˆ+
while V̂zz couples the spin to all modes, dephasing the electron spin state. Spin-echo exactly cancels the
V̂zz evolution. We note that in the far-off resonant (large effective field) regime, V̂zz is the only relevant
system-bath coupling, and thus dephasing is reversible.
3
Even without adiabatic transfer and at low field, a spin-echo pulse train applied faster than hΩJ i ∼
8 −1
10 s will entirely cancel phase and spin-exchange evolution, thereby decoupling electron spin from nuclei
and completely suppressing nuclear spin-related dephasing.
2
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state
(u| ↑i + v| ↓i)|J, −Ji
| ↓i(ueiφJ |J, −J + 1i + v|J, −Ji)
(ue2iφJ | ↑i + v| ↓i)|J, −Ji
(iv| ↑i + ue2iφJ | ↓i)|J, −Ji
| ↓i(iveiφJ |J, −J + 1i + ue2iφJ |J, −Ji)
(ive2iφJ | ↑i + ue2iφJ | ↓i)|J, −Ji
e2iφJ (u| ↑i − v| ↓i)|J, −Ji

process
start
store
wait
retrieve
π − pulse
store
wait
retrieve
π − pulse

65

∆(t)
∆i
→ ∆f
∆f
∆i ←
∆i
→ ∆f
∆f
∆i ←
∆i

Table 3.1: Adiabatic transfer with ESR spin echo.

adiabatic sweep, the induced error scaling as pγ ≃ γT with T as the characteristic duration
˙
of the storage procedure. For a saturated ensemble state, T ≃ 4hΩJ i/ξ, where ξ = h∆i
is the rate of change of the detuning. Assuming a tangent-like pulse shape

4

we find the

non-adiabatic flip probability
pna ≃ ξ 2 /32hΩJ i4 = 1/2T 2 hΩJ i2 .

(3.11)

The total error probability is then ptot = pγ + pna . Minimizing this for T gives Tmin =
(γhΩJ i2 )−1/3 and
ptot,min = 3/2(γ/hΩJ i)2/3 .

(3.12)

We defer numerical analysis of this error to the end to allow inclusion of inhomogeneous
corrections.
The saturated state lifetime, the storage lifetime, and the maximum polarization
are limited by nuclear spin dephasing. Spin diffusion due to dipolar nuclear coupling is the
dominant term for this dephasing in GaAs and is on the order of 6× 104 s−1 [147]. This rate
also provides an estimate for heating from proximal thermal spins. The competition between
heating and cooling will likely determine the steady-state polarization of the dark-state
4
The pulse is of the form ∆(t) = (∆i + ∆f )/2 + (∆i − ∆f )/ǫ1 tan[ξπ(t − T /2 + ǫ2 )/2 + ǫ3 ] with parameters
ǫ1,2,3 set to give proper starting and ending detunings.
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mixture. Active correction pulse sequences such as WHH-4 can lead to sub-Hz decoherence
rates and lowered spin diffusion [131], suggesting storage lifetimes on the order of seconds
may be feasible. Finally, we note that these results generalize to higher spin by using the
appropriate multinomial form of D(J).

3.2.3

Extension to inhomogeneous coupling
We now extend these results to realistic inhomogeneous coupling between electrons

and nuclei by developing a one-to-one mapping between the explicit homogeneous Dicke
basis and its inhomogeneous equivalent. A dicke state |J, −J, βi in the individual spin basis
is
|J, −J = n − N/2, βi =

X

cJ,β ({j})|{j}i

(3.13)

{j}n

where the set {j}n labels n spins that are pointing up; the rest point down. As Jˆ− |J, −J, βi =
0, the c-numbers cJ,β ({j}) must satisfy
X

cN/2−n,β ({i} + l) = 0

(3.14)

l∈{i}
/ n−1

for all {i}n−1 . Furthermore, Jˆ− is invariant under permutation so there exists a representation for dark states where every individual spin configuration is equally probable,
N −1
. Using this explicit representation for hoi.e. |cJ,β ({i})|2 = |cJ,β ({j})|2 = N/2−J
mogeneous dark states, we construct a mapping to the more general inhomogeneous case

(Â− |D(n, β)i = 0). For each dark state |J, −J = n−N/2, βi, its inhomogeneous counterpart
is
X
−1/2

|D(n, β)i = N0,0

{j}n


Y 1
 cN/2−n,β ({j})|{j}i,

αk


(3.15)

k∈{j}

as can be checked by direct calculation. The exact form of the normalization constant N0,0
is defined below.
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To quantify inhomogeneous effects, first we note that Â− Â+ maps |D(n, β)i into
an orthogonal state |O(n, β)i, Â− Â+ |D(n, β)i = |Ωn |2 |D(n, β)i + |χn |2 |O(n, β)i with
q
Ωn = a hD(n, β)|Â− Â+ |D(n, β)i,

1/4
χn = a hD(n, β)|Â− Â+ Â− Â+ |D(n, β)i − |Ωn |4
.
Non-zero χn indicates that an inhomogeneous equivalent of Jˆ2 is not conserved under inhomogeneous raising and lowering operators. Second, inhomogeneous dark states are also
not eigenstates of Âz , i.e. V̂zz |D(n, β)i = δn |D(n, β)i + ωn |B(n, β)i, where
ωn =

q

2 |D(n, β)i − hD(n, β)|V̂ |D(n, β)i2 .
hD(n, β)|V̂zz
zz

If the symmetry breaking terms (χn , ωn ) are small relative to Ωn , cooling will
proceed similarly to the homogeneous case. The final state density matrix should then be of
P
the type ρ̂ = n,β ρ(n)|D(n, β)ihD(n, β)|. When χn and ωn are small we can use Eqn. 3.10

as an estimate for ρ(n). After reaching saturation, cooling slows to a rate governed by the
transfer of dark states into other states.
Adiabatic transfer of a quantum state follows the prescription for the homogeneous
case. However, the symmetry breaking terms lead to additional errors. When χn ≪ Ωn , the
rate of transfer is given by Ωn but the final state is an admixture of |D(n, β)i and |O(n, β)i,
leading to an error of order χ2n /Ω2n . The error from ωn we estimate in the worst case by
considering it as an incoherent loss mechanism. The effective decoherence rate become
p
γef f,n = ωn2 + γ 2 , the spin-decoherence rate optimization used for the homogeneous case

holds, and the resulting probability of error for the full sequence goes as 3/2(γef f,n /Ωn )2/3 .
Combining these, the total probability of error goes as
ptot = 1 −

(
X 
n

Ω2n
Ω2n + χ2n

)

4 "
 #
γef f,n 2/3
1−3
ρ(n) .
Ωn
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We now consider adiabatic transfer errors numerically. The explicit form of the
inhomogeneous dark states (3.15) allows us to express the relevant parameters as functions
of the geometric coupling constants, αk :
Ω2n /a2 =

X
k

χ4n /a4 =
ωn2 /a2 =
with

α2k − 2N2,1 (n)/N0,0 (n),



2N2,1 (n) 2
4N2,2 (n)
,
−
N0,0 (n)
N0,0 (n)


N1,1 (n) 2
N1,2 (n)
−
,
N0,0 (n)
N0,0 (n)

(3.16)
(3.17)
(3.18)

ν


 −1 X
X µ
Y
N

αk  .
1/α2k  
Nµ,ν (n) =
n
{j}n

k∈{j}n

k∈{j}n

To estimate the required Nµ,ν we average over a statistically significant fraction of the
allowed {j}n for each n sublevel. The αk ’s are drawn from an oblate Gaussian electron
wavefunction of ratio (1, 1, 1/3), and we omit spins with αk < 1/N . We plot the three
parameters Ωn , χn , ωn versus n in Figure 3.4. The perturbative treatment used above is
justified as Ωn ≫ ωn , χn for all n. It also shows that increasing N improves this ratio.
In Figure 3.5 we plot total probability of error for the saturated mixture as a
function of the final saturated polarization P . We used the hyperfine constant for GaAs,
aN ≃ 2 × 1010 s−1 and γ ∼ 6 × 106 s−1 . Adiabatic transfer requires a small change of
effective field (≃ 100 mT) over 10-100 ns, which could be implemented through g-factor
engineering [159] or spin-dependent optical stark shifts [94]. For 104 nuclei, transfer times
of 100ns and fidelities better than 0.8 are possible with realistic spin decoherence rates even
for vanishingly small polarizations. The error decreases further with increasing N .
In conclusion we have demonstrated that electron spin qubits can be used to
effectively prepare and manipulate a local nuclear spin environment. Specifically, long
coherence times and high fidelities for the storage of electron spin states into nuclear spins
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Figure 3.4: (a) Ωn (solid), ωn (dotted) and χn (dashed) versus number of flipped√spins n
with N = 7280. Values are averaged over every 20 n values and scaled by Ω0 = A/ N . (b)
Average values of Ωn /Ω0 , ωn /Ωn , and χn /Ωn vs. N .

can be achieved provided the same qubit is used for the cooling process. Such “coherent”
cooling and storage is effective for nuclear spin preparation due to their long coherence
times. Related techniques can be used for engineering quantum states of nuclear spins from
a saturated bath state [183, 116]. We further note that the techniques described in the
present letter may be applicable to other systems involving mesoscopic spin baths. For
example, we anticipate that similar methods may be used to prepare the local environment
of superconducting qubits.
We thank J.A. Folk, Y. Yamamoto, and D. Loss for helpful discussions for the first
section, and A. Sorensen, C.M. Marcus, and G. Giedke for the second section. JT thanks
the quantum optics group at ETH for kind hospitality during his stay. The work at Harvard
was supported by ARO, NSF, Alfred P. Sloan Foundation, and David and Lucile Packard
Foundation.
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We describe a technique for quantum information processing based on localized ensembles of nuclear spins with long coherence times. A qubit is identified
as the presence or absence of a collective excitation of a mesoscopic ensemble of
nuclear spins surrounding a single quantum dot. Long-range coupling is implemented by transporting electrons or by pregenerating entanglement by optical
means. All single and two-qubit operations can be effected using hyperfine interactions and single-electron spin rotations, hence the proposed scheme avoids
gate errors arising from entanglement between spin and orbital degrees of freedom. This scheme is particularly well suited for applications where long lived
memory and long range coupling are essential.
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Nuclear spin degrees of freedom have attracted considerable attention as potential
carriers of quantum information due to their exceptionally long coherence times. Early
bulk NMR work [40] has substantially enriched our understanding of the key features of
quantum computation [17, 160], but the fundamental difficulties in scaling bulk NMR to
a large number of qubits motivated efforts to use single, individually addressable nuclear
spins in semiconductors as qubits [99], where computation is primarily mediated by the
hyperfine interaction between electron and nuclear spin. While possibly scalable, such a
scheme is limited by the fact that the electron wave-function is spread over many lattice
sites, reducing the strength of the hyperfine interaction. In addition, two-qubit operations in
Ref. [99] rely upon exchange coupling, making them susceptible to fast orbital decoherence
mechanisms [16].
Recently, a method for robust storage of quantum information in localized ensembles of nuclear spins was suggested [183, 181], where it was shown that the collective
hyperfine coupling between nuclear and electron spin degrees of freedom provides a controllable mechanism for coherent storage and manipulation of quantum states. These nuclear
spin ensembles correspond, for example, to the lattice nuclei in a quantum dot. As a
quantum memory, such nuclear ensembles are robust with respect to variations in dot characteristics and provide high fidelity storage without requiring a very high-degree of nuclear
spin polarization.
In this article, we describe a technique to efficiently process quantum information
stored in localized nuclear spin ensembles. Specifically, these ensembles enable a robust,
scalable implementation of quantum computation protocols, unencumbered by the difficulties faced by single spin impurity or bulk NMR approaches. The fundamental interaction
that allows for spin manipulation in our scheme is hyperfine coupling: as a result, the orbital
and spin degrees of freedom remain unentangled throughout the two-qubit gate operations,
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Figure 4.1: (a) Electrically defined (lateral) quantum dots connected by ballistic transport
e.g. through a series of quantum dots. Nearby rf-SETs (not shown) would provide measurement. (b) Nanowhiskers [11] with several optically active dots. Tasks between A and
A’ are achieved via shuttling of an electron from the reservoir dot via a potential difference,
VA . Long distances tasks are performed through photon-based entanglement generation
between A’ and B’. [23]

mitigating the effects of orbital decoherence on gate fidelity. We describe two mechanisms
for long-range coherent coupling between such memory qubits, one based based on electron
spin transport and the other on preparing entanglement optically. A unique feature of the
present aproach is that it combines long-lived memory with a potential for long-range coupling on a microchip. These features have recently been shown to be of critical importance
for the scalability of solid-state quantum computation approaches [177].

4.1

Qubits and quantum operations
The scheme proposed here can be realized using either electrically [122] or opti-

cally [93] manipulated quantum dots. A illustration of both implementations is given in
Fig. 4.1.
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In general, we will consider interactions within a small quantum dot, where the local electrostatic potential determines the number of electrons within the quantum dot. Two
regimes are used: no electrons in the dot and one electron in the dot. Quantum computing
using electrons in quantum dots has been studied extensively, both for electrically coupled
nearby quantum dots [122] or optically coupled quantum dots within a microcavity [93].
The approach presented here relies upon the fundamental ideas introduced in those works
for preparing, manipulating, and measuring electron spins. However, we explicitly include
coupling to the dominant dephasing mechanism, the lattice nuclear spins in the quantum
dot [134, 103, 43]. By controlling the nuclear spins and the nuclear spin–electron spin interaction, we will use collective excitations of the nuclear spins within a single quantum
dot as a qubit degree of freedom. This is a natural extension of previous ideas to store
and retrieve the quantum state of electron spins in the collective nuclear spin degrees of
freedom [183, 181]. However, we now consider how to accomplish a universal set of quantum
operations.
We start by reviewing single electron spin operations in quantum dots, then consider preparation of nuclear states and computation using the collective excitations of nuclear spins. After that, techniques for building larger scale devices are considered. Errors
and limits to the techniques are developed in the following section.

4.1.1

Electron spin manipulation and measurement: a review
Single spin operations in quantum dots have been considered in great detail else-

where [19]; we only briefly cover the specific operations available here.
A single electron spin in a quantum dot can be prepared in a known state by
applying a large external magnetic field. For example, in electrically coupled quantum
dots, when the resulting Zeeman energy splitting of the ground-state doublet, ǫz is much
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larger than kb T , turning on coupling to a nearby Fermi sea results in fast filling of the
ground state of the dot, |↓i. Similarly, when the system is in the first excited state, |↑i,
coupling to the Fermi sea leads to state-selective ionization: only the |↑i spin escapes the
dot, while the |↓i spin remains trapped within the dot. By measuring the local electrostatic
configuration of the dot (whether it has zero or one electrons) the two measurement results
can be distinguished using, for example, an rf-SET or a nearby quantum point contact.
These techniques have been used to measure spin-relaxation in single quantum dots [87, 61].
Other approaches have been suggested [62] and, for example, two-electron spin states can
also be measured [151].
Optical quantum dots can be prepared in a given state by a combination of optical
pumping and magnetic field tuning [93, 85]. Essentially, in optical pumping a circularly
polarized laser field selectively excites only one of the two electron spin states to the (optically excited) trion state, leaving the other state untouched. As the trion state can decay
to either electron spin state, eventually the system ends in the state which is not excited
by the laser. This technique can also be used to measure the spin state of the system, as it
induces state-dependent absorption and flouresence. Experiments on single quantum dots
have been successful in preparing and measuring spin states [14, 57].
Single electron spins are constantly precessing around the external magnetic field
axis (defined to be z), which naturally produces z rotations of the two-level spin system, i.e.,
logical z rotations. Rotations about an axis perpendicular to this, necessary for universal
computation, can be achieved either directly by electron spin resonance with driving magnetic fields [122] or by driving a Raman transition through a far-detuned trion state [93, 57].
Taken together, these techniques allow for single electron spin preparation, manipulation, and measurement in situ. Control of the local electrostatic potentially and a
nearby Fermi sea allows for fast change of the number of electrons in a given quantum dot.
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Our approach can be improved further if the electron’s charge degree of freedom can be
deterministically moved, as in a charge-coupled device or electron pump [144]. This allows
for motion of the spin degrees of freedom by using the charge degree of freedom, and has
been investigated elsewhere (see Chapters 10 and 8).

4.1.2

Electron spin–nuclear spin interactions
The Hamiltonian describing a single electron interacting with the nuclear spins in

a quantum dot is [134, 103, 43, 162]
H = ~BγS Ŝz + ~B

X
k

(k)
~ˆ · A.
~ˆ
γI Iz(k) + ~aS

(4.1)

The first and second terms describe the coupling of the electron and the nuclear spins to
(k)

an external magnetic field, with effective gyromagnetic ratios γS , γI . The last term is the
electron coupling to collective nuclear degrees of freedom, defined by
Â±,z =

X
k

(k)
αk Iˆ±,z .

The αk ’s are proportional to the probability density of the electron at the location of the
√
P
corresponding nuclei and are normalized such that k α2k = N ; a = A/ N is the average

hyperfine interaction when the nuclear spins are unpolarized. Both A and N depend upon
the specific material and dot construction; typical numbers are A ∼ 10 − 100 ns−1 and
N = 104 − 106 nuclei. In addition, nuclear spin evolution due to additional terms (such
as the intrinsic dipole-dipole interaction between nuclear spins) is substantially slower than
the hyperfine interaction terms, with typical rates on the order of ms−1 [147]. As such, they
have long coherence times and can be driven far out of equilibrium [143].
The nuclear ensemble in each dot is prepared using polarized electron spins [94,
181]. For example, the system can be prepared (as described above) with an electron spin
|↓i. Then, changing the Zeeman splitting of the electron spin such that ǫz − ahÂz i changes
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sign leads to a Landau-Zener transition from |↓i to |↑i with an accompanying nuclear spin
flip. By repeating this cycle at a rate much faster than the nuclear spin out-diffusion [146],
a highly polarized state might be achieved (but see Chapter 3 for complications and improvements to the process, and Chapter 7 for an example of slower polarization).
We illustrate our techniques for quantum computation using nuclear spin ensembles by considering the fully polarized case (when the nuclear state is |0i = |−I, . . . , −Ii for
N spin-I nuclei). In this simple case we detail how to perform single qubit and two-qubit
gates. Corrections, such as working with some unpolarized spins, and sources of error are
considered in the next section.
Excitations out of the fully polarized state due to the coupling to the nuclear spins
produce an orthonormal set of collective nuclear spin states |mi ∝ (Â+ )m |0i, where m is
the number of excitations. In addition, there are N − 1 additional nuclear spin states with
one spin flipped, and N 2 − N − I − 1 additional states with two spins fliped. Such additional
states are denoted |m, βi, where β labels the additional parameters of the state. Their main
effect is to cause |mi to change to |m, βi, which is a leakage errors. However, this leakage
√
is slow when compared to the collective interaction time, a and is of order a/ N [103].
When an electron is confined in the dot, evolution over times much shorter than
√
(a/ N )−1 is restricted to subspaces spanned by {|m − 1i|↑i, |mi|↓i} [103, 183]. Using
Pauli matrices, the Hamiltonian for each subspace with a fixed excitation number m is
(m)

H (m) = ~δm σz

(m)

+ ~Ωm σx , with
q
Ωm = a/2 hm − 1|Â− Â+ |m − 1i;

(4.2a)

δm = a/4(hm|Âz |mi + hm − 1|Âz |m − 1i)

(4.2b)

+[γS − (hm|Kz |mi − hm − 1|Kz |m − 1i)]B/2,
where Kz =

P

(k) (k)

γI Iz

is a sum over nuclear spin operators, weighted by individual nuclear
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spin gyromagnetic ratios. When Overhauser shift and Zeeman energy sum to zero (|δm | ≪
Ωm ) and coherent flip-flop (Rabi) oscillations occur at rate Ωm between the electron spin and
nuclear spins systems. The energy level structure of the coupled electron-nuclear system is
shown in Fig. 4.2 along with the coupling strengths for m ≤ 2: since Ωm+1 = ηm Ωm where
√
ηm = m + 1[1 − O(m/N )], it is easy to note the analogy with the celebrated JaynesCummings (JC) model of quantum optics 1 . We use the nonlinearity of such a JC-type
two-level system coupled to a nearly-bosonic mode to effect elementary quantum gates.
Quantum information stored in the m = 0, 1 manifold can be mapped reliably
from nuclear states to electron spin and back [181] via a generalized rotation :
xy
Ren
(π/2, 0)(α|0i + β|1i)|↓i = |0i(α|↓i + iβ|↑i),

(4.3)

xy
Ren
(θ, φ) = eiφŜz e−iθH/(~Ω1 ) e−iφŜz .

(4.4)

where

The transfer of quantum information from the nuclear ensemble to electron spin allows
for fast single qubit operations to be performed: after a |↓i electron is injected into the
dot, the quantum information is transferred to the electron spin, and then the operation
is performed on the electron. Finally, the quantum information is mapped back to the
nuclear ensemble. A z-axis rotation can be accomplished by waiting in a static magnetic
field or through a laser-induced spin-dependent AC Stark shift [92]. x-axis rotations can
be done via ESR [122, 190] (with ΩESR & 1 ns−1 ) or optical Raman spin flips through a
virtual trion state (with Ωopt,ESR & 10 ns−1 ) [93]. Measurement of the ensemble nuclear
spin state can be implemented by mapping the quantum information to electron spin, and
carrying out an electron spin measurement either by state selective ionization followed by
charge measurement with a rf-SET [87, 61] or by detecting fluorescence in a spin-dependent
cycling transition [92, 85].
1

Detailed study of this analogy will be reported elsewhere; H. Christ et al., in preparation.
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To perform a two-qubit gate between quantum dots A and A’, a single electron
can be used as to transfer quantum information between the dots: the state of nuclear spin
qubit A is mapped onto the electron, which is then moved to A’, where a controlled-phase
(CP) gate between the nuclear and the electronic qubit is applied using the nonlinearity
of the interaction. The electron can be transferred between quantum dots by adiabatic
passage (Chapter 6); such transfer is robust with respect to most charge-related errors.
Following Ref. [30], a two-qubit CP-gate (up to single qubit gates) is given by
xy
xy
xy
(π/4, 0)Ren
(π/η, −π/2)Ren
(−π/4, 0).
Ren

In the computational basis, this corresponds to


(4.5)



0
0
0
1




0 eiπ/η
0
0



.


0
0
e−iπ/η 0 




0
0
0
−1

(4.6)

After this operation, the quantum information carried by the electron spin is mapped back
onto the nuclear spin ensemble A. Applying a z-rotation of −π/η to qubit A and one ofπ/η
to qubit A’ yields a CP gate. We note that such electron spin transport, e.g. through
undoped nanowires or an array of quantum dots, is a relatively robust and fast means of
implementing long-range two-qubit gates [144].

4.1.3

Integration and scaling
So far we developed a means for local one- and two-qubit operations. As a larger

scale system, with many qubits, is developed, the task of controlling qubits using classical
electronics or other mechanisms becomes increasingly challenging. To mitigate these difficulties, and to leverage the long memory of the collective nuclear spin qubits, beyond small
scale devices with few qubits, teleportation-based approaches may be more appropriate.
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Figure 4.2: Level structure of the combined electron spin and nuclear dark state plus excited
states.
√ For N → ∞, the coupling between the two excitation manifold is stronger by
η → 2.

For distant dots or in optical systems, where electron spin transport between
ensembles is difficult or impossible, it could be easier to generate entanglement off-line,
apply local purification protocols and then use it to effect non-local gates, following [34].
Entanglement between distant electron spins can be generated optically, using spin-flip
optical Raman transitions [23], or electronically, such as through adiabatic splitting of a
spin singlet in a double dot [151]. The electron-nuclear state mapping procedure can then
ensure that the distant nuclear spin ensembles are entangled. Starting with the entangled
nuclear state

√1
2

(|01i + |10i) (between dots A’ and B’, cf. Fig. 4.1), we can implement a CP

gate on dots A and B (deterministically) by performing local unitaries and measurements
of AA’ and BB’ as follows: (i) perform a CNOTA→A′ then measure A’. (ii) Perform a CP
gate |10i → −|10i at BB’ followed by a Hadamard gate and measurement at B’. (iii) Local
phase flips |0i → −|0i at A (B) if the measurement outcomes at B’(A’) were “1” complete
the CP gate between A and B 2 .
To implement larger scale devices, a general device topology with low-bandwidth
connections between devices could be useful, such as that shown in Fig. 4.3. In particular,
when the set of quantum operations to be performed in the intermediate future is well understood (such as when operating error correction circuitry [166, 171]), entanglement can
2
Both imperfect entanglement and measurement errors lead only to phase-flip errors; thus, error correcting
codes optimized for such errors may yield more favorable fault-tolerant thresholds.
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Figure 4.3: A network of small scale quantum computing devices. Each set of qubits is
connected via a longer-range couple; the couple is used to generate and purify entangled
pairs for later use in non-local logical gates, as described in the text. (a) Implemntation
using electron spin transport such as single electron CCDs [144]. The blue circles represent
classically controlled switching / generation circuits. (b) Implementation using opticallygenerated entanglement. Fiber optics and switching networks using, e.g., micromechanical
mirrors or large-scale EOM plates [174], are used to generate desired entalged pairs in
advance of logical operations.

be prepared in advance over the low-bandwidth channels. Then the gate proceeds at the
expected time, while the same channels are used for preparing other entangled pairs for
the next operation. The scaling properties of such teleportation-based topologies remain
largely unexplored [145], but we expect the level of non-locality afforded to be comparable to highly connected topologies such as those assumed in most fault tolerant threshold
calculations [172, 173, 3]. This leads to overall favorable scaling for computation using our
approach.
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Source
e− spin preparation
[optical]
e− Z-gate (Zeeman)
[optical]
e− X-gate (ESR)
[optical]
e− spin measurement
[optical]
e− spin transport
[narrowed]
Stored qubit [WHH]
[strain]
Transfer/Gate
Dipole-dipole
e− spin-orbit
Species inhomogeneity
Polarization width
Rabi width
Leakage from logical subspace
Strain

Error per operation
exp(−g∗ µB B/kb T )
η
1/2(δBext /Bext )2
Γopt /∆opt
Γph /ΩESR
Γopt /∆opt
Max[exp(−g∗ µB B/kb T ),
102 Γph /g∗ µB B]
ǫΓph /Γopt
0.0005(L/100nm)
Lγph /(1mm/s)
∼ (γDD 25 · 8/(gn µn B))3
< 10−4
(sum in quadrature of:)
π 2 γDD
√ /A
πΓph N /A
(B(gn1 µ1n − gn2 µ2n ))2 N/A2
(∆P )2 N
(∆P )2
β(|bn,↑ |2 + |bn,↓ |2 +
|cn,↓ |)N/A2
< 10−7

Table 4.1: Formulaic error budget for computation. η is the selection rule violation for
circularly polarized light, ǫ is the collection efficiency for photons emitted from the dot, and
β is a factor stemming from the Lanczos expansion (typical β ≃ 0.05 − 0.1).

4.2

Error mechanisms
We now analyze various sources of errors due to finite polarization, inhomogeneity,

nuclear spin dynamics, and electron spin decoherence. To understand the role of finite polarization, the specific cooling procedure must be examined. By developing an overall error
budget (Table 4.1), dominant noise terms can be identified and procedures for mitigating
their effect determined. In particular, Hamiltonian averaging (such as WaHuHa pulse sequences) and active metrology can play a crucial role in improving the overall fidelity of the
system.
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Finite polarization and dark states
When the nuclear ensemble starts as a thermal mixture, cooling to dark states can

be achieved by coupling polarized electron spins to the nuclear ensemble [94]. Regardless
of the details of cooling, the final density matrix will be a statistical mixture of dark states
|D(n, β)i, where Â− |D(n, β)i = 0. n is the number of spin excitations (n = 0 is the fully
polarized state) and β is the permutation group quantum number [4]. It was recently
shown [181] that dark states have the same symmetry properties as the fully polarized
state, and a manifold of excited states can be defined from a given dark state, |m(n, β)i ∝
(Â+ )m |D(n, β)i. Hence the above considerations for perfectly polarized nuclei map directly
to the case when the nuclear ensembles start in any given dark state, not just the fully
polarized state.
In practice, the cooled nuclear ensemble density matrix is a mixture of differP
ent dark states, i.e. ρ̂ = n,β ρn,β |D(n, β)ihD(n, β)|. As each dark state has a different

xy
δm (n, β), Ωm (n, β), interaction times and applied magnetic fields can only produce Ren
(θ, φ)

with the desired angle θ for some fraction of the given mixture. The inhomogeneous mixture effects can be characterized by examining the subgroups of dark states with different
detunings, which lead to errors in Rabi oscillations p ≃ (σδ /Ω1 )2 , where σδ is the standard
deviation of possible δ1 values over the distribution ρn,β . In the homogeneous case with
spin-1/2 nuclei,
p
σδ ≃ a N (1 − P 2 ) .

(4.7)

Even at high (P ∼ 0.95) polarizations, the effect of different detunings can be substantial
xy 3
(p ∼ 0.03). This provides the strongest limit to realization of Ren
. The inhomogeneous

nature of the hyperfine coupling leads to further errors, which have been considered in some
detail elsewhere [181]. We note that the estimated error is substantially less than that due
3

A similar analysis shows that σΩ ≃ (a/Ω1 )σδ and is negligible in comparison to detuning-based errors.
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to Eqn. 4.7, and can be neglected.
In this case, the logical states of the system (the m-excitation manifolds) are no
longer eigenstates of Jˆz = Âz +Ŝz and of Â2 . As a consequence, there is a nonzero probability
that the system moves out of the computational subspace during the gate operation. We
estimate these leakage errors using the techniques developed in Refs.[183, 181], and find
that the resulting gate error pinhom decreases with increasing number of nuclei: for N ∼ 105
at high polarizations (P > 0.95) pinhom . 10−3 4 . We note that a similar error emerges due
to the differences in Zeeman energy associated to different nuclear species. For materials
like GaAs, with gyromagnetic ratios varying greatly from species to species, this limits the
effectiveness of gate operations at high magnetic field, resulting in the errors in the range
of 10−3 as indicated in Fig.3. Optical manipulation (e.g. tuning the system into resonance
via spin-dependent AC optical Stark shifts) may mitigate this difficulty. Finally, in between
gate operations the errors associated with inhomogeneous evolution may be eliminated by
refocusing sequences of NMR pulses.
A dramatic improvement can be seen if, before using a given nuclear ensemble,
a series of measurements is made to determine the effective Overhauser field in the dot.
This is exactly a sequential phase estimation problem, with an approximate improvement
√
in width of Nm where Nm is the number of measurements used [81]. A more efficient
procedure, and its limits, is considered in Chapter 5.
Finally, we estimate the errors inherent in the transfer process due to inhomogeneity of the coupling and due to inhomogeneity of Zeeman terms for different species.
Doing so indicates that for weak coupling out of the logical subspace, the error
scales as β(|bn,↑ |2 + |bn,↓ |2 + |cn,↓ |2 )T 2 where T is the time of the gate procedure and β
is a prefactor dependent upon dn , en , and fn . Maximization of the error as a function of
4
For a manifold based on a dark state |D(n, β)i the value of pinhom can be estimated, using the results
of Chapter 3, as (χ2n + ωn2 )/Ω2 .
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these final three parameters demonstrates that β . 0.12, and the worst error occurs when
dn ≃ ωn,↑ , fn ≃ ωn+1,↓ and en ≃ Ωn .
The expected error (defined as the projection of the final unitary on the desired
unitary, traced) of a transfer operation is plotted as a function of final polarization of
the dark state ensemble in figure 4.4, for a density matrix narrowed by a factor of 20.
For achievable polarizations of 90%, dots of size 104 have fidelities on the order of 10−4 .
The error for the two-qubit operation is limited by three times this, assuming correlated
errors. We note that smaller dots produce better results at higher polarizations due to their
greater coupling strengths, but larger dots (with less inherent inhomogeneity) perform well
at lower polarizations. The limits for GaAs are due to the large species inhomogeneity and
incommeasurate requirement of sufficient magnetic field to due effective coherent averaging
of dipole-dipole interactions.

4.2.2

Nuclear spin dephasing
We now show that for the logical basis states we have chosen, there is no collective

ˆ
enhancement of decoherence. Starting with a single spin error, i.e. Êj = ~n · I~j , we note
that the logical states |0i, |1i, |2i are mapped to new states |x(0)i = Êj |0i and similarly
√
for |x(1)i, |x(2)i. These new states have, up to order 1/ P N , the same properties as the
original logical states. That is, before the properties of the logical basis were defined in
relation to the operators Â± , in the form

ηk Ω
a |k

+ 1i = Â+ |ki;

ηk+1 Ω
a |ki

= Â− |k + 1i. For

states |x(k)i, these properties are
Â+ |x(k)i =
Â− |x(k + 1)i =

ηk Ω
|x(k + 1)i + [Â+ , Êj ]|ki,
a
ηk+1 Ω
|x(k)i + [Â− , Êj ]|k + 1i.
a

(4.8a)
(4.8b)
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j
The error term in each is bounded, |a[Â+ , Êj ]/Ω| = |aλj (nz Iˆ+
+ n− Iˆzj )/Ω| ≤ aλj /Ω ≃
√
1/ P N (and similarly for Â− ). Therefore, after a single spin event, due for example to

decoherence, the new states, |x(k)i, have the same behavior as the original logical states,
with errors over a logical operation of order (aλj /Ω)2 ∼ 1/P N . If errors add incoherently,
a single-spin decoherence mechanism acting on every spin with a rate γ will lead to an error
of rate for the logical states of N γ/P N ≃ γ.
The main mechanism for such spin decoherence is due to nuclear dipole-dipole
interactions, and has a rate for a single spin of γDD ∼ 60ms−1 , which by the above argument
leads to a similar error rate for our chosen logical basis. However, active correction of this
decay mechanism can be performed with NMR pulse sequences that average the dipole2 γ3
dipole Hamiltonian, such as WaHuHa, improving the error rate to τwhh
DD [196, 131]. After

correction dark state coherences could have lifetimes on the order of 0.1-1s for moderate
cycle times τwhh . Additional error due to quadrupolar terms from inhomogeneous strain
terms are easily estimated and found negligible (∼ 10−7 per cycle of computation).

4.2.3

Electron spin-related errors
The errors of manipulation of single electron spins in quantum dots via microwave

or optical fields have been considered in detail elsewhere [122, 190, 93, 85]; we focus on
errors particular to our system. Electron spin decoherence will most likely be limited by
different Overhauser shifts corresponding to different detunings, with error going as p ≃
(σδ /ΩESR )2 ; fast ESR (∼ 6ns−1 ) will mitigate this effect; with optical fields, even faster
effective Rabi-oscillations are predicted (Ωopt,ESR ∼ 50ns−1 ) with errors then limited by
spontaneous emission to ∼ 10−3 . As for measurement, the fundamental limit will be set
by relaxation of the electron spin due to mechanisms other than nuclei, which has a time
scale Γ−1 ∼ 0.1-10ms, based on recent measurements of the spin relaxation time at high
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magnetic fields [75, 87].
Preparation can be provided either by high magnetic fields and low temperature,
appropriate for lateral quantum dots, or through circularly polarized light and spin pumping
in optical dots. A z rotation of the electron spin can be done by means of the external
Zeeman field and an appropriate waiting time, with near unit fidelity, or by an optical AC
stark shift, where fidelity is limited by the suppressed spontaneous emission probability.
Microwave ESR fields or an optical Raman process yeilds x rotations of the electron spin,
limited by the intrinsic (phononic) decoherence of the electron or spontaneous decay events
for the Raman process. Measurement for lateral quantum dot architectures can be done
using rf-SETs for charge detection and using energy resolution provided by the magnetic
field, analogous to successful single spin measurements already made [87]. Optical quantum
dots can be measured through a cycling transition. In both cases, the measurement error
scales inversely with the measurement time.

4.2.4

Transport and scaling errors
Moving individual electron spins over short to medium distances incurs phase

errors due to uncertainty in the local nuclear field of the transport channel. The error
induced by randomly oriented nuclei during transit can be estimated by the time averaged
hyperfine field the electron wavepacket encounters over the whole process. The field felt is
√
roughly A/ nLhl, where n is the density of lattice nuclei, L is the length of the channel,
and hl is the transverse area of the channel. The time scale for transfer depends upon the
degree of transverse confinement. Working in the ground state of the transverse channel
only means the wavepacket can only have energies ≪ ~2 π 2 /(2m∗ l2 ). For a 50 nm wide, 10
nm high channel, the maximum transfer velocity is correspondingly ≪ 30µm ns−1 in GaAs.
For a separation of 1 µm, the expected dephasing due to thermal nuclei is ≃ 5 × 10−5 for
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a 3 ns transfer. Alternatively, we can take advantage of the long correlation time of the
nuclear spin effective field, with either active metrology (as mentioned above) or by sending
the electron spins in a decoherence free subspace.5
To assess the quality of the non-local gate implementation in a realistic setting, we
consider the effects of imperfect resource states and measurement errors on the gate fidelity.
Fortunately, both errors simply translate into phase-flip errors of the output state. This is
seen as follows:
Assume that an entangled state ρ with fidelity F = hΨ+ |ρ|Ψ+ i is used to implement the gate. Assume that the state is diagonal in the Bell basis, i.e., ρ = F |Ψ+ ihΨ+ | +
P
p1 |Ψ− ihΨ− | + p2 |Φ+ ihΦ+ | + p3 |Φ− ihΦ− | with
pk = 1 − F . This can always be achieved
by local operations and the standard entanglement distillation protocols [9, 49] lead such

states. The unwanted states |Ψ− i, |Φ+ i, |Φ− i differ from |Ψ+ i by simple unitaries, namely
σzB , σxB , σzB σxB , i.e., all acting at B. Commuting them with the operations in the protocol we
see that the outcome of the result is affected in two ways only: (i) Ψ− , i.e. the application
′

′

′

of σzB before our protocol is equivalent to replacing P B by P B σxB , i.e. the measurement
result b is flipped: b → b ⊕ 1, since this affects what operation is performed at A, the final
state is off by a phase flip at A. (ii) Similarly, using a resource state Φ+ has the effect
of a phase flip error at B, and consequently Φ− combines both these errors. Clearly, the
(1 − F )pk give the respective probabilities for the phase-flips to occur.
Measurement errors have largely the same effect: the dominant term here is expected to be a be a bit-flip error, i.e., with some probability the qubit is projected into
|0(1)i but a result a = 1(0) is recorded. Relying on these erroneous results, the conditional
phase-flip operations that complete our protocol again result in phase flip errors of the
output state.
5
Using two electrons in a total ms = 0 state makes the combined electron spin wavefunction insensitive
to local field fluctuations.
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Taking everything together, denoting by pm the probability of a measurement
error and F = 1 − ǫ, the total error probability is (to first order in the small parameters)
ǫ − 2pm (to second order the probability of error is reduced, since some of the errors correct
themselves). Since all errors are phase flips, it is possible to protect against them with less
effort than for general errors. E.g., a three-qubit code [142] suffices to correct single phase
flips.

4.3

Materials and estimates
We consider three materials with demonstrated electronic and optical quantum

dots (GaAs, N = 105 ; InAs, N = 104.6 ; CdSe, N = 104 ). The expected error of a two-qubit
†
gate operation, defined as Tr[Uperfect Uactual
]/4, where Uperfect is given by Eqn. 4.6, is plotted

in Fig. 4.4. As the error is dominated by detuning error, it is material independent, and is
a few percent at 95% polarizations.
To combat these errors, a series of measurements may be made to determine the
effective detuning of the system better than the thermal mixture limit σδ . This can be
done e.g. by a measurement made with the single electron in the quantum dot, in direct
analogy to single ion Ramsey interferometry in atomic clocks [108]; the distribution is then
√
narrowed, with σ̃δ ≃ σδ / n, where n is the number of measurements. Using the approach
of Chapter 5, an improvement in the uncertainty of the mixture’s detuning of a factor of
10 yields high fidelity operation, as shown in the inset to Fig. 4.4. Smaller dots produce
better results at higher polarizations due to their greater coupling strengths. The limits for
GaAs are due to the large species inhomogeneity and the incommensurate requirement of
sufficient magnetic field to perform effective coherent averaging of dipole-dipole interactions.
Low species inhomogeneity allows for higher magnetic field, faster WaHuHa-type correction
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Figure 4.4: For a cooled dark state density matrix (c.f. [181]), expected error for a controlledphase operation between electron spin and nuclear spin as a function of polarization (CdSe:
solid, InAs: dotted, GaAs: dashed; in the main figure, CdSe and InAs are indistinguishable).
Inset shows effects of narrowing by a factor of 10 for different materials.
sequences, and fewer errors in the transfer operation. This would be the case for quantum
dots defined in nanotubes with isotopically enhanced 13 C or CdSe quantum dots. Materials
with low spin-orbit interaction will also reduce electron spin dephasing.

4.4

Conclusions
In conclusion, we have detailed a scheme for quantum information processing using

dynamically defined qubits composed of collective excitations of nuclear spins in a quantum
dot. By taking advantage of spin transport or optically-pregenerated electronic entanglement, long distance two-qubit gates are accessible, improving the expected fault tolerant
threshold. For small dots with near-homogeneous Zeeman splittings (e.g. CdSe, InAs) large
but finite polarization (95%) is already sufficient to reach an error rate in two-qubit opera-
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tions of order a few percent. Given the suppression of dipolar diffusion in lithographically
isolated structures (e.g. vertical quantum dots, nanowhiskers, self-assembled quantum dots)
these polarizations may be within reach. Moderate polarizations [77] have been already
achieved, and techniques to improve upon this have been considered [94]. Our calculations
indicate that the dominant source of error may be mitigated through narrowing the mixture
of dark states.
We gratefully acknowledge helpful conversations with A. Sørensen. The work
at Harvard was supported by ARO, NSF, Alfred P. Sloan Foundation, and David and
Lucile Packard Foundation. I. Cirac acknowledges DFG (SFB 631). The work at ETH was
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We describe a method for precise estimation of the polarization of a mesoscopic spin ensemble by using its coupling to a single two-level system. Our
approach requires a minimal number of measurements on the two-level system
for a given measurement precision. We consider the application of this method
to the case of nuclear spin ensemble defined by a single electron-charged quantum dot: we show that decreasing the electron spin dephasing due to nuclei and
increasing the fidelity of nuclear-spin-based quantum memory could be within
the reach of present day experiments.
Decoherence of quantum systems induced by interactions with low-frequency reservoirs is endemic in solid-state quantum information processing (QIP) [96, 95]. A frequently
encountered scenario is the coupling of a two-level system (qubit) to a mesoscopic bath
of two-level systems such as defects or background spins. The manifestly non-Markovian
93
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nature of system-reservoir coupling in this scenario presents challenges for the description
of the long term dynamics as well as for fault tolerant quantum error correction [2, 186].
The primary experimental signature of a low-frequency reservoir is an unknown but slowly
changing effective field that can substantially reduce the ability to predict the system dynamics. A possible strategy to mitigate this effect is to carry out a quantum measurement
which allows for an estimation of the unknown reservoir field by controlled manipulation
and measurement of the qubit. A precise estimation of the field acting on the large Hilbert
space of the reservoir requires, however, many repetitions of the procedure: this constitutes
a major limitation since in almost all cases of interest projective measurements on the qubit
are slow [61] and in turn will limit the accuracy of the estimation that can be achieved before
the reservoir field changes.
In this work, we propose a new method for estimating an unknown quantum field
associated with a mesoscopic spin ensemble. By using an incoherent version of the quantum
phase estimation algorithm, [109, 142] we show that the number of qubit measurements
scale linearly with the number of significant digits of the estimation. We only assume the
availability of single qubit operations such as preparation of a known qubit state, rotations
in the xy-plane, and measurement, of which only rotations need to be fast. The estimation
procedure that we describe would suppress the dephasing of the qubit induced by the
reservoir; indeed, interaction with the estimated field leads to coherent unitary evolution
that could be used for quantum control of the qubit. If the measurement of the reservoir
observable is sufficiently fast and strong, it may in turn suppress the free evolution of the
reservoir in a way that is reminiscent of quantum Zeno effect.
After presenting a detailed description of the measurement procedure and discussing its performance and limitations, we focus on a specific application of the procedure
for the case of a single quantum dot (QD) electron spin interacting with the mesoscopic
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nuclear spin ensemble defined by the QD. It is by now well known that the major source of
decoherence for the electron-spin qubits in QDs [122] is the hyperfine interaction between
the spins of the lattice nuclei and the electron [103, 134, 162, 38, 66, 46, 48]. A particular
feature of the hyperfine-related dephasing is the long correlation time (tc ) associated with
nuclear spins. This enables techniques such as spin-echo to greatly suppress the dephasing [151]. In [38] it was suggested to measure the nuclear field to reduce electron spin
decoherence times; precise knowledge of the instantaneous value of the field would even allow for controlled unitary operations. For example, knowledge of the field in adjacent QDs
yields an effective field gradient that could be used in recently proposed quantum computing approaches with pairs of electron spins [179]. Moreover, with sufficient control, the
collective spin of the nuclei in a QD may be used as a highly coherent qubit-implementation
in its own right [183, 181, 180].

5.1

Phase estimation
In the following we consider an indirect measurement scheme in which the system

under investigation is brought into interaction with a probe spin (a two-level system in our
case) in a suitably prepared state. Measuring the probe spin after a given interaction time t
yields information about the state of the system. We assume the mesoscopic system evolves
only slowly compared to the procedure, and further that the measurement does not directly
perturb the system. In essence, we are performing a series of quantum non-demolition
(QND) measurements on the system with the probe spin.
We consider an interaction Hamiltonian of the form
Hint = ~Az ⊗ Sz

(5.1)

which lends itself easily to a measurement of the observable Az . The QND requirement is
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satisfied for [Hint , Hbath ] → 0. The applicability of Hint in situations of physical interest is
discussed in Sec. 5.5. Given this interaction, the strategy to measure Az is in close analogy
to the so-called Ramsey interferometry approach, which we now briefly review.
For example, an atomic transition has a fixed, scalar value for Az which corresponds to the transition frequency. By measuring Az as well as possible in a given time
period, the measurement apparatus can be locked to the fixed value, as happens in atomic
√
clocks. The probe spin S is prepared in a state |+i = (|↑i + |↓i)/ 2. It will undergo
evolution under H according to Ut = exp(−itAz Sz ). After an interaction time t, the probe
spin’s state will be
cos(Ωt)|+i + i sin(Ωt)|−i

(5.2)

where Ω = Az /2 is the precession frequency for the probe spin. A measurement of the spin
in the |±i basis yields a probability cos2 (Ωt) of being in the |+i state. Accumulating the
results of many such measurements allows one to estimate the value for Ω (and therefore
Az ). In general, the best estimate is limited by interaction time: for an expected uncertainty
in Az of ∆0 and an appropriate choice of t, M measurements with fixed interaction times
√
1/∆0 can estimate Az to no better than ∼ ∆0 / M (see [198] and references therein).
In our scenario, the situation is slightly different in that Az is now a quantum
variable. For a state |si in the Hilbert space of the system H which is an eigenstate of Az
with eigenvalue 2Ωs , the coupling induces oscillations:
Ut |si|+i = |si [cos(Ωs t)|+i + i sin(Ωs t)|−i] .

(5.3)

Thus, the probability to measure the probe spin in state |+i given that the system is in a
state |si is p(+|s) = cos2 (Ωs t) at time t, providing information about which eigenvalue of
Az is realized. Comparing Eq. (5.2) to Eq. (5.3) indicates that the same techniques used
in atomic clocks (Ramsey interferometry) could be used in this scenario to measure Ωs
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and thus project the bath in some eigenstate of Az with an eigenvalue of Ωs to within the
uncertainty of the measurement.
Beyond the Ramsey approach, there are several ways to extract this information,
which differ in the choice of interaction times tj and the subsequent measurements. The
general results on quantum metrology of [81] show, however, that the standard Ramsey
scheme with fixed interaction time t is already optimal in that the scaling of the final
variance with the inverse of the total interaction time cannot be improved without using
entangled probe states. Nevertheless, the Ramsey scheme will not be the most suitable in
all circumstances. For example, we have assumed so far that preparation and measurement
of the probe spin is fast when compared to 1/∆0 . However, in many situations with single
quantum systems, this assumption is no longer true, and it then becomes desirable to
minimize the number of preparation/measurement steps in the scheme.

5.2

The measurement scheme
We now show that by varying the interaction time and the final measurements such

that each step yields the maximum information about Ωs , we can obtain the same accuracy
as standard Ramsey techniques with a similar interaction time, but only logarithmic number
of probe spin preparations and measurements. As a trivial case, if Az had eigenvalues 0 and
1 only, then measuring the probe in the ±-basis after an interaction time t1 = π, we find
+(−) with certainty, if the system are in an Az = 0(1)-eigenstate; if they were initially in a
superposition, measuring the probe projects the system to the corresponding eigenspaces.
We can extend this simple example (in the spirit of the quantum phase estimation algorithm
[109, 142] and its application to the measurement of a classical field [188]) to implement an
Az -measurement by successively determining the binary digits of the eigenvalue. We start
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P(Az)

∆0

Az

rM=0

rM-1rM=00

rM=1

rM-1rM=10

rM-1rM=01

rM-1rM=11

Figure 5.1: Illustration of the first two steps of the measurement procedure. The original
distribution P (Az ), with rms width ∆0 is shown at the top. After the first measurement,
with result rM = 0, 1, the conditional distribution (middle plots) reflects the knowledge of
the least significant bit. The next measurement result, rM −1 , further reduces the distribution (bottom plots).
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with the ideal case, then generalize to a more realistic scenario.

5.2.1

Ideal case
If all the eigenvalues of Az are an integer multiple of some known number α and

bounded by 2M α, then this procedure yields a perfect Az -measurement in M steps: let
P
−l
us write all eigenvalues as 2Ωs = α2M M
l=1 sl 2 . The sum we denote by s and also use
the notation s = 0.s1 s2 . . . sM . Starting now with an interaction time t1 =

π
α,

we have

Ωs t1 = sM π2 mod π. Hence the state of the probe electron is flipped if and only if sM = 1.
Therefore measuring the probe electron in state +(−) projects the nuclei to the subspace
of even(odd) multiples of α (see Fig. 5.1). We denote the result of the first measurement
by rM = 0(1) if the outcome was “+(−)”. All the higher digits have no effect on the
measurement result since they induce rotations by an integer multiple of π which have no
effect on the probabilities p(±|s).
To measure the higher digits, we reduce the interaction time by half in each subsequent step: tj+1 = 2−j t1 until we reach tM =

π
α

in the final and shortest step. For j > 1

the rotation angle Ωs tj (mod π) in the jth step does not only depend on the jth binary
digit of s but also on the previous digits (which have already been measured, giving results
rM +1−l = sM +1−l , l = 1, . . . , j − 1). The angle Ωs tj (mod π) is given by sM +1−j π2 + ϕj
Pj−1
rM +1−l 2l−j , where we have used the results rl already obtained. This
with ϕj = π2 l=1

over-rotation by the angle ϕj can be taken into account in the choice of the measurement
basis for the jth step: if the jth measurement is performed in a rotated basis |±j i that is
determined by the previous results rl , namely

|+j i := cos ϕj |+i − i sin ϕj |−i,

(5.4a)

|−j i := sin ϕj |+i + i cos ϕj |−i,

(5.4b)
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then the jth measurement yields “+” (rM +1−j = 0) if sM +1−j = 0 and “−” (rM +1−j =
1) otherwise. Thus, after M measurements we obtain rl = sl , ∀l = 1, . . . , M and have
performed a complete measurement of Az (where the number M of probe particles used is
the smallest integer such that 2M ≥ Az /α).
Before proceeding, we note that the proposed scheme is nothing but an “incoherent” implementation of the quantum phase estimation algorithm: As originally proposed,
this algorithm allows measurement of the eigenvalue of a unitary U by preparing M qubits
(the control-register) in the state |+i⊗M (i.e., the equal superposition of all computational
j−1

basis states |ji, j = 0, . . . , 2M − 1) and performing controlled-U 2

gates between the jth

qubit and an additional register prepared in an eigenstate |si of U with U |si = ei2πs |si.
The controlled-U gates let each computational basis state acquire a s-dependent phase:
|li 7→ ei2πls |li. Then the inverse quantum Fourier transformation (QFT) is performed on
the control register, which is then measured in the computational basis, yielding the binary
digits of s. Performing the QFT is still a forbidding task, but not necessary here: the
sequence of measurements in the rotated basis |±j i described above is in fact an implementation of the combination of QFT and measurement into one step. This was previously
suggested in different contexts [84, 148, 187].

5.2.2

Realistic case
In general, there is no known α such that all eigenvalues s of Az are integer

multiples of α. Nevertheless, as discussed below, the above procedure can still produce a
very accurate measurement of Az if sufficiently many digits are measured. Now we evaluate
the performance of the proposed measurement scheme in the realistic case of non-integer
eigenvalues. Since here we are interested in the fundamental limits of the scheme, we will
for now assume all operations on the probe qubit (state preparation, measurement, and
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timing) to be exact; the effect of these imperfection is considered in Sec. 5.4. Without loss
of generality, let A and 0 denote the largest and smallest eigenvalues of Az , respectively
1

and choose α = 2A such that the eigenvalues of Az /α are all ∈ [0, 1/2]. These are the

eigenvalues s we measure in the following.
The function from which all relevant properties of our strategy can be calculated
is the conditional probability pM (R|s) to obtain (after measuring M electrons) a result
R = 0.r1 r2 . . . rM given that the system was prepared in an eigenstate with eigenvalue s.
The probability to measure R is given by the product of the probabilities to measure rM +1−j
in the jth step, which is cos2 (Ωs tj − ϕj + rM +1−j π2 ) = cos2 (π[s − R]2M −j ). Hence
pM (R|s) =

M
−1
Y
k=0

cos2 (π[s − R]2k ),

(5.5)

see also [188]. This formula can be simplified by repeatedly using 2 sin x = sin(x/2) cos(x/2)
to give
pM (R|s) =



sin(2M π[s − R])
2M sin(π[s − R])

2

.

(5.6)

Assume the nuclei are initially prepared in a state ρ with prior probability p(s) to find them
in the eigenspace belonging to the eigenvalue s. After the measurement, we can update this
distribution given our measurement result. We obtain, according to Bayes’ formula:
pM (R|s)p(s)
,
pM (s|R) = P
s pM (R|s)p(s)

(5.7)

with expectation value denoted by s̄R .
1

In practice one may want to make use of prior knowledge about the state of the system to reduce the
interval of possible eigenvalues that need to be sampled. Hence A may be understood as an effective maximal
eigenvalue given, e.g., by the expectation value of Az plus f standard deviations. The values outside this
range will not be measured correctly by the schemes discussed, but we assume f to be chosen sufficiently
large for this effect to be smaller than other uncertainties.
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Performance of the scheme
As the figure of merit for the performance of the measurement scheme we take the

improvement of the average uncertainty in Az of the updated distribution
∆Az,est

(M )

:=

X
R

s
X
(s − s̄R )2 pM (s|R)
pM (R)

(5.8)

s

(0)

over the initial uncertainty ∆0 = ∆Az . An upper bound to ∆Az,est

(M )

is given by the

square root of the average variance V
V M :=

X

pM (R)

R

X
s

(s − s̄R )2 pM (s|R),

(5.9)

as easily checked by the Cauchy-Schwarz inequality. We now show that V M ≤ 2−M . We
replace s̄R → R̃ = min{R, 1 − R}; we can use any such replacement to obtain an upper
P
P
bound, as the expectation value x̄ = x p(x)x minimizes v(y) = x p(x)(x − y)2 . This

choice means that measurement results R > 1/2 are interpreted as 1 − R, which is appropriate since the scheme does not distinguish the numbers s = δ and s′ = 1 − δ and due to
the choice of α only s ∈ [0, 1/2] occur. Thus
VM

≤

X
s

p(s)

X
R

(s − R̃)2 pM (R|s) =:

X

p(s)V M (s).

s

The terms V M (s) can be shown2 to be ≤ bV 2−M with bV = (1 + 2−M )/2. This means
that performing M measurements yields a state with Az -uncertainty ∆Az,est ≤ α2−M/2 .
For example, we need about 13 interactions with the probe spin to reach the 1%-level in
∆Az,est /α and about 7 more for every additional factor of 10.
The overall procedure requires a total time TM =

PM

j=1 (tj

+ τm ) = 2t1 (1 −

2−M ) + M tm , which is an interaction time (determined mainly by the time t1 =

π M
α2

=

2
For this we make use of Eq. (5.6) and (sin x)/x ≥ 1 − π −1 |x| (for |x| ≤ π) to bound all terms of the sum
over R.
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π(2f ∆0 )−1 2M needed for the least significant digit probed) and the time to make M measurements (τm is the time to make a single measurement). We obtain for the average
uncertainty an upper bound in terms of the interaction time Tint = TM − M τm needed:
∆Az,est
≤
∆0

r

πf
.
∆0 Tint

(5.10)

Immediately the similarity with standard atomic clock approaches is apparent, as the uncertainty decreases with the square root of the interaction time. However, while for an atomic
clock scheme, in which the interaction time per measurement is kept fixed to ∼ π/(f ∆0 ),
r = 2t + τ 2M . For our method the
the total time to reach the precision of Eq. (5.10) is TM
1
m
r −T
M
measurement time is reduced dramatically by a time TM
M = τm (2 − M ). In this man-

ner our approach requires a polynomial, rather than exponential, number of measurements
for a given accuracy, though the overall interaction time is the same for both techniques.
It may be remarked that even the scaling in interaction time differs significantly
if other figures of merit are considered. For example, our scheme provides a square-root
speed-up in Tint over the standard Ramsey scheme if the aim is to maximize the information
gain or to minimize the confidence interval [129].

5.4

Errors and Fluctuations in Az
Up until now we have considered an idealized situation in which the value of Az

does not change over the course of the measurement and in which preparation and measurement of the probe system work with unit fidelity. Let us now investigate the robustness
of our scheme in the presence of these errors.
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Figure 5.2: Estimation in the presence of preparation and measurement error p: (A) improvement ∆Az,est /∆0 is plotted versus number M of binary digits measured for different
error rates: p = 0 (solid black), p = 0.0001 (dashed blue), p = 0.01 (dash-dotted red),
and p = 0.1 (dotted green). (B) The benefit of simple error correction for p = 0.01: no
EC (dash-dotted red); strategy I: 3 repetitions per digit, use majority result (either for all
digits or only for leading M/2 digits) (purple dashed, dotted); strategy II: increase number
of repetitions for more significant digits (7 repetitions for leading M/8 digits, 5 for next
M/8, and 3 for next M/4) (purple solid).

5.4.1

Preparation and Measurement Errors
By relying upon a small number of measurements, the scheme we described be-

comes more susceptible to preparation and measurement errors. An error in the determination of the kth digit leads to an increase of the error probability in the subsequent
digits. This error amplification leads to scaling of final error of

√

p, where p is the prob-

ability of incurring a preparation or measurement error in a single step. We confirm this
with Monte Carlo simulations of the measurement procedure (Fig. 5.2A), leading to an
asymptotic bound:
√
∆Az,est ≤ (2f ∆0 ) p.

(5.11)

Standard error correcting (EC) techniques can be used to overcome this problem. E.g.,
by performing three measurement for each digit and using majority vote, the effective
probability of error can be reduced to ∼ 3p2 – at the expense of tripling the interaction
time and number of measurements. While this may look like a significant overhead, it
should be noted that the scheme can be significantly improved: the least significant digits
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do not require any EC. For them, the scheme gives noisy results even for error rate p = 0
due to the undetermined digits of Az , this does not affect the most significant M/2 digits.
This indicates that it may be enough to apply EC for the leading digits.
As can be seen from Fig. 5.2B, this simple EC strategy provides a significant
improvement in the asymptotic ∆Az . This is hardly changed, when EC is applied only to
the leading half of the digits. Thus only twice as many measurements (and an additional
interaction time ∼ 2M/2+2 which is ≪ TM ) is needed for an order-of-magnitude improvement
in ∆Az . By repeating the measurement of more important digits even more often, the effect
of technical errors can be reduced even further, as confirmed by Monte Carlo simulations
(Fig. 5.2B). We also note that further improvements (beyond M digits) can be achieved by
this technique. In essence, choosing a digital approach to error correction for our digital
technique yeilds substantially better performance than adapting the digital technique to an
analog approach.

5.4.2

Estimation of bath decorrelation errors

In practice, internal bath dynamics will lead to fluctuations in Az , such that
Az (t) 6= Az (t′ ) for times t and t′ that are sufficiently different. Furthermore, apparatus
errors, as outlined above, lead to errors in our measurement procedure. We will assume
that the variations of Az are slow over short time intervals, allowing us to approximate the
M bit measurement process as a continuous measurement over the time TM with some additional noise with variance ≈ ∆Az,est (M )2 ≪ ∆20 . Then we will find the expected difference
in our measurement result and the value of Az at a later time.
Under the above approximations the value of the kth such measurement (a com-
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plete set of M bits taking a time TM and ending at time tk ) is
1
mk =
TM

Z

tk

Az (t)dt + Gk

(5.12)

tk −TM

where the noise from measurement is incorporated in the stochastic noise variable Gk with
hGk Gk′ i ≈ δkk′ ∆Az,est (M )2 . We can estimate Az at a later time, and find the variance of
this estimate from the actual value:
V̄M (t > tk ) = h[mk − Az (t)]2 i
=

hG2k i
−

+

1
TM

∆20
Z

1
+
2
2TM

tk
tk −TM

Z

tk

tk −TM

Z

tk

tk −TM

h{Az (t′ ), Az (t′′ )}+ idt′′ dt′

h{Az (t′ ), Az (t)}+ idt′

If we assume Az is a Gaussian variable with zero mean, described by a spectral
R∞
function S(ω) (i.e., hAz (t)Az (t + τ )i = −∞ S(ω)eiωτ dω), then
Z ∞
1
sin2 (TM ω/2)
dω
V̄M (t) = ∆Az,est (M ) +
+ 2
S(ω)
(ω/2)2
TM −∞
Z ∞
sin[(t − tk + TM )ω] − sin[(t − tk )ω]
S(ω)
−
dω
TM ω/2
−∞
2

∆20

For Az that fluctuates slowly in time and corresponds to a non-Markovian, low frequency
noise, the second moment of S(ω) converges. We define:
1
1
=
2
tc
hA2z i

Z

∞

S(ω)ω 2 dω .

(5.13)

−∞

When TM , t − tk + TM ≪ tc , we may expand the sine terms in the integrals. Taking
t = tk + TM , the expected variance to order (TM /tc )2 is
2

V̄M (t) ≈ ∆Az,est (M ) +

∆20



TM
tc

2 

7
1
−
3 12



(5.14)

As an example case, we consider as realistic parameters tc ≈ 1ms and TM = 16 µs with
∆A2z,est /∆20 = 0.0252 . These parameter choices are described in detail in Section 5.5. We
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find that our variance 16µs after the measurement is approximately 0.0352 ∆20 with equal
contributions from the measurement noise and from the bath decorrelation. Substantially
faster decorrelation would dominate the noise in the estimate, and render our technique
unusable.
In the limit of slow decorrelation, this approach would allow one to use the (random) field Az to perform a controlled unitary of the form exp(−imk Sz τ ) at a time t, with
a fidelity
Rt
F = exp(−h( t−τ Az (t′ )dt′ − mk )2 i/4)

(5.15)

For example, a π rotation around the probe spins’ z axis would have a fidelity ≈ 1 −
V̄M (t)π 2 /∆20 , or 0.998 for the above parameters.
We remark that this approach for estimation in the presence of bath fluctuations
is not optimal (Kalman filtering [98] would be more appropriate for making an estimation
of Az using the measurement results). Furthermore, it does not account for the non-linear
aspects of our measurement procedure, nor does it incorporate any effect of the measurement
on the evolution of the bath (e.g., quantum Zeno effect). More detailed investigations of
these aspects of the process should be considered in an optimal control setting. Nonetheless,
our simple analysis above indicates that slow decorrelation of the bath will lead to modest
additional error in the estimate of Az .

5.5

Example: Estimating collective nuclear spin in a quantum dot
Let us now apply these general results to the problem of estimating the collective

spin of the lattice nuclei in a QD. The interaction of a single electron spin in a QD with the
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spins of the lattice nuclei I~j is described by the Fermi contact term [162]
~·
S

X

αj I~j ,

(5.16)

j

where the sum in Eq. (5.16) runs over all the N lattice nuclei. The αj are constants
describing the coupling of the jth nuclear spin with the electron. They are proportional to
the modulus squared of the electron wavefunction at the location of the jth nucleus and are
P
normalized such that j αj I (j) = A, which denotes the hyperfine coupling strength.

Due to the small size of the nuclear Zeeman energies, the nuclei are typically in a

highly mixed state even at dilution refrigerator temperatures. This implies that the electron
~ nuc ) with large variance, reducing
experiences an effective magnetic field (Overhauser field, B
the fidelity of quantum memory and quantum gates. This reduction arises both from the
~ nuc varies from dot to dot) [118] and the variation of
inhomogeneous nature of the field (B
~ nuc over time due to nuclear-spin dynamics (even a single electron experiences different
B
field strengths over time, implying loss of fidelity due to time-ensemble averaging).
In a large external magnetic field in z-direction the spin flips described by the x and
y terms are suppressed and – in the interaction picture and the rotating wave approximation
– the relevant Hamiltonian is of the type given in Eq. (5.1), where Az is now the collective
nuclear spin operator
Âz =

N
X

αj Iz(j) ,

(5.17)

j=1

which gives the projection of the Overhauser field along the external field axis by Bnuc,z =
~Az /g∗ .
Many ways to realize single qubit operations such as spin rotations and measurement have been proposed for QDs (see, e.g., [26] for a recent review) and while experimentally still challenging, great progress has been reported recently [61, 151].
For GaAs and InAs QDs in the single electron regime, A ∼ 50 − 200ns−1 and
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N ∼ 104 − 106 . The uncertainty ∆20 = hÂ2z i − hÂz i2 = (T2∗ )−2 determines the inhomogeneous dephasing time T2∗ [38]. Especially at low polarization P , this uncertainty is large
∆20 ≈ A2 (1 − P 2 )/N , and without correction Hzz leads to fast inhomogeneous dephasing
of electron spin qubits: T2∗ & 10 ns has been observed [14, 96, 112]. However, as Âz is
slowly varying [134, 103, 151], it may be estimated, thereby reducing the uncertainty in
its value and the corresponding dephasing. This is expected to be particularly effective,
when combining estimation with recent progress in polarizing the nuclear spin ensemble
[14, 59, 115].
In a QD system such as [61], with τm ≃ 1µs and for 1/∆0 ≃ 10ns we can estimate
8 digits (M = 8) (improving ∆Az,est by a factor of at least 16) in a total time TM = 16µs.
In contrast, a standard atomic clock measurement scheme would require a time ≃ 280µs.
We now consider limits to the estimation process, focusing on expected variations
of Âz due to nuclear spin exchange and preparation and measurement errors. Nuclear
spin exchange, in which two nuclei switch spin states, may occur directly by dipole-dipole
interactions or indirectly via virtual electron spin flips. Such flips lead to variations of Âz
as spins i and j may have αi 6= αj .
The dipole-dipole process, with a 1/r 3 scaling, may be approximated by a diffusive
process at length scales substantially longer than the lattice spacing [168, 48]. The length
scale for a spin at site i to a site j such that αj ≈ αi is not satisfied is on the order of the
QD radius (5-50 nm); for diffusion constants appropriate for GaAs [146], the time scale for
a change of Âz comparable to ∆Âz by this process is ∼ 0.01 − 10s.
However, nuclear spin exchange mediated by virtual electron spin flips may be
faster. This process is the first correction to the rotating wave approximation, and is due
to the (heretofore neglected) terms in the contact interaction, Hff =

~
2 (A+ S−

+ A− S+ ),

which are suppressed to first order by the electron Larmor precession frequency ǫz . These
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have been considered in detail elsewhere [134, 38, 165, 203, 47, 184]. Using perturbation
2
3/2 ), giving
theory to fourth order, the estimated decorrelation time for Âz is t−1
c = A /(ǫz N

values 0.1 − 100ms−1 for our parameter range [184]. Taking tc = 1 ms, we may estimate
the optimal number of digits to measure. Using Eq. (5.14), the best measurement time is
given by TM ∼ tc /2M/2 and for the values used above, M ≈ 10 − 11 is optimal. We note as
a direct corollary that our measurement scheme provides a sensitive measure of the nuclear
spin dynamics on nanometer length scales.

We now consider implications of these results for improving the performance of
nuclear spin ensembles, both as quantum memory [181] and as a qubit [180]. The dominant
error mechanism is the same as for other spin-qubit schemes in QDs: uncertainty in Âz .
The proposed measurement scheme alleviates this problem. However, the nuclear spin
ensembles operate in a subspace of collective states |0i and |1i, where the first is a “dark
P
(j)
state”, characterized by Â− |0i = 0 (and the second is ∝ Â+ |0i, where A± = j αj I± ).
Thus |0i is an Â− eigenstate and cannot be an Âz eigenstate when αk 6= const (except for

full polarization). Therefore, the measurement [which essentially projects to certain Az ”eigenspaces” (Az ∈ [a − ∆a, a + ∆a])] moves the system out of the computational space,
leading to leakage errors. The incommensurate requirements of measuring Âz and using
an Â− eigenstate place a additional restriction on the precision of the measurement. The
optimal number of digits can be estimated in perturbation theory, using an interaction time
Tint ≈ 2t1 and numerical results [181] on the polarization dependence of ∆0 . We find that
for high polarization P > 90% a relative error of ∆a/a . 1% is achievable.
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Conclusions
We have shown that a measurement approach based on quantum phase estimation

can accurately measure a slowly varying mesoscopic environment coupled to a qubit via a
pure dephasing Hamiltonian. By letting a qubit interact for a sequence of well controlled
times and measuring its state after the interaction, the value of the dephasing variable can
be determined, thus reducing significantly the dephasing rate.
The procedure requires fast single qubit rotations, but can tolerate realistically
slow qubit measurements, since the phase estimation approach minimizes the number of
measurements. Limitations due to measurement and preparation errors may be overcome
by combining our approach with standard error correction techniques. Fluctuations in the
environment can also be tolerated, and our measurement still provides the basis for a good
estimate, if the decorrelation time of the environment is not too short.
In view of the implementation of our scheme, we have considered the hyperfine
coupling of an electron spin in a quantum dot to the nuclear spin ensemble Our calculations
show that the Overhauser field in a quantum dot can be accurately measured in times shorter
that the nuclear decorrelation time by shuttling suitably prepared electrons through the dot.
Given recent advances in electron measurement and control [61, 151] this protocol could be
used to alleviate the effect of hyperfine decoherence of electron spin qubits and allow for
detailed study of the nuclear spin dynamics in quantum dots. Our approach complements
other approaches to measuring the Overhauser field in a quantum dot that have recently
been explored [110, 176].
While we discussed a single electron in a single quantum dot, the method can also
be applied, with modification to preparation and measurement procedures 3 , to the case
3

In the strong field case a two-level approximation for the spin system is appropriate [39]. Preparing
superpositions in the Sz = 0 subspace such as the singlet, and measuring in this basis as well [151], the
scheme would measure the z-component of the nuclear spin difference between the dots. To measure the
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of two electrons in a double dot [112, 96, 39]. We expect that this technique may find
application in other systems with long measurement times and slowly varying mesoscopic
environments.
J.M.T. would like thank the quantum photonics group at ETH for their hospitality.
The authors thank Ignacio Cirac and Guifré Vidal for sharing their notes on the performance
of the QFT scheme for different figures of merit. The work at ETH was supported by NCCR
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total Overhauser field, superpositions of the Sz 6= 0 triplet states have to be used.
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We present a detailed theory for electron spin dynamics in two-electron double dot systems that was used to guide and analyze recent experimental demonstrations of the quantum manipulation of two-electron spin states in double
quantum dots using electrically controlled exchange interactions. The theory
treats both charge and spin degrees of freedom on an equal basis. Specifically,
we analyze the relaxation and dephasing mechanisms that are relevant to experiments and discuss practical approaches for quantum control of two-electron
system. We show that both charge and spin dephasing play important roles in
the dynamics of the two-spin system, but neither represents a fundamental limit
for electrical control of spin degrees of freedom in semiconductor quantum bits.
This chapter is reproduced with some modification from Petta et al.,“Coherent
Maniuplation of Coupled Electron Spins in Semiconductor Quantum Dots” Science 309, 2180 (2005). Reprinted with permission from AAAS.
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Electron spins in quantum dots represent a promising system for studying mesoscopic physics, developing elements for spintronics [7], and creating building blocks for
quantum information processing [122, 93, 179]. In the field of quantum information, confined electron spins have been suggested as potential realization of a quantum bit, due to
their potential for long coherence times [105, 104, 82]. However, the deleterious effects of
hyperfine coupling to lattice nuclear spins [164, 21, 134, 103, 63, 45, 38, 203, 47], as found
in experiments [14, 96, 112, 151], severly limit the phase coherence of electron spins. Thus,
it is important to understand dynamics of electron spin coupled to nuclei and to develop
corresponding quantum control techniques to mitigate this coupling.
Recent experiments by our group explored coherent spin manipulation of electron spins to observe and suppress the hyperfine interaction [96, 151]. In this chapter,
we present a detailed theory describing coherent properties of coupled electrons in double
quantum dots, that was used to guide our experiments and analyze experimental results.
The effects of hyperfine interactions, external magnetic field, exchange terms and charge
interactions are combined into a unified theory. Details of the experimental approach (published more completely in in Ref. [151]) are included, with headings in italic, to illustrate
the implementation of these theoretical ideas.
Our approach relies upon an approximation based on the separation of time scales
between electron spin and nuclear spin degrees of freedom. In particular, the time scales
governing nuclear spin evolutions are slower than most relevant electron spin processes. This
allows us to treat the nuclear environment using a quasi-static approximation (QSA) [164,
134]. In this model, the nuclear configuration is fixed for any given experimental run,
but changes randomly on the time scale over which different runs are integrated over to
yield a data point in the experiment. The first corrections to this approximation, where
experimentally relevant, are included.
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In what follows, we start by extending the theory of the previous chapters to the
case of a double quantum dot, where electronic control plays an important role. We then
consider the role of charge dephasing and charge-based decay in experiments involving socalled spin blockade, in which a simultaneous spin flip and charge transition is required for
electrons to tunnel from one dot to another [96]. Consistent with the experiments, we find
that blockade is reduced near zero magnetic field over a range set by the average magnitude
of the random Overhauser (nuclear) field. We then consider the effect of fast control of
the local electrostatic potentials of double quantum dots, and show how this may be used
to perform exchange gates [122, 21, 161], and to prepare and measure two-spin entangled
states [178, 151]. Various limitations to the preparation, manipulation, and measurement
techniques, due to nuclear spins, phonons, and classical noise sources, are considered.
Before proceeding we note that theories which explicitly include quantum mechanical state and evolution effects of the nuclear spins both within and beyond QSA have
been considered by several authors (Refs. [21, 103, 38, 165, 39, 199, 203, 47]). Dephasing,
decoherence, and gating error in double quantum dots have also been investigated previously [39, 90, 110]; the present work develops the theory behind quantum control techniques
used in experiments, connecting the previous general theoretical treatments to experimental
observations.

6.1

Electron spins in a double quantum dot
In the previous chapters, we focused entirely upon the case of a single electron in a

quantum dot confined to the lowest energy orbital state of the dot. We start by detailing how
to isolate and measure two electrons in a double quantum dot. We then extend the single
electron theoretical model to describe the case of two electrons in adjacent, coupled quantum
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Figure 6.1: (A) Scanning electron micrograph of a sample identical to the one measured,
consisting of electrostatic gates on the surface of a two-dimensional electron gas. Voltages
on gates L and R control the number of electrons in the left and right dots. Gate T is
used to adjust the interdot tunnel coupling. The quantum point contact conductance, gs , is
sensitive primarily to the number of electrons in the right dot. (B) gs measured as a function
of VL and VR reflects the double dot charge stability diagram (a background slope has been
subtracted). Charge states are labeled (m,n) where m (n) is the number of electrons in the
left (right) dot. Each charge state gives a distinct reading of gs .
dots, first by considering only charge-related couplings, then including spin couplings. The
relevant states are separated electron states, in which one electron is in each quantum dot,
and double-occupied states, with two electrons in one of the two dots.

6.1.1

Isolating and measuring two electrons
Gate-defined double quantum dot devices are fabricated using a GaAs/AlGaAs

heterostructure grown by molecular beam epitaxy with a two-dimensional electron gas
(2DEG) 100 nm below the surface. The 2DEG density is ∼ 2 × 1011 cm2 . When biased with negative voltages, the patterned gates create a double- well potential (Fig. 6.1A).
Tunnel barriers (controlled by voltages VL and VR ) connect each dot to adjacent reservoirs, allowing electrons to be transferred into the dots. Interdot tunneling t (at a rate set
by voltage VT ) allows electrons to be moved between dots when the detuning parameter
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ǫ ∝ VR − VL is adjusted. Measurements are performed in a dilution refrigerator with electron temperature Te ∼ 135 mK, determined from Coulomb blockade peak widths. Gates L
and R are connected via low-temperature bias tees to high-bandwidth coaxial lines allowing
rapid (∼ 1 ns) pulsing of these gates 1 . High-frequency manipulation of a single electron,
demonstrating the GHz bandwidth of this set-up, was reported in Ref. [150].
Quantum point contact (QPC) sensors fabricated next to each dot serve as local
electrometers [72, 61], showing a few-percent reduction of conductance when a single charge
is added to the adjacent dot. Figure 6.1B shows the conductance, gs , of the right QPC
sensor as a function of VL and VR near the two-electron regime. Each charge state gives
a distinct value of gs , decreasing each time an electron is added to the system, or when
an electron is transferred from the left dot to the right dot. Labels (m,n) in each region
indicate the absolute number of electrons confined on the (left, right) dot in the ground
state. We focus on transitions involving (0,2) and (1,1) two-electron states, where previous
experiments have demonstrated spin selective tunneling [152, 96, 143, 150].

6.1.2

Orbital Hamiltonian for a double dot
As both (2,0) and (0,2) charge configurations have two electrons sharing the same

dot, the electron wavefunction overlap is large, and the exchange interaction leads to an
energy splitting of the orbitally antisymmetric (and spin symmetric) triplet states (|T+ i =
√
|↑↑i, |T0 i = (|↑↓i + |↓↑i)/ 2, |T− i = |↓↓i) from the orbitally symmetric singlet state (|Si =
√
(|↑↓i−|↓↑i)/ 2), with an energy gap J(2,0) for (2,0). The same occurs for (0,2). In contrast,
the state with one electron in each quantum dot has little overlap between the two electrons,
and a much smaller exchange energy J. By controlling the relative potentials of the two
1

Except where noted, a Tektronix AWG520 pulse generator with a 1 ns minimum pulse width is used for
fast gate control. Sample response to fast pulses is checked by measuring gs with pulses applied individually
to gates L and R. A doubling of the charge stability diagram is observed for pulses widths down to 1 ns [61].

118

Chapter 6: Relaxation, dephasing, and quantum control of electron spins
in double quantum dots

quantum dots using electrostatic potentials applied, e.g., changing ǫ with external gates, the
ground state can be changed from one of the doubly occupied states to one of the separated
electron states. We note before proceeding that this approach is similar to a double well
Hubbard model of the double-dot. In particular, we include doubly occupied states while
neglecting any higher orbital states, appropriate if we assume J(0,2) , J(2,0) ≈ J2 < υ, where
υ is the orbital level spacing of a single quantum dot. A more detailed, Hund-Mulliken
analysis would also include the intrinsic exchange interaction for the separated spin states.
See Ref. [21] for details of the Hund-Mulliken approach in double quantum dots.
We consider two quantum dots with sufficient overlap to allow electrons on one
dot to quantum mechanically tunnel to the other dot with a matrix element t. This allows
for electrons to transfer from the (2,0) and (0,2) singlet states to the (1,1) singlet state,
and similarly for the triplet states. The finite exchange energy of the (2,0) and (0,2) configurations means that the triplet states transition to different charge states at much larger
values of |ǫ|. The corresponding level structure is given in Fig. 6.2c.
We can model the overall system with separate orbital Hamiltonians for the singlet
states and triplet states. Written in the basis {|(1, 1)Si, |(2, 0)Si, |(0, 2)Si} for the singlets,



tl
tr
 0


HS =  t∗ ǫ + Ec 0
 l

t∗r
0
−ǫ






 .



(6.1)

Here tl = tr = t is the tunnel coupling between left and right dots, and is assumed to be
symmetric and real. For the triplets, a similar Hamiltonian is found, but with additional
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Figure 6.2: (a) Charge stability diagram for a double dot system. Electron numbers are
given in (nl , nr ) notation. The detuning axis is shown, with ǫ parameterizing it, and the far
detuned regime (light blue) and charge transition (yellow) are shown. (b) The blue (left) and
yellow (right) regions as double-well potentials along one axis (x) with tight confinement
in the other two axes (i.e., y and z). In the left, the (1,1) charge states are the ground
state, while in the right, (0,2) can be the ground state. Triplet states are indicated in red,
while electron charges are indicated in orange. (c) Energy level structure of the double dot
system. The far detuned regime is in light blue, and the charge transition is in light yellow.
The charge state of the lowest energy state as a function of ǫ is given diagrammatically;
from left to right, it is (2,0), (1,1), and (0,2). ǫ = −Ec /2, where Ec is the charging energy
of a single dot, is at the middle of the graph. The three triplet states of (1,1) are shown (in
red) split by Zeeman energy to easily distinguish them from the singlet state |Si.
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energy terms J(2,0) and J(0,2) .2 In the basis {|(1, 1)T i, |(2, 0)T i, |(0, 2)T i},


tl
tr
 0


HT =  t∗l ǫ + Ec + J(2,0)
0


t∗r
0
−ǫ + J(0,2)






 .



(6.2)

Exact solutions are shown in Fig. 6.3.
When −Ec − J ≪ ǫ ≪ J (setting J(2,0) = J(0,2) = J), the doubly occupied charge
states, (2,0) and (0,2) triplet states are never populated and can be integrated out by
renormalization of the low energy states of remaining subspace. While this may be formally
accomplished by finding an energy-dependent effective Hamiltonian [6], we expand only to
zeroth order in the energy dependence. For the remainder of this chapter, we will no longer
refer to spin and orbital states separately, instead reserving the designations |Si and |Tm i
strictly for the (1,1) charge subspace, while refering to the doubly-occupied states as, e.g.,
|(0, 2)Si.
One regime of interest corresponds to |ǫ + Ec /2| ≪ Ec /2, where both doubly occupied states |(0, 2)Si, |(2, 0)Si may be eliminated from the problem by the above renormalization. We denote this the far-detuned regime, where the states |Si, |T0 i are near-degenerate
and the system is far from the (1,1) to (0,2) charge transition. Inclusion of the effect of
doubly occupied states leads to a small energy gap between |Si and the triplet |Tm i, which
we find to be J . 10 neV for the parameters used above.
However, when ǫ & −t, we can no longer consider the state |(0, 2)Si a high energy
state and thus removable by renormalization. It becomes appropriate to explicitly include
this additional state, |(0, 2)Si. Our small parameter will be ǫ. The Hamiltonian near the
2
An additional correction, J(1,1) (6= J) consists only of corrections to the (1,1) state’s exchange energy
from higher energy states. We estimate this to be negligble, it and will be neglected in the following analysis.
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Figure 6.3: (a) Exact solution of the total Hamiltonian, H = HS + HT . Parameters are
charging energy Ec = 0.8 meV, tunnel coupling t = 20 µeV, single dot exchange J(2,0) =
J(0,2) = 0.5 meV, and a small magnetic field with Zeeman energy Ez = ~γe Bext = 15 µeV.
Singlet orbitals are black, triplet orbitals are red. The higher energy states that will be
renormalized are given with dashed lines. The far detuned (light blue) and charge transition (yellow) regimes are indicated. (b) Corresponding charge expectation; -1 indicates
two charges on the left, +1 indicates two charges on the right. The expected charge transitions are observed to occur at different detuning parameters ǫ for the singlet (black) and
triplet (red) states. The far detuned (light blue) and charge transition (yellow) regimes are
indicated.
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Figure 6.4: Zoomed-in view from Fig. 6.2c of the low energy states in the parameter ranges
of interest: far detuned (light blue) and near the charge transition (yellow).

charge transition

H11−02 = −ǫ|(0, 2)Sih(0, 2)S| + t(|Sih(0, 2)S| + |(0, 2)SihS|)

(6.3)

The related experiments (Refs. [96, 151]) are performed near the (1,1) to (0,2) charge
transition.
The Hamiltonian of Eqn. 6.3 can be understood by considering the avoided crossing
between |Si and |(0, 2)Si near ǫ = 0. In particular, for a slowly varying or time-independent
Hamiltonian, the eigenstates are given by

|S̃i = cos θ|Si + sin θ|(0, 2)Si

(6.4)

|G̃i = − sin θ|Si + cos θ|(0, 2)Si .

(6.5)

We introduce the tilde states as the adiabatic states, with |G̃i the higher energy state. The
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adiabatic angle is θ = arctan(

ǫ−

√ 2t 2

4|t| +ǫ2

ES̃
EG̃

123

), and the energies of the two states are

t
= − tan(θ)
2
t
tan(π/2 − θ) ..
=
2

(6.6)
(6.7)

When ǫ ≪ −|t|, θ → 0, the eigenstates become |S̃i → |Si, |G̃i → |(0, 2)Si. For ǫ ≫ |t|,
θ → π/2, and the eigenstates are switched, with |S̃i → |(0, 2)Si and |G̃i → |Si.
As an indication of what is to come, we remark that change of ǫ allows for adiabatic
passage between the near degenerate spin states |Si, |Tm i (far detuned regime) to past the
charge transition, with |(0, 2)Si as the ground state (ǫ ≫ |t|). This adiabatic passage can
be used for singlet generation and detection. In addition, |S̃i has an energy difference
when compared to the |Tm i triplet subspace of J(ǫ) = ES̃ (ǫ). Therefore, an adiabatic pulse
moving from the far detuned regime to near the charge transition and back by control of ǫ
R
induces a relative phase between |Si and |Tm i states of angle θ = dt J(ǫ(t))/~. This is
effectively an exchange gate [122, 21] of angle θ.

One possible correction to the above analysis comes from inclusion of the doublyoccupied triplet states and the (2,0) singlet state. This leads to an additional term,
V = ET′

X
m

|Tm ihTm | + ES′ |SihS|

(6.8)

where
ES′

=

ET′

=

|t|2
−|t|2
≈ ES (ǫ = −Ec )/4 + 2 ǫ + O((ǫ/Ec )2 )
Ec + ǫ
Ec


2
2
|t|2
−|t|
−|t|
|t|2
+
≈ ET (ǫ = −Ec )/4 +
− 2 ǫ + O((ǫ/J)2 )
Ec + J + ǫ J − ǫ
(Ec + J)2
J

These are comparable in magnitude to the far-detuned regime’s exchange, i.e., ES′ , ET′ . 10
neV. We will neglect it in what follows.
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Figure 6.5: A double quantum dot in the (1,1) configuration. (a) Schematic of the twoelectron wavefunction in the far detuned regime interacting with lattice nuclear spins. (b)
Electron spins in the left and right dots interacting with their respective effective nuclear
fields in the quasi-static approximation.

6.1.3

Two-electron spin Hamiltonian for a double dot
We now add spin couplings to the double dot system, including both Zeeman inter-

actions and hyperfine contact coupling. Two effective Hamiltonians, one for the far detuned
regime and one appropriate near the charge transition, are developed. Our approach is similar to that of Ref. [39], and we include it here for completeness. The spin interactions in a
double quantum dot for the states |Tm i, |S̃i may be written for θ ≪ 1 (i.e., the far detuned
regime) as

l
r
Hhf,tot = Hhf,eff
+ Hhf,eff
− J(ǫ)|SihS|

~ ext + B
~ nuc,l ) · S
~ˆl + (B
~ ext + B
~ nuc,r ) · S
~ˆr ] − J|SihS|
= ~γe [(B

(6.9)
(6.10)

where l and r refer to left and right dot, respectively, and the nuclear fields are determined
by the ground orbital state envelope wavefunctions of the single dot Hamiltonians (see
Fig. 6.5).
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Figure 6.6: (a) Levels in the far detuned regime including all couplings of Eqn. 6.12. (b)
Levels near the charge transition; the |T+ i ↔ |S̃i is near resonance, with the coupling
between |T+ i and |S̃i indicated, as per Eqn. 6.14.
Reordering terms simplifies the expression:
~ · (S
~ · (S
~ˆl + S
~ˆr ) + dB
~ˆl − S
~ˆr )] − J(ǫ)|SihS|
Hhf,tot = ~γe [B
~ =B
~ ext +
with an average field B

~ nuc,l +B
~ nuc,r
B
2

(6.11)

~ = (B
~ nuc,l − B
~ nuc,r )/2.
and difference field dB

~ and J(ǫ) are diagonal in total spin and
The form of Eqn. 6.11 indicates that terms with B
~ creating a natural set of singlet and triplet states. However, the
spin projection along B,
~ breaks total spin symmetry, and couples the singlet to the triplet states.
term with dB
We can now write Eqn. 6.11 in matrix form in the basis {|T+ i, |T0 i, |T− i, |Si},







H = ~γe 





Bz

0

0

0

0

0

0

0

−Bz

dBx +idBy
√
2

−dBz

−dBx +idBy
√
2

dBx −idBy
√
2




−dBz 


−dBx −idBy 
√

2


−J(ǫ)/γe

(6.12)

The corresponding level structure is given in Fig. 6.6a. We have implicitly assumed the
~ which
QSA in writing this Hamiltonian by defining the axis of spin up and down as B,
is a sum of the external field and the average nuclear field. If the nuclear field fluctuates,
those terms will contribute by coupling different triplet states together. However, those
terms only effect the observable behavior of the system when going beyond the quasi-static
approximation.
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At zero external magnetic field all states couple to the singlet, and solving the
dynamics require diagonalizing the 4-by-4 matrix of Eqn. 6.12. However, at finite magnetic
field, a large Zeeman splitting (which sets Bz ≫ Bnuc ) allows us to separate the system. The
far detuned regime only has transitions between the ms = 0 states; in this basis ({|T0 i, |Si}),
the matrix becomes



Hms =0 = ~γe 

0
−dBz



−dBz 
.
−J(ǫ)/γe

(6.13)

This two-level system has appropriately straightforward dynamics, and we investigate it in
some detail below.
Near the charge transition and at finite magnetic field, another coupling can occur,
this time between |T+ i and |S̃i. This resonance corresponds to the adiabatic singlet |S̃i
having an exchange energy −J close to the Zeeman-split triplet’s Zeeman energy, Ez =
−γBz . Written in the basis {|T+ i, |S̃i}, the Hamiltonian is



Hflip−flop = ~γe 

dBx −idBy
√
2

Bz
dBx +idBy
√
2

cos θ



cos θ
.
−J(ǫ)/γe

(6.14)

We have subscripted Eqn. 6.14 with “flip-flop” indicating that flips between |S̃i and |T+ i
result in the flipping of a nuclear spin, as can be seen by identifying dB+ = dBx + idBy =
(B̂nuc,l,+ − B̂nuc,r,+ )/2.
Because the S̃–T+ resonance leads to spin flips and eventual polarization of the
nuclear field, the QSA will not be valid if appreciable change of field occurs, and the overall
dynamics may go beyond the approximation. This has been examined experimentally [143]
and theoretically [181, 65] for some specific cases, and is discussed in Chapter 7. While
the discussion to follow mentions this resonance, it will focus on the zero field mixing of
Eqn. 6.11 and the far detuned regime’s finite field mixing of Eqn. 6.13. We remark that
Eqns. 6.13 and 6.14 have been previously derived outside of the QSA [39].
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We have now established that in the far detuned regime, the relevant spin interactions are limited to dynamics within the singlet-triplet subspace and determined by the
Hamiltonian in Eqn. 6.13. Similarly, near the charge transition a resonance between |Si and
|T+ i may be observed; as this resonance allows for nuclear spin polarization, it may only be
partially described by the QSA, and we do not consider its dynamics in detail. However, we
note that in the absence of nuclear spin polarization the resonance occurs when the Zeeman
splitting of the external field equals the exchange energy, j. Thus, if the Zeeman energy
is known, measuring the position of the splitting gives a map between external parameters
and the actual exchange energy.

6.1.4

Voltage-controlled exchange
The relative energy detuning, ǫ, of the (0,2) and (1,1) charge states can be rapidly

controlled by applying calibrated voltage pulses to gates L and R (see Fig. 6.7B). For ǫ > 0,
the ground state charge configuration is (0,2). Tight confinement in (0,2) favors a spinsinglet configuration, denoted (0,2)S. As note above, the corresponding (0,2) triplet states
are energetically inaccessible, lying J2 ∼ 400 µeV above (0,2)S, and are neglected in the
following discussion. For ǫ ¡ 0 the ground state configuration is (1,1). In this case, four spin
states are accessible: the singlet (S = 0), denoted S (suppressing the (1,1) label), and three
triplets (S = 1), denoted T− , T0 , T+ corresponding to ms = −1, 0, +1.
In the absence of interdot tunneling, the two spins in the (1,1) configuration are
independent, i.e., S, T0 , and T± are degenerate. At finite magnetic fields, S and T0 are
degenerate. When interdot tunneling is present, the (0,2) and (1,1) charge states hybridize,
which results in an exchange splitting J(ǫ) between the S and T0 spin states of (1,1) that
depends on detuning (Fig. 6.7B). Near zero detuning, exchange J(ǫ → 0) becomes large
(equal to the tunnel coupling, t); for large negative detuning, ǫ ≪ −t, exchange vanishes,
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Figure 6.7: (A) The control cycle for experiments generally consists of preparation, singlet
separation, evolution of various kinds, and projection onto the (0,2) singlet state (measurement). Projective measurement is based on the spin-blockaded transition of T states onto
(0,2)S, while S states proceed freely (see text for notation), allowing S to be distinguished
from T by the charge sensor during the measurement step. (B) Energy diagram near the
(1,1) to (0,2) charge transition. Magnetic field splits T states by the Zeeman energy. At
the S − T0 degeneracy (light blue region) and the S-T+ degeneracy (green line), hyperfine
fields drive evolution between S and respective T states. (C) Singlet probability PS after τS
= 200ns, as a function of detuning ǫ and magnetic field B maps out degeneracies of S − T0
(ǫ . -1.2 mV) and S − T+ (dashed green curve). (D) Dependence of exchange on detuning, extracted from fit of along the S − T+ J(ǫ) = g∗ µB B resonance assuming g∗ = −0.44
(dashed curve in (C)). Inset: For , J(ǫ) ≫ g∗ µB Bnuc eigenstates S and T0 are split by J(ǫ).
At large negative detuning J(ǫ) ≪ g∗ µB Bnuc , S and T are mixed by hyperfine fields, but
eigenstates ↑↓ and ↓↑ are not.
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J(ǫ) → 0, and the spins again become independent. Except where noted, a perpendicular
magnetic field B = 100 mT is used to split off the T± states from T0 by the Zeeman energy,
EZ = ±g∗ µB B ∼ 2.5 µeV (g∗ = −0.44 is the electron g-factor in GaAs; µB is the Bohr
magneton). The split-off T+ state crosses the hybridized singlet S when J(ǫ) = g∗ µB B
(vertical green line in Fig. 6.7B), allowing J(ǫ) to be readily measured, as discussed below.

In all measurements a cyclical pulse sequence is used (see Fig. 6.7A for a schematic
representation). A pulse transfers the (0,2)S state into the spatially separated (1,1) singlet state, S. The singlet state is manipulated using various control techniques (discussed
below). After manipulation, the resulting (1,1) spin state is projected back onto (0,2)S
for a measurement of the singlet probability, PS . PS is measured using the QPC: the T
states of (1,1) remain in a spin-blocked configuration, while the S state tunnels directly
to (0,2)S. This spin-to-charge conversion readout is based on the same mechanism that
results in rectification in dc transport found in similar devices [143, 150]. The majority of
the duty cycle is spent in the measurement configuration (ǫ > 0), so that the slow (timeaveraged) measurement of the QPC conductance reflects the charge configuration during
the measurement phase [152, 96].

Even though we can coherently control and measure two-electron spin states
electrically, the local solid state environment remains critically important. For our device, each electron is coupled to roughly 106 GaAs nuclei through the hyperfine interaction. The hyperfine interaction results in an effective random magnetic field with magnitude [96, 147, 14]. These random hyperfine fields evolve slowly (> 10µs) relative to typical
pulse sequence periods and result in spin dephasing, thereby coupling two-electron spin
states [164, 21, 103, 134, 45, 38]. At large negative detuning, where J(ǫ) < g∗ µB Bnuc , these
effective fields mix S and T states.
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Nuclear-spin-mediated relaxation in double dots
In this section we consider what occurs past the charge transition, when the

ground state of the system is |(0, 2)Si and the low-lying excited states are the (1,1) states,
{|Si, |Tm i}. This situation occurs in dc transport when the system is in the spin blockade
regime, where transitions from |Tm i to |(0, 2)Si are suppressed because they require both
a spin and charge transition.
Several groups[87, 61, 114] have studied spin relaxation between Zeeman split
spin states at high magnetic field (B >4 T). The measured relaxation rates were found to
scale as B 4 , consistent with a spin-orbit mediated spin relaxation process[82]. Similarly,
measurements of relaxation of triplet states to the singlet when J ≫ γe Bnuc (i.e., when
the effect of nuclei is small) indicate long lifetimes, likely limited by similar spin-orbit
mediated mechanisms[75]. On the other hand, at low field and small exchange, when
the splitting between spin states becomes comparable to Bnuc , the hyperfine interaction
dramatically increases the spin relaxation rate. Previous theoretical work for two electron
systems has focused on triplet and singlet decay of two-electron states in a single quantum
dot [64]; in contrast, the present analysis deals with a double quantum dot system where the
electrons can be well separated. Contrary to more general spin blockade calculations[97] and
experiments, the present work is focused entirely on the rate limiting step of blockade: the
spin flip followed by charge transition within the double quantum dot. Recent experiments
have measured spin relaxation between nearly degenerate singlet and triplet spin states in
this regime [96]. Experimental techniques are discussed in Ref. [152], and a full analysis
of the field and energy dependence of the relaxation rate is discussed in Ref. [96] (and
reprinted in Appendix D). We only briefly outline the experiment here.
Experiments are performed near the two-electron regime with very weak tunnel
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coupling. In contrast to the above discussion, t is slower than the pulse rise times (t ≪ 1µ
eV). Pulsed-gate techniques are used to change the charge occupancy from (0,1) to (1,1) to
(0,2) and back to (0,1). In the (1,1) charge configuration with weak interdot tunnel coupling
the |Si and |Tm i states are nearly degenerate. Shifting the gates from (0,1) to (1,1) creates
a mixture of all four states, |Si, |Tm=−1,0,1 i by loading an electron from a nearby Fermi sea.
Then, the system is rapidly (non-adiabatic with respect to tunnel coupling t) shifted to the
(0,2) regime, with |(0, 2)Si as the ground state. In this rapid shift procedure, the singlet |Si
does not adiabatically follow to the doubly-occupied singlet |(0, 2)Si, but instead follows
the Zener branch of the avoided crossing and stays in |Si, as is illustrated in Fig. 6.8.
Due to Pauli exclusion, |Tm i to |(0, 2)Si transitions are spin blocked, and require
spin relaxation to occur. By measuring this transition probability as a function of the
time when past the charge transition a spin relaxation time can be deduced. Charge state
occupancies are directly measured using a local quantum point contact charge detector. We
found that the decay rate from (1,1) to (0,2) occurred a factor of 1000 times faster within
a few mT of zero field. Essentially, the nuclear field leads to mixing of the four (1,1) states.
In the absence of nuclei (and other spin mixing mechanisms), only the singlet (1,1) state
(|Si) decays to the state |(0, 2)Si; in their presence, all four states can decay.
We now use the theory developed in the preceding sections to discuss the experiment. The experiment consisted of starting the system in the far detuned regime, where
coupling to the leads resulted in filling (with equal probability) one of the four low-energy
states of the far detuned regime’s states, |Tm i, |Si. A non-adiabatic shift past the charge
transition puts the system out of equilibrium. The system is allowed to relax to the ground
state |(0, 2)Si for a controlled time, and the charge state measured by use of a nearby
electrometer, such as a quantum point contact (QPC). It was found that at zero magnetic
field, exponential decay of the (1,1) states to the state |(0, 2)Si occurs, but as field grows
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Figure 6.8: (a) Energy level structure as a function of detuning. Coupling to a Fermi sea
with kb T ≫ γe |Bext | leads to equal filling of all four low energy states in the far detuned
regime (labelled start). Then ǫ is changed rapidly with respect to the tunnel coupling,
leading to all four spin states still in the (1,1) charge configuration. The time spent waiting
in this configuration results in slow decay of the metastable (1,1) states to the |(0, 2)Si state.
(b) Nuclear spins couple between the eigenstates of exchange, and slow inelastic decay at
a rate Γ proceeds from |Si to |(0, 2)Si. (c) The same process, but for the eigenstates of
the double dot Hamiltonian. The ms = 0 states are equal superpositions of |Si and decay
rapidly to |(0, 2)Si, while the |ms | = 1 states are only weakly mixed at large magnetic field
with the |Si, resulting in slow decay to |(0, 2)Si.
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beyond Bnuc , double exponential behavior is observed. This behavior may be described by
the above theory as follows.

Past the charge transition, when the adiabatic basis |S̃i, |G̃i is an appropriate
representation of the system, it is possible for the system to experience inelastic decay from
the excited state |G̃i to the ground state |S̃i via charge coupling, e.g., to phonons. The
p
energy gap is E = EG̃ − ES̃ = ǫ2 + 4|t|2 . Inelastic decay near a charge transition in a
double quantum dot has been investigated in great detail [74, 15, 16], and we do not seek

to reproduce those results. Instead, we note that the decay from the excited state |G̃i to
the ground state |S̃i is well described by a smoothly varying, energy-dependent decay rate
Γph (E). Incoherent population of |G̃i by absorption of a thermal phonon is suppressed as
long as 2t > kb T , which is satisfied for t = 0.01 meV and T = 100 mK. Other charge-based
dephasing and relaxation mechanisms, such as co-tunneling and other couplings to the leads
(nearby Fermi seas), may be controlled by closing off the quantum point contact barriers
separating the dots from the leads. When tunneling is important, this system can exhibit
spin-blockade; a theory describing this effect is given in Ref. [97].

We can combine the coherent spin precession and charge dynamics with the chargebased decay and dephasing mechanisms to investigate relaxation of |Tm i states to the state
|S̃i. Of particular interest is the regime past the charge transition, ǫ ≫ t, where |G̃i ≈ |Si
becomes nearly degenerate with |T0 i, as was studied in the experiment of Ref. [96]. An
effective five-level system is formed with the levels {|T+ i, |T0 i, |T− i, |Si} described by the
spin Hamiltonian of Eqn. 6.12, while inelastic decay from |Si to |(0, 2)Si (the fifth level) is
possible at a rate Γ(E), as shown in Fig. 6.8b.

To analyze this process, we start with the Louivillian superoperator that describes
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inelastic tunneling:
h
ρ̇ = i[ρ, H/~] + Γ(E)/2 |SihS|ρ + ρ|SihS|
i
−2|(0, 2)SihS|ρ|Sih(0, 2)S|

(6.15)

where
~l · S
~ˆl + B
~r · S
~ˆr ](1,1) − ~E|(0, 2)Sih(0, 2)S| .
H = ~γe [B

(6.16)

l and r indicate left and right spins for the (1,1) charge space. Assuming the nuclear
field is quasi-static (QSA), we can diagonalize H. The eigenstates are the ground state,
|(0, 2)Si, and (1,1) states with spin aligned and anti-aligned with the local magnetic fields,
l,r
~ l,r = B
~ ext + B
~ nuc
B
. We write these eigenstates as |s, s′ i = |sil ⊗ |sir , where s, s′ = ±1/2

are the eigenvalues of the spin projection on the fields of the l and r dots, respectively. The
eigenvalue for |(0, 2)Si is EG = −E and the other four eigenstates |s, s′ i have energy
Es,s′ = sγe |B l | + s′ γe |B r | .

(6.17)

By considering decay from the energy eigenstates of the nuclear field, |s, s′ i to
|(0, 2)Si, we may eliminate rapidly varying phase terms, e.g., |1/2, −1/2ih−1/2, 1/2|. This
requires that the inelastic decay mechanism, Γ(E), be slow in comparison to the electrons’
Larmor precession in the nuclear field, Ω. In this limit, each state |s, s′ i decays to |(0, 2)Si
with a rate given by Γ(E)|hs, s′ |(0, 2)Si|2 , as indicated in Fig. 6.8c. A detailed analysis is
given in appendix C.1. For convenience, we write cs,s′ = hs, s′ |(0, 2)Si.
In the context of Ref. [96], we can find analytical expressions for the time evolution
P
of the density matrix of an initial form ρ(t = 0) = s,s′ |s, s′ ihs, s′ |/4. This initial state

corresponds to a mixture of the four (1,1) spin states. The charge measurement distinguishes only between (1,1) states and |(0, 2)Si; accordingly, we evaluate the evolution of
P
the projector for the (1,1) subspace P11 = s,s′ |s, s′ ihs, s′ |. In particular,
2

2

P11 (t) = e−Γ(E)|c++ | t /2 + e−Γ(E)|c+− | t /2

(6.18)
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The actual experimental signal is the integrated charge difference, given by
t

Z

M (t) =

P11 (t′ )dt′

(6.19)

0

Finally, we must average over possible initial nuclear spin configurations to find
the measured signal. This means evaluating hP11 (t)inuc , a difficult task in general. However,
2i

hP11 (t)inuc ≈ e−Γ(E)h|c++ |

nuc t

2i

/2 + e−Γ(E)h|c+− |

nuc t

/2 .

(6.20)

In this approximation, we replace the average of the exponents with the average values
for the coefficients |c++ |2 , |c+− |2 . The validity of this approximation can be checked with
numerical integration, and for the range of parameters presented here the approximation
holds to better than 1%.
The mean values of the coefficients |c++ |2 , |c+− |2 are in turn straightforward to
calculate approximately (as done in Ref. [96], supplemental information3 ), giving
Γ+− = Γ(E)h|c+− |2 inuc =
Γ++ = Γ(E)h|c++ |2 inuc =

Γ(E)
(1 + Il Ir )
4
Γ(E)
(1 − Il Ir )
4

(6.21)
(6.22)

with
Il = q

1
[1 + 3(

(6.23)

Bnuc,l 2
Bext ) ]

and similarly for Ir . We plot the product Il Ir , found in both Eqns. 6.21-6.22, as a function
of external magnetic field for increasing difference in dot sizes in Fig. 6.9. This indicates
that the effective decay rates are largely independent of the ratio of dot sizes, relying only
on the average effective nuclear field, Bnuc = (Bnuc,l + Bnuc,r )/2.
We find that past the charge transition with ǫ ≫ |t| the states |Si and |T0 i decay to |(0, 2)Si with a lifetime Γ−1
+− , while the two |ms | = 1 triplet states have a lifetime
3

In contrast to Ref. [96], where Bnuc =

q

~ˆnuc |2 i, we define Bnuc =
h|B

q

~ˆnuc |2 i/3.
h|B
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Figure 6.9: The product Il Ir as a function of external magnetic field B in units of average
nuclear field, Bnuc = (Bnuc,l +Bnuc,l )/2. Several ratios of dot nuclear fields, r = Bnuc,l /Bnuc,r
are considered: r = 1 (black), r = 1/3 (red) and r = 0 (blue). Cusp behavior near zero
field is found in the limit of highly inhomogeneous dot field strengths.

Γ−1
++ . At finite magnetic field, Γ+− ≫ Γ++ , and we can call the states of the |ms | = 1
subspace “metastable”. The metastability allows for charge-based measurement to distinguish between {|Si, |T0 i} and |T± i subspaces: by using a nearby charge sensor, the decay
of |Si, |T0 i may be detected long before |T± i has finite probability of decay in the weak
tunneling limit. This indicates that, while at zero field decay of the (1,1) states to the
state |(0, 2)Si is governed by a single exponential, a double-exponential behavior appears
as B > Bnuc is satisfied, in direct confirmation of the results of Ref. [96]. The double
exponential behavior is shown in Fig. 6.10.
In the context of spin blockade, contrary to expectation, the blockade is contributed
to solely by the |ms | = 1 triplet states. In particular, spin blockade is charge transport at
finite bias through, for example, the charge states (0, 1) → (1, 1) → (0, 2). For biases
between left and right leads that are less than J only the four (1,1) spin states and the
state |(0, 2)Si are necessary for understanding the process. An electron (of arbitrary spin)
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Figure 6.10: (a) The signal M (t) (Eqn. 6.19) for t = 5 Γ(E)−1 (top) and 50 Γ(E)−1 (bottom)
as a function of external magnetic field. (b) Log-linear plot of M (t) for B = 0 (bottom)
and B = 30Bnuc (top). Double exponential behavior is observed for the latter case.
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loads from the left lead, creating with equal probability any of the states |s, s′ i. This then
tunnels with a rate Γ+− or Γ++ to the state |(0, 2)Si, after which the extra electron on the
right tunnels into the leads, and the cycle repeats anew. The average current through the
device is dominated by the slowest rate, which in the absence of cotunneling, is Γ++ . In
other words, loading into a spin-aligned state |s, si prevents further charge transport until
it decays, with rate Γ++ , or is replaced from the leads by a cotunneling process.
The measurements by Johnson et al. demonstrate that the transition probability
from (1,1) to |(0, 2)Si depends strongly on both magnetic field and detuning [96]. Our
theoretical model, which accounts for hyperfine mixing coupled with inelastic decay agrees
well with experimental results for timescales less than 1 ms. The discrepancy between
experiment and theory for longer times suggests that other spin relaxation processes may
become important above 1 ms (spin-orbit).

6.3

Quantum control of two electron spin states
We now analyze how time-dependent control of gate parameters (e.g., ǫ) may be

used to control electron spin in double quantum dots. Of particular interest are methods
for probing the hyperfine interation more directly than in the previous section. The new
techniques we use are primarily rapid adiabatic passage and slow adiabatic passage. Rapid
adiabatic passage (RAP) can prepare a separated, two-spin entangled state (|Si in the far
detuned regime), and when reversed, allows a projective measurement that distinguishes
the state |Si from the triplet states, |Tm i. A similar technique used at large external
magnetic field, slow adiabatic passage (SAP), instead prepares and measures eigenstates of
the nuclear field, |s, −si.
Rapid adiabatic passage is used to measure the time-resolved dephasing due to
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nuclei for two electron spin states. Slow adiabatic passage is used to probe in a timeresolved fashion gate control of the exchange interaction. We connect these techniques with
the experiments in Ref. [151] and estimate their performance.

6.3.1

Spin-to-charge conversion for preparation and measurement
Adiabatic passage from ǫ ≪ −t to ǫ ≫ t maps the far detuned regime states

|Si, |Tm i to the states past the charge transition |(0, 2)Si, |Tm i, allowing for a charge measurement to distinguish between these results [178, 151]. In the quantum optics literature,
when adiabatic transfer of states is fast with respect to the relevant dephasing (nuclear
spin-induced mixing, in our case), it is called “rapid adiabatic passage” (RAP) and we
adopt that terminology here.
When the change of detuning, ǫ, is adiabatic with respect to tunnel coupling, t,
but much faster than γe Bnuc (the hyperfine coupling), the adiabatic passage is independent
of the nuclear dynamics. For example, starting past the charge transition with the state
|(0, 2)Si(= |S̃i) and ǫ ≫ t and using RAP to the far detuned regime causes adiabatic
following to the state |Si. This prepares a separated, entangled spin state. The procedure
is shown in Fig. 6.11a.
The reverse procedure may be used to convert the singlet state to the charge state
(0,2) while the triplet remains in (1,1). Then, charge measurement distinguishes singlet
versus triplet. Specifically, if we start with some superposition in the far detuned regime,
P
|ψi = cS |Si + m cm |Tm i where cS , cm are quantum amplitudes, after RAP past the charge
P
transition, with ǫ ≫ t, the state is |ψ ′ i = cS eiφ |(0, 2)Si + m cm |Tm i, where φ is the

adiabatic phase accumulated. Recalling that |(0, 2)Si is in the (0,2) charge subspace, while
|Tm i states are in the (1,1) subspace, a nearby electrometer may distinguish between these
two results, performing a projective measurement that leaves the |Tm i subspace untouched.
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Figure 6.11: (a) Rapid-adiabatic passage: starting in the state |(0, 2)Si, the detuning is
changed from ǫ ≫ t to ǫ ≪ −t, fast with respect to the nuclear energy scale, γe Bnuc . (b)
Slow adiabatic passage: as above, but once the system is past the S − T+ degeneracy point,
the change of ǫ is made slow with respect to the nuclear energy scale. The zoomed-in section
shows the current nuclear energy splitting (ω̂) and the nuclear field eigenstates, |s, −si and
|−s, si. Both procedures may be reversed to transfer either |Si (RAP) or |s, −si (SAP) to
|(0, 2)Si while keeping the other states within the (1,1) charge configuration, allowing for
charge-based measurement of the system.
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Furthermore this measurement is independent of the adiabatic phase.
In contrast, if the change of ǫ is slow with respect to nuclei, adiabatic passage
follows to eigenstates of the hyperfine interaction. For simplicity, we assume that RAP is
used between the charge transition to just past the S − T+ resonance of Eqn. 6.14, such that
we may neglect transfer between the S and T+ states (see also Fig. 6.12b. This requires
an external magnetic field |Bext | ≫ Bnuc . Continuing from this (ǫ < −t) point to the
far detuned regime, ǫ is changed slowly with respect to Ω. Accordingly, adiabatic passage
proceeds into eigenstates of the nuclear field, |s, −si, as shown in Fig. 6.11b. These are the
product spin states, with one spin up and the other down with respect to magnetic field.
This technique may be called slow adiabatic passage (SAP).
Before (for RAP) the mapping was |Si ↔ eiφ |(0, 2)Si, |Tm i ↔ |Tm i, leaving the
triplet states unperturbed. For SAP, the mapping is




|(0, 2)Si ↔ eiφ |s, −si



′
|T0 i
↔ eiφ |−s, si





 |T±1 i
↔
|T±1 i

(6.24)

It is always the current, lowest energy eigenstate of the nuclear field that |(0, 2)Si maps
r
l
), (see
− Bnuc,z
to. That is, we choose s such that Es,−s < E−s,s , with Es,−s = sγe (Bnuc,z

Section 6.2, Eqn. 6.17, evaluated at large external magnetic field). We remark that SAP
allows for deterministic preparation and measurement of states rotated π/2 with respect to
|Si, |T0 i without direct knowledge of which states they correspond to for each realization.
We now examine the adiabaticity condition for slow adiabatic passage. In SAP,
ǫ is changed at a constant rate to approach the far detuned regime (point S). Using the
approximate relation j(ǫ) = 4TC2 /ǫ, the adiabaticity condition is that ~j̇ ≪ (~ω)2 in the
range of ǫ where j(ǫ) . Ω (the current nuclear field gradient’s frequency is given by ω).
T2

This can be rewritten ~ǫ̇ ǫC2 ≪ (~ω)2 ; for Tc ≃ 5 µeV, and ǫ ∈ [50, 550] µeV, the required
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time to make the 500 µeV change, τ , gives ~ǫ̇ =

~
τ 500

T2

µeV, and roughly, ~ǫ̇ ǫC2 =

~
τ

× 50

neV. In units of time, ~2 (τ × 13 ns). For τ = 1000 ns, the adiabaticity requirement is that
√
the current value of 1/|ω| . 3 × 1000 × 13 ns = 300 ns. For the nuclear fields in lateral
quantum dots such as those of Ref. [96] (each dot with a T2∗ = 10 ns), the probability of
1/|ω| > 300 ns is
P (|ω| < 3 µs

−1

)=2

Z

3 µs−1
0

∗ 2

e−(νT2 )
dν p
π(T2∗ )−2

(6.25)

This gives an error probability of 3% for 300 ns rise time, that is, every 1 in 30 experimental
runs, the nuclear gradient will be too small for the adiabatic filling of |±i to occur.
We can ask the effect of finite, residual exchange energy jres at the S point. Finite
j leads to filling of a superposition of |s, −si and |−s, si:
cos(φ)|s, −si − sin(φ)|−s, si ,

(6.26)

p
2 + ω2 +
where the value of s is, as above, determined by the current value of ω and φ = arctan[jres /( jres

|ω|)] is the adiabatic angle. The resulting loss of contrast will be sin2 (φ) ≃ (j/2ω)2 . For

residual jres ∼ 0.1 Ω, the error is less than 1%. For jres ∼ 0.25 Ω the error is order 2%. The
role of residual nuclear fields during the exchange gate is evaluated elsewhere [182].

6.3.2

Probing the nuclear field by electron spin measurement
We now consider how adiabatic passage can be used to probe the dephasing of

a spin-singlet state. This relates directly to a critical question in quantum information
science: how long can two electron spins remain entangled when the electrons are spatially
separated on a GaAs chip. In our model, variations in the local nuclear environment cause
the spatially separated electrons to experience distinct local magnetic fields, and hence
precess at different rates, mixing the singlet and triplet states. If many measurements are
taken to determine the probability of remaining a singlet, the time-ensemble-averaging leads
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to an observable dephasing of the singlet state (T2∗ ) [151].
To evaluate the effects of nuclei on this process, we will calculate the autocorrelation function ASS (t) = |hS(t)|S(0)i|2 for the far detuned regime. This autocorrelation
function has been evaluated for quantum chemistry [164], and the integrals encountered
here solved in that work. We also note that the single dot case has been considered in
Refs. [134, 103].
We start by evaluating the evolution operation U (t), where the Schrodinger picture
|S(t)i = U (t)|Si. Taking J → 0 for the far detuned regime, we solve analytically the equation of motion any spin state of the (1,1) subspace. In particular, we take the Hamiltonian
of Eqn. 6.10 and write it in the form two effective fields, each acting separately on one spin.
The evolution operator, U (t) = exp(−iHt/~) can be factorized as U (t) = Ul (t) ⊗ Ur (t),
where
~ +B
~ nuc,i ] · S
~i )
Ui (t) = exp(−iγe t[B

(6.27)

acts only on the spin in dot i. As each is spin 1/2, we may take advantage of the algebra
~ = cos(φ) + i(2~n · S)
~ sin(φ) for |n| = 1, write
of Pauli operators, and using exp(iφ(2~n · S))
~i sin(ωi t)
Ui (t) = cos(ωi t)1 − 2i~ni · S

(6.28)

~ +B
~ nuc,i |/2 and ~ni = (xi , yi , zi ) ∝ B
~ +B
~ nuc,i is of length 1.
where ωi = γe |B

√
If the system is prepared by RAP in the state |S(t = 0)i = (|↑↓i − |↓↑i)/ 2,

and subsequently measured using RAP to distinguish the singlet and triplet subspaces, the
measurement probes the state’s autocorrelation function, i.e., the probability of remaining a
singlet after a time t. The autocorrelation function is a function of t and external magnetic
field, B:
ASS (t, B) = |hS(t)|S(t = 0)i|2
= | cos(ωl t) cos(ωr t) + ~nl · ~nr sin(ωl t) sin(ωr t)|2

(6.29)
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Figure 6.12: Pulse sequences: detuning parameter ǫ versus time, for (a) RAP for measurement of the singlet autocorrelation function, (b) SAP for the exchange-gate sequence, and
(c) the singlet-triplet echo sequence. Blue is the charge transition region, while yellow is
the far detuned regime. The charge degeneracy point (the crossing from (1,1) to (0,2)) and
the degeneracy between |S̃i and |T+ i (when j(ǫ) = γe |Bext |) are shown for reference.
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To obtain the signal in the quasi-static approximation, Eqn. 6.29 must be averaged over the
different possible nuclear field values.
~ = 0,
The signal expected at zero magnetic field may be evaluated now. When B
the properties of ~ni within the QSA are described by hni,µ nj,ν i = δij δµν /3. Averaging over
nuclei, the signal is
ASS (t, 0) = hcos2 (ωl t)inuc hcos2 (ωr t)inuc +
1
hsin2 (ωl t)inuc hsin2 (ωr t)inuc
3

(6.30)

where
hcos2 (ωi t)inuc =
hsin2 (ωi t)inuc =

1
∗ 2
1
∗ 2
) )] ,
[1 + e− 2 (t/T2,i ) (1 − (t/T2,i
2
1
∗ 2
1
∗ 2
[1 − e− 2 (t/T2,i ) (1 − (t/T2,i
) )] .
2

∗ = (γ B
−1
We recall that T2,i
e nuc,i ) . A distinct difference of this model from other dephasing

mechanisms is the order 10% overshoot of the decay at short times, and the asymptoptic
approach of ASS (t ≫ T2∗ , 0) to 1/3. A classical master equation would exhibit neither
of these features; they are unique identifiers of the quasi-static regime, in which different
coherent dynamics are averaged over many realizations. Numerically we find that the
qualitative behavior of ASS (t, 0) (overshoot and saturation at 1/3) does not depend on
Bnuc,l /Bnuc,r for variations of up to 50%.
Another regime of interest is when the external field is much larger than the
~ ≫ Bnuc,i ). Spin-flip terms are highly suppressed and the system
effective nuclear fields (|B|
√
is restricted to two levels, |Si and the ms = 0 triplet, |T0 i = (|↑↓i + |↓↑i)/ 2. This
is described by the Hamiltonian of Eqn. 6.13. This effective two-level system’s evolution
operator is straightforward to evaluate, again using the algebra of Pauli operators, but now
for the psuedo-spin of |Si and |T0 i (for example, σz = |T0 ihT0 | − |SihS|). Working with
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j = 0, the singlet autocorrelation function before averaging within the QSA is
|hS(t)|S(0)i|2 = cos2 (ωB t) ,

(6.31)

γe
2 (Bnuc,l,z

− Bnuc,r,z ). Using the QSA, the variable ω̂ may be considered as a ranq
√ ∗
∗ )−2 + (T ∗ )−2 .
= 21 (T2,l
dom (stochastic) gaussian-distributed variable of rms width σω = 1/ 2T2,eff
2,r
with ω̂ =

∗
is the single-dot time-ensemble-averaged
When both dots are of equal size, T2,eff

dephasing time, as described in Section 1.3.2. The signal may be averaged over all initial
nuclear field configurations, to give
ASS (t, B ≫ Bnuc ) = hcos2 (ω̂t)i =

2
∗
1
[1 + e−(t/T2,eff ) ]
2

(6.32)

as the expected signal in the QSA. Qualitatively, the decay of the autocorrelation function
∗ . Similar to
ASS due to the nuclear field is described by Gaussian decay with a timescale T2,eff

the case of zero magnetic field, the behavior of this autocorrelation function is independent
of variations in dot size up to ≃ 50%.
The logical qubit.
With the T± states split off by an applied field B ≫ Bnuc , the states S and T0 form
an effective two-level system (or qubit). To facilitate the following discussion, we define a
Bloch sphere for the S − T two-level system that has S and T0 at the north and south poles
(z axis) and the eigenstates of the instantaneous nuclear fields within this subspace, ↑↓ and
↓↑, as the poles along the x axis (see Fig. 6.13A).

6.3.3

Dephasing of the separated singlet.
The pulse sequence described in Fig. 6.13A is used to measure the dephasing of the

separated singlet state as a function of the time τS that the system is held at large detuning
(with J(ǫ) < g∗ µB Bnuc ). This time is a T2∗ time (the star indicates an average over many
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Figure 6.13: (A) Pulse sequence used to measure T2∗ . The system is initialized into (0,2)S
and transferred by rapid adiabatic passage to the spatially separated S state (see text). With
T± separated by Zeeman field, S and T0 mix at large detuning (light blue region), where
hyperfine fields drive rotations about the x axis in the Bloch sphere. After a separation
time τS , the state is projected onto (0,2)S. (B) Singlet probability, PS , measured using the
calibrated QPC charge sensor, as a function of τS at 100 mT (black curve) and 0 mT (red
curve). For τS ≪ T2∗ , the singlet state does not have ample time to dephase, and PS ∼0.
For τS ≫ T2∗ , PS ∼0.7 at 100 mT and PS ∼0.5 at 0 mT. Semiclassical model of dephasing
due to hyperfine coupling [164] predicts PS ∼ 1/2 at high field and PS ∼1/3 at zero field.
Fits of the model (solid curves), including a parameter adjusting measurement contrast,
give T2∗ =10ns and Bnuc = 2.3 mT.
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experimental runs), as relative phase evolution of the separated spins can convert the initial
singlet into a triplet, which will not be able to return to (0,2)S. The (0,2)S initial state
is prepared each cycle by allowing tunneling to the reservoir with (0,2)S below the Fermi
level of the leads, and the (0,2) triplets above. Through a process in which an electron is
exchanged with the leads, (0,2)S is prepared. The state is then separated into (1,1) using
rapid adiabatic passage, where ǫ is swept from a positive value to a large negative value
quickly (∼1 ns) relative to the nuclear mixing time, ∼ ~/(g∗ µB Bnuc ) but slowly compared
to the tunnel splitting of the hybridized charge states ∼ ~/J(0). This yields a separated
singlet, S. Following a separation time τS the state is projected back onto (0,2)S, again
using rapid adiabatic passage, and the system is held at the measurement point for a time
τM ∼ 5-10 µs < T1 .
The average singlet probability measured after a separation time of 200 ns, PS (ǫ,B,
τS = 200ns), is shown in Fig. 6.7C as a function of detuning at the separation point and
applied field 4 . Evident in the data is a funnel-shaped feature where S and T+ cross (vertical
green line in Fig. 6.7B) and are rapidly mixed by hyperfine fields. The degeneracy occurs
at J(ǫ) = g∗ µB B, allowing J(ǫ) to be measured (Fig. 6.7D) by mapping the location of
this feature in PS (ǫ, B). At larger detuning, where J(ǫ) < g∗ µB Bnuc , the S and T states
approach degeneracy and are susceptible to hyperfine mixing, which reduces PS (light blue
area of Fig. 6.7B). When all three degenerate triplet states can mix with S at large detuning,
which further reduces PS compared to the finite field case.
For applications involving the manipulation of entangled pairs of electrons, a relevant question is how long the electrons can be spatially separated before losing phase
coherence. We measure this time by varying the singlet separation time τS . The time evo4

The separation detuning can be changed by keeping pulse displacements fixed and sweeping the measurement point detuning using dc gates, or by keeping the measurement point fixed and changing pulse
parameters.
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lution of the average singlet return probability, PS (τS ), measured using the pulse sequence
in Fig. 6.13A with ǫ = -6 mV, is shown in Fig. 6.13B. As τS increases, PS decreases from ∼1
on a 10 ns timescale, saturating after 20 ns to PS ∼ 0.5 (0.7) for B= 0 (100) mT. A semiclassical model of dephasing of the separated singlet was investigated in [164]. It assumes
independent quasistatic nuclear fields acting on the two spins [134] and ideal measurement
contrast, and yields Gaussian-like decay from PS (τS = 0) = 1 on a timescale to long-time
saturating values PS (τS ≫ T2∗ ) = 1/3 for B ≪ Bnuc and PS (τS ≫ T2∗ ) = 1/2 at B ≫ Bnuc .
The field dependence reflects the lifting of the triplet degeneracy with external field. Fits
to the measured PS (τS ) yield T2∗ = 10 ± 1 ns, corresponding to Bnuc = 2.3 mT, consistent
with previous measurements [96, 14]. An observed ∼40% reduction of contrast is treated
as a fit parameter. The predicted weak overshoot of PS for B = 0, a remnant of Rabi
oscillations [164], is not seen in these data.
As shown above, the singlet state autocorrelation functions we find using the quasistatic approximation agree well with experiment. In particular, experiments measured a
gaussian decay of the spin singlet state with a characteristic timescale T2∗ ∼10 ns, which
agrees with simple estimates of T2∗ based on sample size and GaAs hyperfine coupling
parameters. In addition, the field dependence observed in experiment is in good agreement
with theory. However, the long τS predictions for ASS at both small and large external
magnetic field are off by nearly a factor of two. This discrepancy can be explained by
reduced measurement contrast due, e.g., to coupling to the nearby Fermi seas. Fast readout
of the charge state may improve the measurement efficiency of this setup [61].

6.3.4

Probing the exchange gate through adiabatic techniques
We now indicate how slow adiabatic passage at large external magnetic field allows

measurement of the results of an exchange gate. In particular, SAP allows for preparation
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and measurement of the individual spin eigenstates, |1/2, −1/2i and |−1/2, 1/2i. An exchange gate leads to partial rotation between these states, where the rotation angle is given
by the product of the exchange energy during the gate, j, and the time the exchange energy
is non-zero, tE . Finally, reversing SAP takes the lower energy eigenstate (|s, −si) back to
|(0, 2)Si while the higher energy eigenstate (|−s, si) is mapped to |T0 i, a (1,1) charge state.
The final measurement determines whether the final state is the same as the initial state
(the (0,2) result) or has changed to the state with the two spins exchanged (the (1,1) result).
Thus, preparing the state |1/2, −1/2i and measuring in the same basis distinguishes the
results of the exchange-based rotation of the two-spin state. For example, when the prob√
ability is 50% for either measurement result, a SWAP gate has been performed. When
the probability goes to 100% of recovering the higher energy eigenstate (measuring (1,1)),
a complete swap of the two spins has occurred (SWAP).
To explain the experiments in more detail, we start by considering the the role of
the nuclear field in the procedure. By preparing the system in a state |s, −si and measuring
in the |s, −si, |−s, si basis (individual spin basis) the stochastic nature of the hyperfine field
does not play a role in the measurement within the QSA. In the |s, −si, |−s, si basis, SAP
loads into the current lower energy eigenstate of the nuclear spin system, which is |s, −si and
s = ±1/2 is determined by the current sign of ω̂. After preparing this state, we perform the
resonant exchange gate of angle θE = Jt/~ where t is the time spent waiting with exchange
energy J. This leads to a rotation of the state |s, −si to
|s, −si → cos(θE /2)|s, −si − i sin(θE /2)|−s, si .
The resulting oscillations demonstrate coherent swap operations, where

(6.33)
√

SWAP is a maxi-

mally entangling operation; in addition, it operates in a basis rotated π/2 from the singlettriplet measurements of the previous section. The measured signal corresponds to the
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probability of returning to the lower energy eigenstate, and is given by
As,−s (t) = ||s, −s(t)ihs, −s||2
= cos2 (θE /2) .

(6.34)
(6.35)

If the exchange term j ≤ Ω, then additional effects due to nuclei would be observed; we
evaluate these below.
For comparison, if the final pulse (S’ to M) were to occur in the rapid adiabatic
regime, this would measure in the |Si, |T0 i basis (singlet-triplet), and while each term would
go to either singlet or triplet, the inability to know which state we started in, combined
with the system changing from starting in |s, −si to |−s, si as the sign of the nuclear field
gradient, i.e., ω̂, changes, leads to a total signal with zero contrast when averaged over long
times (just 50% triplet and 50% singlet).
We emphasize that the combination of RAP for preparation (prepares |Si), SAP
for preparation (prepares lower energy eigenstate of the nuclear field, |±i), RAP for measurement (spin-to-charge in |Si, |T0 i basis) and SAP for measurement (spin-to-charge in
current eigenstates of the nuclear field, |±i), when combined with the exchange gate (rotations of |±i to |±i + i|∓i) allows for full state tomography in the |Si, |T0 i subspace.

6.3.5

Spin SWAP and Rabi oscillations in the ↑↓, basis
Experiments measured the probability of staying in the lower energy eigenstate,

As,−s as a function of both detuning and exchange time, tE . Clear oscillations in As,−s
were observed, indicating coherent spin rotations. The dependence of As,−s on ǫ and tE was
consistent with theoretical predictions calculated using a calibration curve of j(ǫ) obtained
by measuring the S-T+ resonance condition as a function of Zeeman energy splitting. In
the experiments, a contrast of ∼45% was obtained. The fastest π-pulse time achieved using
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this setup was ∼350 ps. These experiments demonstrated that fast electrical control of J(ǫ)
can be used to coherently manipulate two-electron spin states in the double dot.
By initializing from (0,2)S using slow ramping of detuning, the (1,1) system can
be initialized into the ground state of the nuclear field (defined as ↑↓, see Fig. 6.7D, inset)
instead of the singlet state, S. This initialization scheme is illustrated in Fig. 6.14A: after
preparing (0,2)S (as described above) detuning is swept to ǫ < 0 slowly relative to tunnel
splitting but quickly relative to the nuclear mixing time through the S − T+ degeneracy.
The system is then ramped slowly compared to the nuclear mixing time (τA ∼1 µs ≫ T2∗ ) to
large negative detuning. This slow lowering of J(ǫ) leads to adiabatic following of the initial
state S into the state ↑↓, the ground state of the Hamiltonian with J = 0 5 . Readout follows
the same steps in reverse: ramping slowly out of the large detuning region unloads ↑↓ to S
and ↓↑ to T0 . Then, moving quickly though S − T+ degeneracy and finally projecting onto
(0,2)S measures the fraction that was in the state ↑↓ prior to readout. Once initialized in
↑↓, the application of a finite exchange J(ǫ) for a time τE rotates the spin state about the z
axis of the Bloch sphere, in the plane containing ↑↓ and ↓↑, through an angle φ = J(ǫ)τE /~.
The case J(ǫ)τE /~ = π constitutes a SWAP operation, rotating the state ↑↓ into the state
↓↑.
Figure 6.14B shows PS (ǫ, τE ) oscillating as both a function of τE and ǫ with minima of the singlet probability corresponding to J = π, 3π, 5π,.... The inset shows theoretical
predictions PS = {1 + cos[J(ǫ)τE /~]}/2 using values for J(ǫ) obtained independently from
the S − T+ resonance measurement as in Fig. 6.7C. In Fig. 6.14C we plot exchange oscillations at the four values of detuning marked by the dashed lines in Fig. 6.14B. Data are fit
using an exponentially damped cosine with offset, amplitude, decay time, and phase as fit
5

We have verified that the system is in the ground state of the nuclear fields by varying the pulse
parameters τS and τS ′ . No dependence on these parameters is observed when varied as in the singlet-triplet
spin echo measurements.
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Figure 6.14: (A) Pulse sequence demonstrating exchange control. After initializing into
(0,2)S, detuning ǫ is swept adiabatically with respect to tunnel coupling through the S − T+
resonance (quickly relative to S − T+ mixing) , followed by a slow ramp (τA ∼1 µs) to large
detuning, loading the system in the ground state of the nuclear fields ↑↓. An exchange
pulse of duration τE rotates the system about the z axis in the Bloch sphere from ↑↓ to ↓↑ .
Reversing the slow adiabatic passage allows the projection onto (0,2)S to distinguish states
↑↓ and ↓↑ after time τE . Typically, τS =τS ′ =50 ns. (B) PS as a function of detuning and τE .
The z-axis rotation angle φ = J(ǫ)τE /~ results in oscillations in PS as a function of both ǫ
and τE . Inset: Model of PS using J(ǫ) extracted from S − T+ resonance condition assuming
g∗ = −0.44 and ideal measurement contrast (from 0 to 1). (C) Rabi oscillations measured
in PS at four values of detuning indicated by the dashed lines in (B). Fits to exponentially
damped cosine function with amplitude, phase, and decay time as free parameters (solid
curves). Curves are offset by 0.3 for clarity. (D) Faster Rabi oscillations are obtained by
increasing tunnel coupling and by increasing detuning to positive values, resulting in π-pulse
time of ∼300 ps.
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parameters. To achieve faster π-pulse times, J(ǫ) can be increased by setting VT to increase
interdot tunnel coupling and by moving to less negative (or even positive) detunings during
the exchange pulse (Fig. 6.14D). The fastest π-pulse time obtained using these methods is
∼ 300 ps 6 .
We note that the observed decay time of Rabi oscillations is proportional to the
Rabi period, suggesting that dephasing scales with the value of J(ǫ) during the exchange
pulse, and may reflect gate noise during the τE interval. The contrast (∼45%) seen in
Figs. 6.14B,C is consistent with the contrast obtained in the singlet separation measurement
of T2∗ .

6.3.6

Errors in exchange gates
The primary error in exchange gates is likely due to charge-based dephasing and

is directly related to the parametric dependence of the exchange energy, J, on gate voltages
near the charge transition. In addition, other errors are possible due to the stochastic nature
of the nuclear field. For example, there is the possibility that the current value of the field
gradient frequency, ω̂, is sufficiently small to make the initial and final transfer stages nonadiabatic. Also, the gradient can flip sign in the course of the experiment. Finally, finite
residual exchange interaction during SAP reduces effectiveness. We consider each of these
in turn below.
In the far detuned regime, the energy gap between the (1,1) singlet/triplet space
and higher orbital states, as well as (2,0) and (0,2) charge states, is large (of order υ, the
orbital level spacing of a single dot, and Ec /2, the single dot charging energy, respectively).
At dilution refrigerator temperatures, this energy gap is many times greater than kb T , and
absorption of a quanta of energy from the environment leading to incoherent excitation
6

Two synchronized Tektronix AWG710B pulse generators are used for the fast Rabi measurements.
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Figure 6.15: Level structures of the double dot system in the (a) far detuned regime, with
charge dephasing shown, and (b) near the charge transition with charge-based decay and
dephasing.
may be neglected. Also in this regime, the residual exchange splitting is both numerically
small and insensitive to first order fluctuations in detuning, ǫ, leading to little chargebased dephasing due to differential coupling of the |Si state to the doubly occupied states
when compared to the |Tm i states’ couplings to doubly occupied states. The system remains
sensitive to charge-based dephasing up to second order due variations in the tunnel coupling,
t. If we can write variations of t from the mean as δt, its correlation function is given
generally by
2

hδt(u + τ )δt(u)i = ~

Z

dω St (ω)eiωτ .

(6.36)

P
The corresponding phase noise term in the Hamiltonian is V11 = ηδt(u)( m |Tm ihTm |−

|SihS|)/2 where η =

8tJ
Ec2

. 10−3 , again using Ec = 5 meV, J = 0.3 meV, and hti = 0.01

meV.
As an example, a coherence between the |Si and |Tm i subspace in the far detuned
regime could be expected to decay due to the noise on t according to
iη

he− ~

Rτ
0

du′ δt(u′ )

i = exp(−η 2

Z

dω St (ω)

sin2 (τ ω/2)
)
(ω/2)2

(6.37)

While we consider a variety of noise sources in Appendix C.2, it is instructive here to
take the case of white noise spectrum with St = γ0 /2π. It leads to exponential decay of
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coherences between |Si and states of the |Tm i subspace with a constant γt = η 2 γ0 . In
general, as η ≪ 1, this decay will be negligible.
The charge transition will have stronger dephasing when compared with the far
detuned regime. In addition to inelastic decay of the excited adiabatic state to the ground
adiabatic state, the system is susceptible to fluctuations in both ǫ and t, as J is potentially
large and strongly dependent on gate parameters. In so far as the power spectra associated with t and ǫ have no appreciable spectral components at frequencies of order E, the
excitation/relaxation terms between |G̃i and |S̃i may be neglected. Then we may restrict
considerations to dephasing of coherence between the subspace of |Tm i and the state |S̃i,
and write the effective Hamiltonian as
X
V11−02 = [η ′ δt(τ ) + η ′′ δǫ(τ )][
|Tm ihTm | − |S̃ihS̃|]/2

(6.38)

m

ǫ
and η ′′ = 12 (1+ ǫ/2+E
). The accompanying noise is given again by Eqn. 6.37,
p
but with η = (η ′ )2 + (η ′′ )2 and the power spectrum replaced with

with η ′ =

2t
ǫ/2+E

S11−02 (ω) =



η′
η

2

St (ω) +



η ′′
η

2

Sǫ (ω)

(6.39)

While η ′ may be small (η ≪ 1), near the charge transition η ′′ is of order unity. This indicates
that noise in the detuning parameter ǫ has significant repercussions for coherences between
singlet and triplet states during exchange gate operation.
We consider charge-based dephasing for the exchange gate according to Eqn. 6.37.
In all cases we assume the spectral function has a high-frequency cutoff γ such that γ ≪ J.
This assumption prevents dephasing noise from producing population changes (relaxation)
due to energy conservation. Additionally, we rewrite the expected probability of maintaining
phase coherence (Eqn. 6.37) as
exp(−η 2 P )

(6.40)
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where P =

R
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2

(τE ω/2)
dω S(ω) sin(ω/2)
is set by the spectral function and the time of the exchange
2

gate, τE . This allows separation of the interaction strength (η) and the noise spectrum.
Each spectrum considered has a normalization parameter ν such that S(ω) has units of
inverse time.
We note that in general, the number of observable exchange oscillations will be
limited by these dephasing processes. By finding T2 = P −1 (η −2 ) the observable number of
oscillations goes as T2 J/~. When, for example, S(ω) = Γ/2π, we may easily invert P (t)
and find T2 = η −2 /Γ.
Comparing the behavior of the ohmic and super-ohmic cases to the 1/f case (see
Appendix C.2), the limiting value of P for the super-ohmic case and the power law tail
of the ohmic decay indicates that for small coupling parameter η, the super-exponential
1/f terms (going as a gaussian) will dominate at long times. For very short interaction
times, all three will be less than the white noise contribution, which goes linearly in time.
The different behaviors are shown in Fig. 6.16. Comparing to Ref. [151], it seems likely
that 1/f and white noise terms contribute most to the observed decay of oscillations in the
experiment.
This indicates that electrical control of exchange interactions in double dot systems
may be relatively robust with respect to nuclear spin degrees of freedom. However, during
the exchange gate, the system is susceptible to charge-related dephasing. The observed
decay of oscillations of Ref. [151], in which the decay rate appears to match the exchange
energy such that the number of exchange oscillations observed is independent of the detuning, is qualitatively similar to the behavior of oscillations in the presence of sub-ohmic
noise. A more detailed experimental analysis of the noise will be required before a direct
comparison between experiment and theory will be possible.
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Figure 6.16: Decay of exchange oscillations for the four scenarios (clockwise from lower
left): white noise, 1/f , ohmic, and super-ohmic (ω 2 ). White corresponds to probability 1
of ending in the initial state |s, −si after exchange interaction is on for a time τE (bottom
axis), while black is probabiliy 0 of ending in the initial state. Tunnel coupling is taken
to be 10 µeV, and the spectral density (ν) is chosen for similar behavior near ǫ = 50 µeV.
Note that 1/f terms increase decay in the slow oscillation limit, while increasing powers
of ω (white noise=0, ohmic = 1, super-ohmic = 2) lead to more oscillations for smaller
exchange energies.
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Exchange gates and echo techniques
The techniques of rapid adiabatic passage, slow adiabatic passage, and time-

resolved control of the exchange interaction in the previous section have far reaching consequences. In this section, we consider how exchange gates can undo the effect of the
quasi-static nuclear field, greatly reducing the deleritous effects of nuclear spins on electron
spin coherences.

6.4.1

Spin-echo in the singlet-triplet basis
Since the nuclear fields vary slowly on timescales compared to a typical pulse cycle

time, a spin-echo pulse sequence can be used to refocus the spin singlet state. A spin-echo
pulse sequence based on fast electrical control of the exchange interaction was demonstrated
in Ref. [151]. The experiment starts by using RAP to transfer |(0, 2)Si to |Si, preparing
a separated singlet pair of electron spins. As demonstrated in the T2∗ experiment, the
hyperfine interaction mixes the singlet and triplet states on a 10 ns time scale. After a
separation time tS , a π exchange pulse (SWAP) is performed by adjusting the detuning to
a region with a finite exchange energy. The exchange energy is then set to zero by moving
to the far detuned regime for a time tS ′ , during which the singlet state refocuses.
The dephasing due to hyperfine interactions occurs by producing a relative, unknown phase between |↑↓i and |↓↑i. Switching between these two states via exchange gates
will produce an echo (recovery of the original state, |Si) if the waiting time before and
after the SWAP operation is the same. In other words, the pseudo-spin of |Si and |T0 i (the
ms = 0 subspace) is amenable to echo techniques using exchange interactions.
We will use the pulse sequence of Fig. 6.12c. In the far detuned regime at finite
field, |Si and |T0 i mix due to nuclei, as per the Hamiltonian of Eqn. 6.13. This mixing is
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driven by a relative constant, but unknown, energy, corresponding to the current value of
~ω̂ = g∗ µB (B̂nuc,l,z − B̂nuc,r,z ) .

(6.41)

It is convenient to rewrite the Hamiltonian (Eqn. 6.13) using Pauli matrices with states
|Si, |T0 i as a psuedo-spin, in our logical basis defined above (recall that σz = |T0 ihT0 | −
|SihS|). For these two states, the effect of nuclei is given by the effective Hamiltonian
Hef f = ~ω̂σ̂x /2 .

(6.42)

For example, using the T2∗ pulse sequence (Fig. 6.12a), the probability of ending in the
singlet as a function of τS is
Trnuc



−iτS ω̂σ̂x /2

h0|e

|0i

2



.

(6.43)

If the system starts in the |Si state, evolution of the system is governed by the propagator
Unuc (t) = e−itω̂σ̂x /2 , and measurement yields the probability of returning to the singlet
state. This is immediately evaluated to give Trnuc [| cos(ω̂τS /2)|2 ] = 12 [1 + exp(−hω 2 iτS2 /2)].
As should be expected, this duplicates the result of the previous section.
Now, we consider how this result changes with the more complex sequence given by
Fig. 6.12c, in particular its dependence on τE and τS ′ . If τE = 0, then nothing has changed
from before, except now the system evolves according to Unuc (τS ′ )Unuc (τS ) = Unuc (τS + τS ′ ).
However, what happens with finite τE ?
For our reduced two-level system, when τE 6= 0 the effective Hamiltonian during
this stage is given by
Hef f,E = ~ω̂σ̂x /2 + J(ǫE )σ̂z /2 .

(6.44)

Taking the turn-on of finite J to be instananeous, the total evolution operator is
U (τS ′ , τE , τS ) = Unuc (τS ′ ) exp(−iHef f,E τE /~)Unuc (τS ) .

(6.45)
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When the exchange energy for the middle point satisfies J(ǫE ) ≫ γe Bnuc , we approximate
the middle term of the evolution operator by UE (τE ) ≈ exp(−iτE J(ǫE )σ̂z /2~).
At the end of the pulse sequence, the probability of returning to the state |(0, 2)Si
(C) is given by
C = Trnuc



−iτS ′ ω̂σ̂x /2 −iτE J(ǫE )σ̂z /2~ −iτS ω̂σ̂x /2

h0|e

e

e

|0i

2



.

(6.46)

To see the analogy between this evolution and a spin echo experiment, we insert unity after
the initial ket, i.e., |0i = eiJ(ǫE )σ̂z /2~e−iJ(ǫE )(−1)/2~|0i, as 0 is the -1 eigenstate of σz . The
overall phase is irrelevant due to the absolute value terms, and so we rewrite the above as
C = Trnuc



−iτS ′ ω̂σ̂x /2

h0|e




2
−iτE J(ǫE )σ̂z /2~ −iτS ω̂σ̂x /2 iτE J(ǫE )σ̂z /2~
|0i
.
e
e
e

(6.47)

The term in parenthesis, an exchange gate, is a rotation of angle θE = τE J(ǫE )/~ about
the z axis of the psuedo-spin. It acts on the operator Unuc (τS ) = e−iτS ω̂σ̂x /2 , flipping the
sign of the σx operator when θE = π (SWAP).
We can probe its effects by analogy with standard spin echo. For example, when
θE = π, we get C =

1
2 [1

+ exp(−hω 2 i(τS − τS ′ )2 /2)]. This means the dephasing due to

nuclei in the first half of the sequence is exactly undone when the rephasing time is equal
(τS = τS ′ ). For fixed τS + τS ′ , the probability of returning to the singlet state as a function
of τS − τS ′ and τE should exhibit 50% mixing expected for dephasing when |τS − τS ′ | > T2∗ ,
and when τE J/~ is not an odd integer multiple of π. For example, setting τS + τS ′ = 100
ns, and using ǫE such that J(ǫE ) = ~γe (20 mT), the probability exhibits this behavior (as
shown in Fig. 6.17).
In practice, the instantaneous approximation breaks down in realistic situations, as
does the J ≫ γe Bnuc assumption. The former is easily fixed by noting that such a “Rabi”
R
type pulse only has sensitivity to the integrated area, i.e., θ = J(ǫ(t))dt. The latter
requires working with finite τE Ω. This effect has been considered in detail elsewhere [182].
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Figure 6.17: Expected signal (probability of returning to the singlet state) using the pulse
sequence in Fig. 6.12c for fixed τS + τS ′ and as a function of τS − τS ′ and τE . The exchange
energy j is taken to be 1.5 µeV. White indicates probability 1 that we end in (1,1)S; black
is probability 1/2 that we end in (1,1)S.
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Singlet-triplet spin echo: experiment
Voltage controlled exchange provides a means of refocusing the separated singlet to

undo dephasing due to the local hyperfine fields. The pulse sequence is shown in Fig. 6.18A
and is similar to refocusing sequences used in NMR [168, 191]. The separated singlet, S, will
dephase at large negative detuning (J(ǫ) ∼ 0) due to local hyperfine fields after a separation
time τS . In the Bloch sphere representation, hyperfine dephasing results in a rotation by a
random, nuclear-field-dependent angle about the x axis. Thus in each given run the Bloch
vector rotates by a random amount about the x axis. The dephased (1,1) state can be
refocused to S by applying a pulse of finite exchange J(ǫ) for a time τE , where J(ǫ)τE /~ =
π, 3π, 5π,..., which rotates the Bloch vector around the z axis by an angle π, 3π, 5π,..., and
waiting for a time τS ′ = τS .
The singlet probability PS (ǫ, τE ) measured using the spin-echo sequence (Fig. 6.18A)
is shown as a function of detuning and τE in Fig. 6.18B. Singlet recoveries (black regions) are observed for π, 3π, and 5π exchange pulses. A plot of the theoretical prediction
PS = {3−cos[J(ǫ)τE /~]}/4 (Fig. 6.18B, inset) using values for J(ǫ) measured independently
from the S − T+ resonance condition compares well with experiment. We note greater noise
in these data than in Fig. 6.14. We speculate that this noise, which is ∼ 100 times noisier
than the QPC sensor readout instrument noise, is likely due to slow fluctuations in the
nuclear system. Noise from a possibly similar origin was recently observed in dc transport
through a double quantum dot system [112]. Figure 6.18C shows PS (red) as function of
the difference in dephasing and rephasing times, τS − τS ′ , for increasing values of the total
time spent at large detuning, τS + τS ′ , averaged over 10 data sets. The finite saturation
value for PS reflects the reduced measurement contrast. Differences in τS and τS ′ result
in imperfect refocusing and decrease the recovery amplitude on a characteristic timescale
τS − τS ′ = T2∗ .
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Figure 6.18: (A) Spin echo pulse sequence. System is initialized in (0,2)S and transferred
to S by rapid adiabatic passage. After a time τS at large negative detuning, S has dephased
into a mixture of S and T0 due to hyperfine interactions. A z axis π-pulse is performed by
making detuning less negative, moving to a region with sizable J(ǫ) for a time τE . Pulsing
back to negative detunings for a time τS ′ = τS refocuses the spin singlet. (B) PS as a
function of detuning and τE . The z-axis rotation angle φ = J(ǫ)τE /~ results in oscillations
in PS as a function of both ǫ and τE . Inset: Model of PS using J(ǫ) extracted from the
S − T+ resonance condition assuming g∗ = −0.44 and ideal measurement contrast (from
0.5 to 1). (C) Echo recovery amplitude, PS , plotted as a function of τS − τS ′ for increasing
τS + τS ′ (red points), along with fits to a Gaussian with adjustable height and width. Best
fit width gives T2∗ = 9 ns, consistent with the value T2∗ = 10 ns obtained from singlet decay
measurements (Fig. 6.13B). Best fit heights (black points) along with exponential fit to the
peak height decay (black curve) give a lower bound on the coherence time T2 of 1.2 µs.
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For each value of τS + τS ′ , the data are fit to a Gaussian form giving T2∗ = 9 ± 2
ns, consistent with measurements of the singlet decay discussed above. The best fit heights
for each τS + τS ′ time are plotted as the black data points in Fig. 6.18C. A fit to an
exponential decay with an adjustable offset to correct for the finite measurement contrast
gives a characteristic coherence time of 1.2 µs, which sets a lower bound on T2 . Comparing
measured values of T2∗ and this bound on T2 , we note that a simple spin echo sequence
extends the coherence time of a spatially separated singlet by more than a factor of 100.
We find that two spin echo pulse sequences applied in series (Carr-Purcell) extends the
bound on T2 by at least another factor of two. The coherence time of our qubit using the
simple spin echo sequence exceeds the SWAP operation time by a factor of ∼ 8000. We note
that since the echo sequence relies on gate-voltage control of J(ǫ), it is susceptible to charge
dephasing during the exchange pulse. The interplay between charge dephasing during the
exchange pulse and dephasing due to nuclear processes warrants further investigation [39].

6.4.3

Probing nuclear spin dynamics through echo techniques
So far the analysis has worked entirely within the QSA. However, the echo sequence

in principle reveals higher order dynamical information about the nuclear field and other
noise sources. Rewriting the Hamiltonian as H = ~ΩÂz (t)σx /2 where Âz = Âz,l − Âz,r is
the renomalized difference of the two nuclear operators of each dot, and has the spectral
function
hÂz (t)Âz (t′ )i =

Z

′

dν S(ν)eiν(t−t ) ,

(6.48)

allows a large range of possible noise sources and correlation functions to be considered.
Assuming (for the moment) that the exchange gate is of high fidelity and insensitive to the
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current value of ω = ΩÂz , the measured result of the echo sequence is given by
C = |h0L | exp(i
tS

Z

Z

tS +tS ′

ΩÂz (t)dtσx /2
tS

ΩÂz (t)dtσx /2)|0L i|2
0
Z tS
Z tS +tS ′
2
ΩÂz (t)dt +
ΩÂz (t)dt)/2]
= cos [(

(6.49)

=

(6.51)

−i

=
where Ξ =

R tS +tS ′
tS

1 −iΩΞ
[e
+ eiΩΞ + 2]
4
1 −Ω2 hΞ2 i/2
[e
+ 1]
2

Âz (t)dt +

R tS
0

R

(6.52)

Âz (t)dt. The second moment of Ξ is

hΞ2 i = hΞ2S ′ i + hΞ2S i − 2hΞS ′ ΞS i
with hΞ2S ′ i =

(6.50)

0

tS

(6.53)

dν S(ν) ν42 sin2 (tS ′ ν/2) ≃ (tS ′ /T2∗ )2 and similarly for ΞS . The cross term,

corresponding to the correlations between the two frequencies, is
2hΞS ′ ΞS i =

Z

dν S(ν)

sin(tS ν/2) sin(tS ′ ν/2) i(tS +tS ′ )ν/2
.
e
(ν/2)2

(6.54)

Finally, when tS = tS ′ , the second moment is
hΞ2 i = 2

Z

dν S(ν)

sin2 (tS ν/2)
[1 − eitS ν ] .
(ν/2)2

(6.55)

R
For low frequency noise, with cutoff γ ≃ [ dν ν 2 S(ν)]1/2 ≪ 1/tS , we obtain hΞ2 i ≃
2(tS )2 × (tS γ)2 , or decay in the total wait time 2tS with an effective time constant
T2,SE = 81/4 (T2∗ /γ)1/2 .

(6.56)

Our evaluation has implicitly assumed that above the cutoff, γ, S(ω) dies off at least as
1/ω 3 . As indicated in Appendix A, this is appropriate for interaction times on the order of
microseconds—initial decay of the nuclear spin correlation function is quadratic. For longer
interaction times, different decay (going as exp(−t3 ) would be observed.
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Our predicted decay is consistent with the experiments of Ref. [151]. In appendix A
we derive γ due to electron spin-mediated nuclear spin exchange to be of order 10 ms−1 ,
giving T2,SE = 2 µs. However, addition exponential decay could be observed if the high
frequency cut-off assumed above has a too-slow decay, going as ω −2−ǫ with ǫ < 1. Furthermore, higher order pulse sequences, such as Carr-Purcell, will likely allow for extensions of
the echo signal to substanially longer times.
The experiments discussed in the previous sections demonstrate that the hyperfine interaction is efficient at dephasing an intially prepared spin singlet state on a 10 ns
timescale. By using a simple spin-echo pulse sequence, this bare dephasing time was extended by over a factor of 100, to times T2 >1.2µs. Further experimental effort will be
required to fully map out the nuclear correlation function and extend the lower bound on
electron spin coherence times.

6.5

Conclusions
We have shown how a model combining charge and spin interactions for two-

electrons in a double quantum dot effectively describes the experimental results of Refs. [96,
151]. By starting with the case of a single electron in a single dot, we developed the quasistatic approximation, and considered its applicability to describing current experimental
results.
The spin interactions with nuclear spins are extended to the double dot case, and
two regimes emerge: the far detuned regime, in which two electrons are in separate dots
and interact with independent nuclear fields, and the charge transition, in which the two
electrons may transition from a separated orbital state to a doubly-occupied, single-dot
state.
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This model was used to describe spin blockade, and we found spin blockade is
broken by interactions with nuclei near zero magnetic field, explaining the experimental
results of Johnson et al. (Ref. [96]). A striking magnetic field dependance is derived, consistent with observed experimental behavior. This indicates that the dominant mechanism
for spin blockade at finite magnetic field is trapping of the ms = ±1 separated spin states,
as their mixing with the charge-transition-allowed singlet |Gi is suppressed by finite Zeeman
splitting. Observation of the breaking of spin blockade near zero field provides a sensitive
measure of the magnitude of the random nuclear-spin-induced magnetic field.
Time-domain control of local potentials, achieved through manipulation of electrostatic depletion gates, provides powerful mechanisms for preparing and measuring spin
singlets, as well as eigenstates of the nuclear field. These techniques have been exploited
by Petta et al. to measure the effective dephasing of a two-spin entangled state, and to
probe via coherent oscillations in the ms = 0 two-spin subspace the exchange interaction as
controlled by gate voltages [151]. Limiting mechanisms for such oscillations, due to charge
fluctuations of indeterminate nature, are considered for a variety of environmental noise
spectra.
Finally, we analyzed how controlled exchange interactions can protect the electron
spin from the deleritous effect of nuclear spins by working within a two-spin subspace,
putting in specific terms protocols previously concieved more generally. We expect the
limiting mechanism for the rephasing of the two-spin states comes from corrections to the
quasi-static approximation, and as such, spin-echo experiments provide a useful measure of
the validity of this approximation.
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We investigate the controlled polarization of nuclear spins in a double quantum dot by pulsed control of the exchange interaction between two electron
spins. We develop a nuclear spin pumping technique and use it to achieve substantial non-equilibrium polarization of the nuclear spins. Furthermore, the
single spin-flip process is investigated,allowing for a detailed understanding of
the polarization process over a wide range of time scales.
Nuclear spins interacting with electron spins in the solid-state has long been a
topic of investigation, from early electron spin-nuclear spin double resonance (ENDOR)
experiments [131] to spin-dephasing and relaxation in bulk semiconductors [132]. More
recently, advances in fabrication technology and a new theoretical impetus to examine
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single electron spin systems from a quantum information science perspective has led to the
development of few electron, few quantum dot systems [33, 75, 189, 150]. For these systems,
spin interactions between the electron spin and the lattice nuclear spins (such as the Gallium
and Arsenide nuclei comprising the semiconductor) lead to substantial dephasing of electron
spin states, as observed in recent experiments [14, 151]. However, to date there have been
few experimental investigations into the back-action of electron spins upon the nuclear
spins of the lattice. Optical studies of self-assembled quantum dots and transport studies in
vertical quantum dot structures indicate that substantial polarizations of nuclear spins may
be induced, far beyond what might be expected from standard cross-relaxation experiments
such as ENDOR [77, 143].
In this work, we investigate the controlled polarization of nuclear spins in a double
quantum dot by pulsed control of the exchange interaction between two electron spins. Our
approach builds upon techniques developed by our group for previous experiments [96, 151],
in which pairs of electron spins are reliable initalized into a singlet state, then brought into
interaction with nuclear spins by reducing their exchange energy. Finally, spin-to-charge
conversion and nearby electrometers allow for readout of the the results of each controlled
interaction.
In more specific terms, we have a means for preparing and measuring separated
singlets of electron spin, |(1, 1)Si. Of particular interest is nuclear-spin mediated mixing
between |(1, 1)Si and the lowest energy Zeeman-split state of the triplet, |(1, 1)T− i. This
mixing occurs when the Zeeman energy matches the exchange energy of the double dot.
Finding the electrons in the singlet after interaction indicates that the electron spin state
remained a singlet; otherwise, an electron spin had to have flipped down. Spin conservation
requires that each electron spin flip is accompanied by a simultaneous nuclear spin flip. By
cycling the electrons many times, a substantial nuclear spin polarization can be established.
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We investigate both time-dynamics of the spin flip process and the limits to polarization.

7.1

Experimental setup
Experiments were performed in a dilution refridgerator with an electron temper-

ature ∼ 135 mK. A double quantum dot was formed by charging depletion gates on the
surface of a two-dimensional electron gas heterostructure (Fig. 7.1a). A nearby quantum
point contact, operated near the first conductance plateau, has a conductance g that depends upon the local electric field produced by the electrons in the double quantum dot.
Thus, the conductance g through the QPC is a direct measure of the charge state of the
double dot system. This approach has been detailed in Refs. [150, 152, 96, 151]. Additionally, a superconducting magnet produced a controlled perpendicular external magnetic
field, Bext .
The double dot system was depleted to the two-electron regime. The absence
of charge transitions, indicating that no electrons are in the system) was confirmed by
measuring the QPC conductance to large and negative voltages in both VL and VR [150, 152].
The total electron number in the double dot was controlled by changing VL + VR , while the
difference, Vdiag = VL − VR , determined the relative number of electrons in the left quantum
dot versus the right quantum dot. The QPC conductance, corrected for linear coupling to
the gates L and R, is shown in Fig. 7.1b near the charge transition from one electron in
each dot (1,1) to two electrons on the right (0,2).
The low energy states of the two-electron system near the charge transition consists
of two singlets, |(1, 1)Si and |(0, 2)Si, and a triplet, |(1, 1)T0,± i, where S indicates a singlet
spin state (Fig. 7.1c and also Chapter 6). When Vdiag is above the transition, the ground
state of the system is (0,2)S. The next (0,2) excited state, a triplet, was measured to have
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Figure 7.1: Schematic of the experimental setup (a) Electron micrograph of the double
dot. The metallic gates (gray) confine electrons in the double dot, while current through a
quantum point contact (black arrow) allows direct measurement of the electrostatic configuration of the double-dot system. (b) Charging energy diagram as a function of left (VL )
and right (VR ) gate voltages. Electron numbers in left and right dots are given as (nL , nR ).
During pulse sequences, the gate voltages are controlled together, along the line labelled
Vdiag . Increasing Vdiag leads to a transition from one electron in each dot (shown upper
left) to two electrons on the right (lower right); the energy difference between these two
states is ǫ. (c) Low energy spin states of the double dot system in the two-electron regime.
An avoided crossing occurs between the ground state of the two-electron single dot state
|(0, 2)Si, and the one-electron per dot state |(1, 1)Si. The triplet of the (1,1), corresponding
to the antisymmetric orbital state (shown split by Zeeman energy), has its avoided crossing
at a much larger value of Vdiag , corresponding to the introduction of a spin triplet state of
(0,2). (d) The pulse sequence used in the experiments. The system is at a point P for a
time tP , where electrons in the metastable triplet state can tunnel to the leads, and the
ground state of the double dot (0,2)S is filled. Then Vdiag is rapidly changed to the point
P ′ for a time tP ′ , near the avoided crossing. This reduces experimental ringing in the pulse
sequence. The voltage is then changed to the point I for a time tI , near the degeneracy
between the singlet and the lowest energy state of the Zeeman-split triplet. Finally, the
voltage is changed to M for a time tM ≫ tP , tP ′ , tI , where the different charge states (1,1)
and (0,2) may be measured by the QPC.
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a large (∼ 400µeV) energy spacing from the (0,2)S state at the magnetic fields used (. 100
mT), and is neglected in the following discussion. When Vdiag was below the transition, the
low energy (1,1) singlet and (1,1) triplet are nearly degenerate. At intermediate Vdiag values,
the two singlet states hybridize at the anti-crossing, as shown in Fig. 7.1c. The external
magnetic field produces a Zeeman splitting of the T± triplet states of Ez = ∓g∗ µB Bext . For
g∗ = −0.44, we define T− to be the lowest energy state of the triplet.
High frequency coaxial lines were connected to two gates (L and R, Fig. 7.1a)
allowing for fast manipulation of the local electric field by applying pulses using a Tektronix
AWG 520. A pulse sequence is shown in Fig. 7.1d: the system starts with large Vdiag
(point P), and the (0,2) singlet ground state is filled by co-tunneling to the leads in a time
tP = 400 ns. Shorter tP times (< 200 ns) led to a noticeable dependence of the signal on
tP due to imperfect preparation of (0,2)S. A pulse brings the system near the transition
(point P’), where it waits for a time tP ′ = 100 ns, allowing for ringing of the pulse to
damp before proceeding. Then, a pulse brings the system near the degeneracy between the
singlet state (hybridized |(1, 1)Si with the |(0, 2)Si state) and the lowest energy Zeemansplit state of the triplet, |(1, 1)T+ i. After waiting for a time tI , during which the electron
spin states may mix by spin flip mechanisms such as hyperfine coupling to lattice nuclei,
a final pulse brings the system to point M where the (1,1) triplet is metastable, while the
lowest energy singlet is the |(0, 2)Si state. At this point, the spin state of the electron has
been mapped to the charge state, and waiting for a time tM at this point allows for the QPC
to distinguish between the two states. The pulse sequence is repeated. By integrating the
QPC conductance measurement over many pulse cycles, the average probability of returning
to the singlet state, |(0, 2)Si, can be determined. Using bias-T junctions, we can change
the DC value of Vdiag while keeping the high speed changes to Vdiag fixed. As the P, P’, and
M points are insensitive to small changes in Vdiag , the observed features discussed below
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mainly correspond to physics occurring at the point I.

7.2

Electron spin-nuclear spin interactions

We now consider the interaction at point I of the pulse sequence. The system
√
is initially prepared (at P ) in the singlet state, with spin |Si = (|↑↓i − |↓↑i)/ 2. At
the interaction point (I), the singlet becomes near-resonant with the Zeeman-split triplet,
|T− i = |↓↓i. Taking into account the hybridization of the (1,1) and (0,2) singlet states, the
Hamiltonian in the basis |Si, |T− i can be written [39] (see also

√
J
B + cos θ/ 2

H = −
√
B − cos θ/ 2 Bext + B z

Chapter 6)




(7.1)

where θ is the mixing angle between the (1,1) and (0,2) singlets and
1
J(Vdiag ) = [κ(Vdiag − V0 ) −
2

q

κ2 (Vdiag − V0 )2 + 4t2 ] ,

(7.2)

is the exchange energy. The propotionality constant κ, offset V0 , and tunnel coupling t
are determined by fitting below. In the absence of transverse nuclear fields, a degeneracy
occurs when the detuning, δ = Bext + B z − J, is zero, as observed in Fig. 7.3a. The
z
z
effective nuclear field due to the hyperfine contact interaction is B z = Bnuc,l
+ Bnuc,r
and
±
±
~ nuc,l,r = P
~ 1 Previous experiments with the same
, where B
− Bnuc,r
B ± = Bnuc,l
k∈l,r λk Ik .

device indicate that Bnuc ≈ 3 mT and the number of nuclear spins in one dot is N ≈ 2×106 .

Near the detuning δ = 0, the transverse field from nuclear spins mediates mixing
between |Si and |T− i. Using the quasi-static approximation, the probability of an intial
singlet returning to the singlet state as a function of time tI spent at point I is

 2
Z
cos θ{B+ , B− }+
2
3
~
sin (ωtI /2)
PS (tI ) = 1 − dB ρ(B)
2ω 2
1

(7.3)

While B z,± are operators, in the large √
N and high temperature limit, we will treat them as classical
random variables with an rms Bnuc ≈ 4.0/ N Tesla in a quasi-static approximation [164, 134] (and also
Appendix A), where N is the number of nuclear spins in one of the dots.
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~ is the distribution of possible values of B.
~
δ2 + cos2 θ{B+ , B− }+ and ρ(B)

We expect dynamics to occur on a time scale given by the average Overhauser-induced
p
Larmor precession frequency, Ωnuc = g∗ µB cos θ h{B+ , B− }+ i/2 ≈ 0.1 ns−1 .
Using our experimental setup, we measured PT = 1 − PS (tI ) (c.f. Eq. 7.3). Setting

tM = 16 µs to have minimal polarization (as discussed in the next section), we scanned
the point I for different interaction times tI . Several field values (16, 24, 32 mT) were
used, but the data for 16 mT gives the widest voltage window over which the feature could
be observed and, correspondingly, the least sensitivity to electrical noise on the gates. A
schematic of this is shown in Fig. 7.2a; different Vdiag correspond to different detunings,
δ. In principle, this technique allows us to determine PS (tI , δ). PT (= 1 − PS ) is plotted
versus these parameters in Fig. 7.2b. Several characteristic features are notable: for tI . 10
ns, the probabilty of returning to the singlet was high. For somewhat longer times, when
δ = 0, PT was maximal (white). For even longer times, PT decreased somewhat. In addition,
for larger detunings δ > Ωnuc , two peaks can be observed in PT . This additional peak is
characteristic of the expected “ringing” from the coherent nature of the electron spin-nuclear
spin interaction [164, 39].
We investigated the ringing in more detail. A simple theoretical model in which the
nuclear magnetic fields are taken as classical, random variables with two fitting parameters
(contrast and Bnuc ) was fit to several slices at fixed δ (fixed Vdiag ) and varying tI . We use
a fixed nuclear polarization ∆B = 3 mT based upon the measurements described in the
following section. The fits and data are shown in Fig. 7.2c. Only times ≤ 40 ns were used
in the fitting. We found Bnuc = 3 ± 0.5 mT from the fitting; agreement is good only if
the “ringing” oscillations (expected from the classical random variable model) are included.
To investigate the long time behavior, over which corrections to the classical model may
become important, we measured PT for times up to 1 µs (Fig. 7.2d). For long times PT
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Figure 7.2: Time and energy dependence of the singlet–T+ resonance. (a) The low energy
states of the double dot are shown with a zoom in of the singlet–T+ resonance. Four points
of interest (i–iv) are given colors, used in (b) and (c). (b) With Bext = 16 mT, measured
BN = 3 mT, and tP , tP ′ , tM fixed, tI is varied. The probability of ending in a triplet state
is shown in grayscale. For tI < T2∗ , no appreciable population of triplet is observed, while
for long times the probability goes to 0.4. Ringing can be seen for Vdiag slightly off the
resonance. (c) Four detunings (i–iv, shown in colors red, green, dark blue, light blue) are
plotted versus tI . The experimental data is shown with (+), while theoretical fits are shown
as solid lines. The fit involves three parameters: T2∗ , the contrast C, and the Overhauser
field BN . The fitted values are consistent with previous experiments in the same device and
with the measured value of BN for the given pulse parameters. (d) Long time data showing
increasing PT for interacting times approaching 1 µs. The system shows possible additional
decay from the expected saturation value of PT = 1/3 at long times.
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continues to increase, approaching 45%. A small offset between the shorter time and longer
time data is observed, which we attribute to somewhat different calibrations. Correcting
for the offset would indicate a reduction of PT of 0.05 at long times. It has been argued
that PT < 50% at long times is expected in these models [1].
In addition to showing the expected behavior with respect to the hyperfine interaction, the time dependence of the S − T− resonance leads to a bound on the anisotropy
parameter α expected from the Dzyaloshinskii-Moriya interaction [32]. In the configuration
chosen, with external magnetic field applied in the perpendicular direction, the interaction leads to additional mixing between S and T− at a rate αJ/~2 . For the experiments,
J/g∗ µB = 19 mT, while the nuclear field mixing occurs due to a field of order 2.5 mT. With
error bars < 10%, this suggests that α < 10% in the current device.

7.3

Nuclear spin polarization

When the interaction time tI is much longer than the precession period of the
p
∗
electron spins in the transverse nuclear field (Ω−1
nuc = 2/g µB cos θ h{B+ , B− }+ i), the
probability of remaining in the singlet state is [39]
PS (tI → ∞) = 1 −

2Ω2nuc
.
δ2 + 4Ω2nuc

(7.4)

By observing the probability of ending in the singlet as a function of exchange energy (and
thus detuning) we would expect to find a Lorentzian dip at δ = 0. Accordingly, the centroid
of the peak in PS (tI → ∞) provides a measure of hBz i if the voltage dependence of J is
known (Fig. 7.3a,c).
The measured hBz i has two components: a thermal polarization (BT = (0.02K)Bext /T
for a spin temperature > 1 mK) and a possible, anamolous polarization ∆B due to pumping
2

√
The D-M interaction leads to mixing from a term αJ r̂ · (S 1 × S 2 ) = Jα/ 2|T− ihS| + H.c..
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Figure 7.3: The singlet–T+ crossing. The operating point for Figure 3 is shown with the
green arrow. (a) The QPC conductance is shown as Vdiag for the point I with times
{tP , tP ′ , tI , tM } = {0.4, 0.1, 0.1, 16}µs and the external magnetic field Bext are varied. For
Vdiag < −402.6 the entire pulse sequence is within the (1,1) charge stability island, with
a signal given in white, while for Vdiag > −401.2 the sequence is within the (0,2) charge
stability island, with a signal given in black. The narrow white feature (with the fit (red))
occurs at the degeneracy between the singlet and the T+ state, when the Zeeman energy
matches the bending of the singlet state’s energy near the avoided crossing. The additional
feature near Vdiag = −402.5 occurs due to the P ′ point being near the resonance, and is
an expected signal. (b) A plot of the expected shift of the resonance line’s position as the
nuclear spin polarization in the double dot system increases. A finite polarization leads to
an effective increase in the Zeeman energy, and is observable as a shift of the resonance to
higher Vdiag . (c) Holding Bext = 16 mT and tP , tP ′ , tI fixed, tM and Vdiag are varied. As the
over pulse sequence becomes longer, the resonance occurs for lower Vdiag , corresponding to
less nuclear spin polarization. (d) Using the fit from (a), the value of the Overhauser field
BN is plotted versus the number of pulse sequences per second, going both “with” (blue
circles) and “against” (red circles) the direction of polarization. A linear fit for “against”
and a square-root fit for “with” (red and blue lines) are consistent with the data for nuclear
fields larger than 3 mT ∼ Bnuc .
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of nuclear spins by electron spins. We remark that the small corrections due to thermal
polarization in the fitting above are only necessary for Tspin . 50 mK; the non-equilibrium
polarization is largely independent of the thermal component.
When the nuclear spin polarization is negligble (for example, if a long measurement
time is used between cycles to let nuclear polarization decay), measuring PS (t ≫ 1/Ωnuc )
as a function of the position of the I point and magnetic field allows us to find a mapping
between gate voltage and exchange energy, J (Fig. 7.3a). Assuming g∗ = −0.44, a fit to
Eq. 7.2 (Fig. 7.3a), indicates that tunnel coupling t/|g∗ |µB = 51 ± 1 mT. To determine the
extent of residual nuclear polarization, we set the external field to Bext = 24 mT, held all
the pulse parameters fixed and varied tM from 1 to 32 µs. For times tM ≫ 32 µs, the dip is
significantly reduced 3 . The location of the dip in PS was observed to move as a function of
tM , which corresponds with decreasing number of cycles per second and is consistent with
decreasing non-equilibrium polarization for lower spin flips per second (Fig. 7.3b). The fit
for J(Vdiag ) was obtained with tM = 16 µs indicates 3 mT of nuclear spin polarization, as
used above. With this fit form, we can use the measured location of a PS dip to determine
the shift in the effective magnetic field ∆B due to nuclear spin polarization.
We investigated the polarization of nuclear spins, ∆B, as a function of number of
pulse cycles per second, f . The frequency f is controlled by changing tM while keeping the
other times constant: tI = 0.2, tP = 0.4, tP ′ = 0.1 µs. For each frequency, the I point was
scanned, starting at Vdiag = −400.5 and ending at Vdiag = −402.8 mV (this direction of scan
is denoted “against”). The fit for J(Vdiag ) allowed us to converting peak position to a value
for ∆B. As cycles tends to zero, we expect that ∆B → 0; the long tM time data points
were used to set the zero for ∆B. The polarization, ∆B is plotted versus cycle frequency
in Fig. 7.3d. For cycle frequencies above 80 kHz, the polarization is a linear function of
3
By measuring this reduction at longer times, we can deduced the half-life of the metastable states
|(1, 1)T0,± i at the M point to be ∼ 60 µs.
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Figure 7.4: Simulation (top) and experimental results (bottom) of the polarization process
for different measurement times and “with” and “against” sweep directions. A spin diffusion
constant of D = 10−13 cm2 /s is taken.

the cycle frequency, which is consistent with a fixed probability of spin flip per cycle and a
fixed out-diffusion rate. However, for cycle frequencies from 30 to 80 kHz, the polarization
grows much more rapidly (apparently ∝ f 4 ) as a function of cycle frequency.

Curiously, a different polarization was observed when the I point was scanned in
the other (“with”) direction (starting at -402.8 mV and ending at -400.5 mV), as shown
in Fig. 7.4(left). The measured polarization is also shown in Fig. 7.3d. Even at low cycle
√
frequencies, the polarization is appreciable, and it appears to go as f . We expect the
difference in the two sweep directions to correspond to whether the sweep direction leads
to J(Vdiag ) following the changing Zeeman energy due to polarization (“with”) or going
against the changing Zeeman energy (“against”). We now develop a heurestic theory for
both directions.
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Theory of polarization in the weak polarization limit
We now consider a simple theoretical model for the polarization of the double-dot

system. During each cycle of the polarization process a spin-flip occurs when the singlet
is not detected, which occurs with probability p = 1 − PS (tI ). there is a (polarizationdependent) probability of spin flip, p(ρnuc ). Solving the dynamics of the system exactly
remains a difficult problem: each spin-flip event leads to correlations between different
nuclear spins, and would in principle require exactly solution of an extremely large Hilbert
space. It is these correlations that form the basis of the dark-state cooling model described
in Chapter 3. However, in this chapter, the long waiting time between cycles leads to
dephasing of the dark states through the Knight shift.
With this in mind, we develop a simple, heuristic model based upon several observations. First, uncorrelated nuclear spins described by density matrices ρk ∝ exp(−β k Izk )
lead to a calculable probability of spin flip, p({ρk }). We will parameterize the density matrix
by the polarization P k of the nuclear spins, to make the discussion more straightforward.
Second, in between each spin flip, a long measurement time (tM > 1µs) allows for phases
to randomize. If we make the further assumption that population correlations randomize
′

′

as well (ρqq → ρq ⊗ ρq ), we may describe the polarization process by a set of iterative
equations
P k (mT + T ) = P k (mT ) + fk [p({P k (mT )}), P k (mT )]

(7.5)

In what follows, we will develop a form for fk , expand the analysis to include nuclear
spin diffusion due to dipole-dipole interations, and then simulate the two sweep directions,
“with” and “against”, using the same parameters (sweep time, etc.) as the experiment.
We start by determing the form of fk . Spin conservation requires that

P

k fk

=

p({P k }). Using second-order perturbation theory for the Heisenberg operators Izk , the
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probability of flip for a given spin Izk should be proportional to λ2k h(I k )2 − Izk (Izk + 1)i.

4

For polarizations considered below, we may approximate this by λ2k . Neglecting diffusion
effects for now, during one pulse cycle we find the mapping
P k → P k + p({P k })λ2k
where we use the normalization

P

k

(7.6)

λ2k = 1. The probability of any given nuclear spin

flipping in one cycle is small (∼ 1/N ) so we can consider a differential equation over times
t ≫ T:

dP k
= p({P k })λ2k /τ .
dt

(7.7)

To include the effect of spin diffusion, we use the continuum limit (see Appendix E), with
P k → P (r)d3 r/v0 . Then
p(P̄ )λ2 (r)
dP (r)
= −D∇2 P (r) +
dt
τ

(7.8)

where
P̄ =

R

λ(r)P (r)d3 r
R
λ(r)d3 r

(7.9)

is the polarization observed by the Overhauser shift of the Zeeman energy. The effective
magnetic field due to nuclei contributes as
hBz i = Bnuc I0

s

N
P̄
I0 (I0 + 1)

(7.10)

Finally, a related parameter is the experimentally-measured dn(t)/dt, i.e., the number of
electron spin flips per unit time. This is
dn
= p(P̄ )/τ
dt

(7.11)

4
The same calculation indicates that spin-spin correlations will develop during the polarization cycle.
This can lead to trapping in dark states [94, 181], as coherences prevent further cooling due to destructive
interference. However, in our pulse cycle, there is a long (≥ 1 µs) period of time tM spent far-off resonance
in the state |T− i; this leads to effective dephasing of the different nuclear spins through the Bz (Sz1 + Sz2 )
part of the hyperfine interaction, and allows for the unentangled state approximation, above, to be used.
The necessary condition is γe Bnuc λk tM & 1, which is achieved for tM ≥ 1 µs.

Chapter 7: Electronic pumping of nuclear spin polarization in a
double quantum dot

185

We now seek a solution to the diffusion equation under these conditions. In general,
the position dependence of the spin-flip process leads to mixing of different diffusion modes,
q, making it a non-local process and not immediately soluable in momentum space. As
a simplifying assumption, instead of solving the complete problem, we may consider an
approximation where the polarization is described by the aggregate polarizations of the left
and right dots, Pl and Pr . The total polarization is P̄ = Pl + Pr , and the effective master
equation is
2
dPl,r
p(P̄ ) ql,r
= −Γl,r Pl,r +
dt
N τ ql2 + qr2

(7.12)

where N ∝ σz (σl2 + σr2 ) is the number of nuclei in the two quantum dots. The left, right
dependence arises from the potentially different dot sizes, with vertical extent σz and horiz2 σ )2/3 and q
tonal extent σl,r . Accordingly, Γl,r ≈ D/(σl,r
z
l,r ∝ 1/σl,r .

Simulation with these parameters is directly possible using the measured diffusion
coefficient for GaAs of D ≈ 10−13 cm2 /s and the estimated dot sizes, σl,r ≈ 30 nm. We
present simulations and experiment in Fig. 7.4 for both sweep directions. The agreement
in both cases is good, but some discrepancy is observed for fast cycle rates. Changing the
diffusion constant over the range 0.3 − 3 × 10−13 cm−s /s made little qualitative difference
in the high rate result. A more exact theory may be necessary to explain this discrepancy.

7.5

Conclusions
We have demonstrated a controlled approach to polarization of nuclear spins in

double quantum dots using the exchange interaction and charge-based measurement. Details of the interaction, including time-domain correlation functions of the electronic spin
wavefunction, are in good agreement with a simple quasi-static theory, with coherence
between nuclear spins preserved over time scales up to 100 ns. In addition, observed po-
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larizations of 3% are consistent with a simple theory with Knight-shift induced dephasing
breaking dark state coherences. The polarization is currently limited by dipole-dipole diffusion. Substantially higher polarizations could be achieved by slower sweep rates, adaptive
techniques for staying on resonance, or faster cycle rates. Fast cycle rates could also allow
one to reach a regime where dark state coherences play a more direct role in the polarization
process.
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We describe a procedure for generating robust non-local electron spin entanglement in quantum dots coupled by electronic channels. It is based upon the
preparation and measurement of singlet and triplet states in single or double
quantum dots. We show that homogeneous unitary rotations and either a measurement procedure, indicated in this paper, or an exchange-based two-qubit
gate are sufficient to enable an electron-spin based quantum repeater. In addition, using just the measurement procedure without homogeneous rotations or
exchange-based gates, we develop a robust technique for non-local entanglement
preparation that circumvents the most common sources of errors by introducing dynamical decoherence free subspaces. Purification and connection, leading
to a complete repeater protocol, are also possible with these resources. This
approach may find application in quantum computation, communication, and
metrology.
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Entangled states are a basic resource for quantum information processing, including quantum communication, teleportation, measurement-based quantum computation [83],
and quantum-based metrology. EPR pairs exemplify entangled states, contributing both
to theoretical insight into the nature of entanglement, and to experimental proofs of Bell’s
inequalities [5]. In addition, entangled pairs are a fundamental component in scaling up
quantum computers, by connecting small-scale processors in a quantum network. EPR
pair generation and purification is traditionally discussed in the context of long distance
quantum communication via photons in a quantum repeater setup. In the presence of errors in noisy communication channels, robust generation of high-fidelity EPR pairs can be
achieved via purification [10, 49, 18], where a single high-quality pair is distilled in a probabilistic manner from many low-fidelity singlets. In a solid state environment, these ideas
remain relevant, for example for spin-based qubits in quantum dots, from the perspective
of connecting “distant” parts of mesoscopic circuits, as well as from the more fundamental
perspective of protection of entanglement in a complex environment. This letter develops
a protocol for generation and purification of electron spin-based EPR pairs in mesoscopic
circuits, which builds directly on emerging experimental techniques, and is tailored to the
specific decoherence mechanisms in a semiconductor environment.
We consider a setup consisting of an array of electrically gated quantum dots (see
Fig. 8.1), where electrons, with spin representing the qubit, can be transported by applying
appropriate gate voltages ([144, 106], Fig. 8.1b). In its simplest form, a nonlocal EPR pair of
electrons can be produced by local preparation of a ground singlet state of two electrons in
one of the quantum dots, splitting the pair into two adjacent dots and shuttling the electrons
to the end nodes. A purification protocol corrects for qubit errors from transport and
storage. In addition, consistent with quantum computation based only upon exchange [51],
local exchange-based gates are sufficient for implementing entanglement purification and
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Figure 8.1: (a) Schematic outline of a node, as it might be implemented in an gate-defined
quantum dots (red). A nearby quantum point contact (QPC) measures charge, gates (gray)
are pulsed for state generation and control, and spin transport channels (blue) allow the
entangled state to be sent to distant locations. (b) Schematic outline of two spin transport
channels: electron pump and single electron CCD. (c) Overview of robust entanglement
generation.

connection protocols on such pairs. In this way, pairs of entangled electrons, each separated
by a distance L/2, may be used to prepare a higher fidelity entangled pair at a distance L,
realizing a complete quantum repeater. This allows for high fidelity non-local entanglement
generation with required resources, e.g., qubits and time, scaling polylogarithmic in the
distance of the final pair.
Our strategy is to then develop such a purification protocol on a more advanced
level, where the qubits are encoded in logical states of a decoherence free subspace (DFS) of
two electrons, which from the beginning immunizes our logical qubits against the dominant
source of decoherence, represented by hyperfine interactions. Thus the goal is to produce
local pairs of logical entangled states, represented by four entangled electrons, transport
logical pairs to the end nodes, and run an Oxford-type [49] purification protocol on these
logical qubits that corrects all errors. We will show below that exchange interactions and
(partial) Bell measurements for the physical qubits are sufficient to implement this protocol.
We remark that the required physical resources are already available at present in the lab.
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A single electron quantum repeater
We start by discussing the realization of the building blocks of a quantum repeater

[18] in quantum dot systems: (i) the generation of (noisy) singlets over short distances; (ii)
the purification of noisy singlets; (iii) the creation of large-distance singlets by connection of
short distance singlets. In this section, we will introduce novel methods especially suited for
implementation in quantum dot systems using single electron spins as logical qubits, which
take current experimental limitations into account. In particular, we will restrict ourselves
to two-qubit gates based on the exchange interaction and homogeneous local unitaries, i.e.,
the same unitary operation acting on each qubit (which can be achieved by global ESR or
global, pulsed magnetic fields). In choosing these constraints, we recognize the difficulty of
performing local ESR, though we note that even global ESR has yet to be demonstrated in
electrically controlled quantum dots.

8.1.1

Generation of singlet states
Exchange interactions in single and double quantum dots have been shown to be

extremely powerful for quantum information processing [122, 21, 44, 200]; given the critical
role it plays in our analysis, we briefly outline the details of the exchange interaction as
used here.
When in a molecular configuration where the tunnel coupling strength t ≪ υ (the
single dot orbital level spacing), a two electron, double-dot system (Fig. 8.2a) must be total
spin S = 0 or S = 1. The overall antisymmetry of the two-electron wavefunction leads to
splitting of the two subspaces, expressed in the Hamiltonian
~ˆA · S
~ˆB ,
Hex = J S

(8.1)

where A, B refer to the two electrons. As J is determined by dot geometry and magnetic
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field, for reasonable parameters the singlet state can be set as the ground state, where the
exchange energy J splits the singlet ground state (S = 0) from the triplet excited states
(S = 1). In small double quantum dots J can be large, J & 0.1 meV [156, 206]. Similarly,
the two-electron ground state of single quantum dot is a singlet, and the next excited state
is a triplet, with a splitting J between them.
As the ground state, the singlet state can be prepared by tunneling from the leads
when the double-dot is in the (1,1) stability island (the double-dot’s charge state is labeled
by (nA , nB ) for the number of electrons in dots A and B) with large exchange, or in the (2,0)
stability island when the double-dot exchange is small (Fig. 8.2c). By reducing the tunnel
coupling between the two dots or by shifting to the (1,1) charge configuration, respectively,
the exchange energy is suppressed and the small capacitances of the two dots naturally
lead to an adiabatic separation of electrons in the singlet state, leading to two, detached,
one-electron dots. The spin configuration of the detached (atomic) state is then a well
√
separated EPR pair, |Si = 1/ 2(|↑A ↓B i − |↓A ↑B i).
Reversing the process (starting in the atomic configuration) maps the singlettriplet subspace of the separated system, where the singlet and triplet ms = 0 (|T0 i =
√
1/ 2[|↑A ↓B i + |↓A ↑B i]) states are degenerate, to the exchange split molecular state or the
(2,0) charge state, where there is a large energy gap between the two. When this process
is faster than spin dephasing processes but slow with respect to higher orbital states, such
that the single occupancy Heitler-London wavefunction is a good approximation to the
overall system, the population follows exactly. The energy difference between the singlet
and triplet states allows state selective ionization in the molecular configuration, where the
triplet to single-electron state transition is above the Fermi sea in the leads while the singlet
transition is below the leads, while the splitting between the (2,0) triplet and singlets allows
state selective adiabatic transfer from the (1,1) state to the (2,0) state. This in turn enables
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Figure 8.2: Scheme (shown in (a)) for using a double dot, with an effective double-well
potential (b), to (c) generate entanglement and measure spin decoherence. Steps shown in
(c) are: 1) start in (1,0) charge state, 2) load from leads (2,0) ground state, 3) split the
singlet by adiabatic transfer, generating a separated singlet state. This state may dephase
or rotate; step 4) the singlet and triplet states are transferred back to the (2,0) charge
configuration; and 5) the triplet tunnels to the leads, giving a measurable charge difference
between singlet and triplet.

a charge sensitive measurement to distinguish between the two different states, in direct
analogy to Ref. [87] (see Fig. 8.2c).
After creating an EPR pair, the two electrons, initially in a singlet state |SiAB ,
are transported separately to their final locations. Transport is achieved by “clocking”
the electrons through a series of quantum dots, in direct analogy to the operation of a
CCD [144]. The resulting state ρ will be mixed due to imperfections in the transport
process, discussed in Section 3. Noise limits the distance over which electrons can be transported, as the resulting state eventually becomes disentangled. However, if the distance
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is small enough, the final states will be mixed states with residual, partial entanglement.
We will show in the following that given several copies of such mixed states ρ, the ability
to perform exchange-based unitaries and homogeneous single qubit unitaries, together with
single qubit measurements are sufficient to implement entanglement purification and entanglement connection and hence allow one to create high fidelity singlets over larger distances.
This also requires that electron spin be a reliable quantum memory, though extending the
electron spin by coupling to nuclear degrees of freedom has some potential to provide such
memory [183, 181].

8.1.2

Entanglement purification
In the following we describe a novel entanglement purification protocol using only

homogeneous single qubit unitary operations and two-qubit unitary operations based on
exchange interaction, i.e., operations of the form
U (φ) = exp(−iφHex /J),

(8.2)

where U (π/4) corresponds (up to an irrelevant global phase factor of e−iπ/4 to the SWAP operation 1 , while U (π/8) = SWAP1/2 e−iπ/8 (“square root of SWAP”) and U (−π/8) =SWAP−1/2 eiπ/8 .
We restrict ourselves to homogeneous local unitary operations and unitary gates based on
exchange interactions because these operations are significantly simpler to implement in a
quantum dot system than arbitrary single- and two-qubit unitary operations. We remark
that previously known entanglement purification protocols [10, 49] are based on CNOT
gates, which cannot be implemented by sequences of gates we consider here. This can easily be seen by exploiting the fact that any sequence of homogeneous local unitary operations
and two-qubit gates of the form U (φ) are invariant under permutations, while CNOT gates
1
The CNOT [SWAP] operation is defined by the following mapping of states: |iiA |jiB → |iiA |i ⊕ jiB
[|iiA |jiB → |jiA |iiB ], where ⊕ denotes addition modulo 2, and |↓i = |0i, |↑i = |1i.
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are not.
Consider a system of two qubits in some mixed state ρAB with fidelity F ≡ hS|ρ|Si,
√
√
where |Si = 1/ 2(| ↑↓i − | ↓↑i) is the singlet state and |T0 i = 1/ 2(| ↑↓i + | ↓↑i),
√
√
|T1 i = 1/ 2(| ↑↑i + | ↓↓i), |T2 i = 1/ 2(| ↑↑i − | ↓↓i) are triplet states. By applying a
random homogeneous unitary rotation of the form UA ⊗UB , i.e., the same unitary operation
on system A and B, one can depolarize ρ to a standard form, the so called Werner state
ρW (F ), without changing the fidelity F . This can be accomplished, e.g., by small changes of
magnetic field near |B| = 0 or by randomly detuned global ESR pulses. The depolarization
map D is defined as
D(ρ) =

Z

dµU (U ⊗ U )ρ(U ⊗ U )†

where the integral is extended to all unitary operators acting on IC 2 and
have that
Dρ = ρW (F ) ≡ x|SihS| +
with x ≡

1−x
1lAB ,
4

(8.3)
R

dµU = 1. We

(8.4)

4F −1
3 .

Given two identical copies of a Werner state ρW (F ), σ = ρW (F )(A1 B1 ) ⊗ρW (F )(A2 B2 )
one can use the following probabilistic purification protocol to increase the fidelity F of the
resulting state:
• Apply U (π/8)(A1 A2 ) ⊗ U (−π/8)(B1 B2 )
• Measure observable σz on particles A2 and B2 (i.e., projective measurement in zbasis), keep state of particles A1 B1 if and only if the results are different (i.e., 0A2 1B 2
or 1A2 0B2 ). Otherwise the protocol has failed.
• Apply D (A1 B1 ) to remaining system.
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The resulting state of this procedure is again a Werner state, ρW (F ′ ), with new
fidelity F ′ . One can calculate F ′ as a function of F and finds
F′ =

F 2 + 1/2{F (1 − F )/3 + [(1 − F )/3]2 }
F 2 + 3F (1 − F )/3 + 4[(1 − F )/3]2

(8.5)

In order to perform this analysis, one has to determine the action of the protocol on states
of the form |χ1 iA1 B1 |χ2 iA2 B2 , where |χi i ∈ {|Si, |T0 i, |T1 i, T2 i}. For instance, one finds that
U (π/8)(A1 A2 ) ⊗ U (−π/8)(B1 B2 ) |SiA1 B1 ⊗ |SiA2 B2 = |SiA1 B1 ⊗ |SiA2 B2 , leading to a state
√
1/ 2|SiA1 B1 after the measurement process for both, outcome ’01’ and ’10’. This gives
rise to a contribution of 1/2 in the singlet subspace |SiA1 B1 hS| after depolarization. Similarly, U (π/8)(A1 A2 ) ⊗ U (−π/8)(B1 B2 ) |SiA1 B1 ⊗ |T0 iA2 B2 = 1/2(|Si|T0 i + |T0 i|Si + i|T1 i|T2 i −
√
i|T2 i|T1 i), where the measurement leads to an unnormalized state 1/(2 2)(|Si ± |T0 i) and
the ′ +′ [′ −′ ] sign corresponds to the outcome ′ 01′ [′ 10′ ] respectively. The final depolarization
leads to a contribution of 1/8 in singlet subspace, 1/8|SihS|. The action of the protocol on
the initial two copies of the Werner state can then be determined by using that ρ⊗2
W can
be written as an incoherent mixture of states of the form |χ1 iA1 B1 |χ2 iA2 B2 , and by properly normalizing the resulting state. Entanglement purification takes place by an iterative
application of the protocol, thereby increasing the fidelity F in each step.
The entanglement purification protocol described above (protocol 1’) can be considered as the analog of the recurrence protocol introduced in Ref. [10] (protocol 1), where
here we restrict ourselves to exchange interactions. In a similar way, one can obtain the
analogue of the quantum privacy amplification protocol of Ref. [49] (protocol 2)—which is
known to have higher efficiency and to be more robust against the influence of imperfections
in local control operations as compared to the protocol of Ref. [10]—which we shall call
protocol 2’. To complete this analogy, one replaces the depolarization procedure (step 3) by
a partial depolarization which produced states diagonal in the singlet-triplets basis (while
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keeping the diagonal elements unchanged). That is, the depolarization map Eq. 8.3 is
replaced by probabilistic applications of homogeneous local unitary operations of the form
1l ⊗ 1l, σx ⊗ σx , σz ⊗ σz , σy ⊗ σy , i.e.,
D ′ (ρ) =

1
4

X

k∈{0,x,y,z}

σk ⊗ σk ρσk ⊗ σk ,

(8.6)

where σ0 = 1l. In addition, one applies at the beginning of the protocol (as a step 0) a
⊗4
homogeneous local unitary operation UHad
to the particles A1 B1 A2 B2 , where

UHad

is the Hadamard operation 2 .




1
1
1 

=√ 

2
1 −1

(8.7)

Let us compare the entanglement purification protocol(s) we have introduced here
with the protocols of Refs. [10, 49]. It is easy to see that protocol 1’, whose action is
described by the map Eq. 8.5, has fixed points F = 1/2 and F = 1 and is capable of
producing perfect singlet states from all Werner states fulfilling F > 1/2 by successive
application. The purification curve F ′ as a function of F , however, turns out to be flatter
than the one of protocol 1 (see Fig. 8.3). This implies that our protocol is less efficient,
requiring more purification operations to achieve a desired final fidelity, although it has the
same purification regime (i.e., can purify all states which could be purified using protocol
1). We remark that the purification regime is given by the interval where F ′ > F > 1/2,
that is, the interval where (F ′ − F ) > 0. The flatter purification curve also implies that the
protocol is more sensitive to errors in local control operations. The effect of imperfections
of order 1 − p in local control operations can essentially be described by ’shifting down’ the
purification curve by a certain amount [56]. A simple model which captures the features
of imperfections is replacing each unitary superoperation acting on qubits i, j with Ûij ρ̂ →
2

Hadamard can be accomplished by global sequence exp(iπσz /4) exp(iπσx /4) exp(iπσz /4).
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Ûij N̂i N̂j ρ̂, where N̂j = pρ̂ + (1 − p)( 21 1lj ) ⊗ Trj ρ̂. For a fixed error rate, the fixed points
F ′ = F determine the purification regime, where the lower fixed points gives the minimal
required fidelity such that entanglement purification can be successfully applied, while the
upper fixed point gives the maximum reachable fidelity. The threshold value for local control
operations is reached if lower and upper fixed points coincide, as in this case no purification
is possible. The flatter purification curve of our protocol 1’ has the consequence that the
lower fixed point is higher than the one of protocol 1, while the upper fixed point is lower.
Thus the purification regime as well as the reachable fidelity are smaller for our protocol,
and the threshold value for errors in local control operations is smaller. However errors up
to two percent still yield potential purification gains, but of particular importance is the
lower fixed point. As this determines the minimum input pair fidelity, it will determine
the maximum length a pair can be separated before purification becomes useless. This also
suggests a natural distance limit for generating such purified pairs without implementing
the rest of the protocol (i.e., connection). Similarly, one finds that protocol 2’ is more
efficient and less sensitive to errors than protocol 1’, but is slightly worse than protocol 2.
We remark that also weakly entangling two-qubit operations (other than U (π/8)
or CNOT, which are strongly entangling) enable one to purify Werner states. In fact, when
replacing the operation U (π/8)(A1 A2 ) ⊗ U (−π/8)(B1 B2 ) in protocol 1’ by an operation of the
form U (φ)(A1 A2 ) ⊗ U (−φ)(B1 B2 ) with arbitrary 0 > φ > π/4, one still obtains a purification
protocol with the same purification regime 1/2 < F ≤ 1 and upper fixed point F = 1
as protocol 1’. The only difference is that the resulting purification curve is even flatter
and hence the resulting protocols are less efficient and more sensitive to imperfections in
local control operations. This observation might be of relevance in cases where only weak
interactions between systems are available. Figure 8.3 summarizes these observations for
protocols 1 and 1’.
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Figure 8.3: Purification curve F ′ − F plotted against initial fidelity F , where F ′ is the
fidelity of the resulting state after a successful purification step. Solid curves (red) from
top to bottom correspond to protocol 1 (Ref. [10]), and protocol 1’ with φ = π/8, π/16
respectively. The dotted curves (blue) show the corresponding purification curves when
local control operations (CNOT, U (φ)) are imperfect. Imperfections are modeled by noisy
operations with local white noise of 0.5 percent, i.e., an imperfect operation as describe in
the text with p = 0.995.
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Note that in all protocols discussed above, in each step two identical copies of the
state (resulting from previous purification steps) are used. This implies that a physical
implementation would require a whole two dimensional array of dots (2 × N , with N the
number of initial copies to obtain at least one entangled pair with a certain final higher
fidelity). Moreover, additional SWAP gates will be required in order to operate always on
adjacent dots at later stages of the protocol, though shuttling electrons may be used in
lieu of true exchange-based SWAP gates. There exists, however, an alternative method,
namely (nested) entanglement pumping [55], which circumvents these problems. In entanglement pumping, the output state of a successful previous purification step together with
a standard pair of constant fidelity (which may be the pair resulting from the singlet state
after the transport process) are used as input states for the next purification step. Iterative
application of one of the entanglement purification protocols discussed above still allows one
to increase the fidelity of the pairs by a certain amount, however the fixed point of the protocol(s) are no longer F = 1, i.e., no perfect singlet states can be generated. As compared to
the standard recurrence protocols, however, only two (rather than N ) quantum dots at each
site are required throughout the process. The spatial resources necessary for the original
recurrence scheme are translated in this scheme to temporal resources, as standard pairs
have to be sequentially generated. In our case, this can be done by transporting “buckets”
of entangled electrons in close series, i.e., by “clocking” a whole train of entangled electrons,
each pair initially in the singlet state, through a series of quantum dots. As the time scales
for purification and transport are similar, this may work with high efficiency.
One may also use nested entanglement pumping, i.e., one takes pairs whose fidelity is close to the fixed point at a given nesting level as standard pairs at the next
nesting level. Using such a nested scheme, one can indeed produce perfect singlet states (in
the case of noiseless local control operation) or the same maximal fidelity as is reachable
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using a standard recurrence protocol (in the case of imperfect local control operations) [55].
Only a few nesting levels—which corresponds to the number of quantum dots required at
each location—are needed. For instance, when using protocol 2 [49], 3-4 nesting levels are
sufficient (however, this protocol has the difficulty that CNOT operations have to be implemented). Due to the fact that protocols 1’ and 2’ are less efficient, one needs more nesting
levels (about 15-20) and hence a larger number of quantum dots is required in this case.
Nevertheless, for a first demonstration experiment (just one purification step) the protocols
1’ and 2’ introduced here seem to be ideally suited.
Unfortunately, nested entanglement pumping requires a long-lived quantum memory, relying as it does upon temporal resources in lieu of additional electron spins. While
nuclear spin degrees of freedom may provide such memory [183], when unaccounted for they
produce fast dephasing of the electron spins and will provide a hard limit to the protocols
presented so far. We address this issue in more depth in Sections 3 and 4.

8.1.3

Connection process
Up to this point we have discussed how to generate entangled pairs of electrons with

high fidelity over distances limited by the local generation and transport process fidelities.
To generate entangled pairs over arbitrary large distances, an additional process is required
which connects two (or more) short distance pairs in such a way that a long distance pair
(typically with lower fidelity) is generated. These long-distance pairs can then be purified
again, thereby generating long-distance pairs with high fidelity. Arbitrary distances can
be reached by concatenating this procedure of connections and re-purification at different
nesting levels, thereby realizing a quantum repeater [18].
In the connection process, one starts with two entangled pairs shared between sites
(A, B1 ) and (B2 , C) respectively, where B1 , B2 are in our case two adjacent dots, while A
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and C are dots further away in opposite directions. One then performs a Bell measurement,
i.e., a measurement in the singlet/triplet basis on electrons in sites B1 B2 . This corresponds
to the teleportation of the (entangled) electron at site B1 to site C. If both pairs AB1 and
B2 C were initially in the singlet state |Si, the resulting pair of electrons at sites A, C will
be in the singlet or one of the triplet states, depending on the measurement outcome, and
single qubit unitary operations at site C would be required to restore the state to the singlet
state in all cases. If the two initial pairs where non-maximally entangled, e.g., in a Werner
state with fidelity F , the resulting pair AC will also be in a Werner state but with smaller
fidelity F ′ < F [18], where
F′ = F2 +

(1 − F )2
3

(8.8)

In our case, the connection process cannot be performed exactly as described above: of the
four Bell states, we only have (so far) a means of measuring the singlet state, and we only
have homogeneous unitary operations.
We show now how to achieve connection of two pairs in a probabilistic manner
using the singlet measurement described in Section 2A. We remark that in the context of
a quantum repeater, such a probabilistic implementation of the connection process does
not represent a fundamental problem, as the purification process is also probabilistic. In
particular, the polylogarithmic Al scaling of the required resources with the distance remains
valid [18, 56]. Let us consider the connection process of two singlet states, |SiAB1 , |SiB2 C .
Connection can be performed probabilistically by measuring the B1 , B2 pair to be in the
singlet subspace. Explicitly, we write
|SihS|B1 ,B2 |SiAB1 |SiB2 C

= |SihS|B1 ,B2 (|↑↓↑↓i − |↓↑↑↓i − |↑↓↓↑i − |↓↑↓↑i)AB1 B2 C /2

√
= 1/2 2(|↓↑i − |↑↓i)AC |S0 iB1 B2

(8.9)

Thus, measuring the singlet of B1 , B2 yields exactly a singlet of A, C, where the mea-
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surement result occurs with probability 1/4, leading to an increase in the time needed to
perform the repeater protocol, but still giving polynomial scaling. For a pair of Werner
states (AB1 , B2 C) with fidelity F , the fidelity of the new AC pair is F ′ = F 2 + (1 − F )2 /3,
the same as for the full Bell state measurement case.

8.2

Limits to the single-electron scheme
The singlet generation process, the singlet-triplet measurement process, and res-

onant exchange gates are limited by several errors. Charge-related errors may play a role,
but as most charge manipulation is done adiabatically, this may be negligible when compared to electron spin dephasing and relaxation. Of particular importance is the quality of
electron spin as a quantum memory. We find that pure dephasing due to hyperfine interactions provides a strong limit to effective implementation, as discussed below. However,
anisotropic terms, also considered, do not limit the single-electron repeater proposal.
Before proceeding, we remark that it may be possible to work in a nuclear-spin
free environment, such as 2 8Si quantum dots [155, 117] or isotopically pure CdSe dots in
a CdSe ZnSe heterostructure, 1 2C nanotubes, or other materials, though we will assume
for the remainder of this paper that the quantum dots involved have lattice nuclei with
non-zero spin and hyperfine coupling to the electron spin.

8.2.1

Hyperfine effects
Pure dephasing due to nuclear spins in the quantum dot will produce a potentially

sizeable error. The hyperfine interaction for an electron spin in a quantum dot interacting
with lattice nuclear spins is
Vhf = A

X

ˆ ~ˆ
αk I~k · S,

(8.10)
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where A is the hyperfine interaction constant (∼ 0.1 meV for GaAs) and αk is proportional
to the electron wavefunction’s probability of being at the lattice site k. In an intermediate
or strong magnetic field (|B| > 100 mT) along the z-axis, Eq. 8.10 can be written in the
P
rotating wave approximation as A k αk Iˆzk Ŝz , which acts as an additional, dot dependent
P
magnetic field component parallel to the applied field, B̂z = A k αk Iˆzk /g∗ µB . The mean-

field contribution is the well known Overhauser field, though this contribution is almost
zero even at dilution refrigerator temperatures. On the other hand, slow root-mean-square
variations can occur; spin diffusion through nuclear dipole-dipole interactions between nuclei
in the dot and nuclei in the rest of the heterostructure lead to a decay of the field correlator,

hB̂z (t + τ )B̂z (t)i ≃



A
√

g ∗ µB N

2

f (τ ),

(8.11)

where N is the number of nuclei in the dot and f (x) depends upon the particulars of the
decay process. This indicates a quasi-static field, static on the time scales of electron spin
manipulation, with rms strength ∼ 3-30 mT that fluctuates at least on a time scale given by
dipolar diffusion, γdd ≃ 6 ms−1 is produced by nuclear spins, and leads to a large fluctuating
gradient between different dots. In terms of a quantum repeater, the hyperfine field leads
to short electron spin memory times, destroying any stored entanglement on a time scale
√
of A/~ N ∼ 100µs−1 .
Due to hyperfine coupling shows, using only EPR pairs (i.e., entanglement between
only two electrons) may be insufficient for the storage of a high fidelity entangled pair. In
particular, the hyperfine coupling considered above produces a large, fluctuating gradient
both between dots. In principle, the gradient can be compensated by quantum bangbang [201] with fast, homogeneous rotations (by, e.g., ESR), with the requirement that
√
the ESR Rabi frequency ΩESR ≫ A/~ N [134]. Such fast ESR may not be realistic with
current technologies; we explore in Section 4 methods of correction that do not involve ESR.
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To evaluate the effect of the hyperfine field on the transported electron spin, the
case of a series of connected quantum dots used for “shuttling” is taken. The time scale τ
for adiabatic transfer from one dot to the next is set by the orbital level spacing, υ ≫ τ −1 ,
p
which in turn sets the confinement length of the dot, aB = ~2 /m∗ υ. Thus, to travel a
distance L, it requires l steps of distance order aB ∝

√

τ , each of which takes a time τ .

√
√
The overall time to “clock” the electron is then τ (L/aB ) ∝ L τ ∝ L/ υ. Increasing the
level spacing therefore increases the number of “buckets” required at a rate slower than the
decrease in transfer time required to send the electron. For a bucket with N ∝ aβB ∝ τ β/2
nuclear spins, the phase error due to the random hyperfine field goes as
√
hδφ2 i1/2 ≃ τ A/~ N ∝ τ 1−β/4 ,

(8.12)

where A is the hyperfine contact interaction constant, and β = 1 for a 2D dot and 3/2 for
a 3D dot 3 . For L/aB buckets, each with a different random field, the total error then is
proportional to ǫ ∼ Lτ 1/2(3−β) . Thus, with respect to both the adiabaticity condition and
hyperfine contact-related dephasing, decreasing the dot size improves the distance that can
be traveled for the same phase error, for both 2D and 3D dot geometries. As an example, we
consider a series of 2D dots in a 10 nm GaAs well, each of size aB ∼ 100nm, and spaced one
dot every 200 nm. We set τ = ~0.01/(υ) ≃ 0.5 ns, N ≃ 106 , and A = 0.12 meV. This gives
an error of 10−3 per 200 nm, or approximately a fidelity of 0.9 at 20 µm. The long correlation
time of the hyperfine field means that phase errors encountered by one electron traveling
in a given channel will be highly correlated with errors encountered by the next electron
traveling the same channel. We note that in principle, a singlet-triplet measurement would
allow metrology, i.e., measurement of the fluctuating field that characterizes the transport
channel, and does not require any type of ESR.
3
This analysis presumes that while intermediate to high polarization of nuclear spins into dark states can
be realized in quantum dots, the same may be extremely difficult for the bulk or for transport channels.
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Anisotropic exchange
In general, spin-orbit terms (both Rashba and Dresselhaus) lead to corrections to

Eq. 8.1. The expected full form is [58, 139]
′
H̃ex
= J(ŜzA ŜzB +

1 + i sin(γ) A B
Ŝ+ Ŝ− + h.c.)
2

(8.13)

where the z axis is the axis of the spin-orbit vector and γ a measure of the anisotropy. In
a (100) GaAs quantum well, z is parallel to the inter-dot axis, and [101]
p
γ = (2α~/ 2m∗ Eg )hkx2 id ,

(8.14)

where x is the growth direction and d is the distance between the two quantum dots.
For quantum dots in a 10 nm quantum well separated by 100 nm, γ . 0.5 is possible.
By a unitary transformation, U = exp[−iŜzB arctan(sin(γ))], we rewrite the anisotropic
Hamiltonian as
′
A B
A B
= Jk ŜzA ŜzB + J⊥ /2(Ŝ+
Hex
Ŝ− + Ŝ−
Ŝ+ )

with J⊥ = Jk

(8.15)

p
1 + sin2 (γ) ≃ Jk (1 + γ 2 /2).

′ , the m = 0 singlet and triplet states have energies (−J ∓ 2J )/4,
For Hex
s
⊥
k

respectively, while the |ms | = 1 triplet states have energy Jk /4. The purification protocol,
relying upon measurements that restrict the final result to a total ms = 0 subspace, is
insensitive to this variation. However, any external magnetic field that is not aligned with
the inter-dot axis and/or variations of the inter-dot axis lead to potential spin-flip errors.
If Zeeman energy is much less than the anisotropic contribution, J⊥ − Jk , this error may be
neglected.
We show in Appendix F how the inherent anisotropy may in fact be a resource, as
has been noted previously [200].
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8.3

Two electron encoding

8.3.1

Choice of encoded states
We begin by describing a specific encoding that allows suppression of the dominant

error mechanism. We focus on hyperfine effects as theory and experiment have demonstrated
their detrimental effect on electron spin coherences (dephasing), with T2∗ ∼ 10 ns [14, 96],
while spin-orbit-phonon and other spin-flip processes (relaxation) are observed to enter
only for times on the order of 1 ms in the presence of a large magnetic field [61, 82].
Given the long correlation time of the electron spin-nuclear spin interaction [131, 134],
storing entanglement in the logical states of a DFS with total Sz quantum number ms = 0,
√
√
|0L i = (|↑↓i−|↓↑i)/ 2 and |1L i = (|↑↓i+|↓↑i)/ 2, allows for suppression of such dephasing
by repeatedly exchanging the two electrons [200]. The four-particle entangled state
|φ+ i = |0L i|0L i + |1L i|1L i = |↑↓↑↓i + |↓↑↓↑i

(8.16)

takes full advantage of these properties, suppressing phase noise. This combination of
subspace choice and exchanging electrons corresponds to a dynamical DFS (DDFS) and is
a de facto implementation of Carr-Purcell spin echo in the DFS. We show below that using a
DDFS, memory and transport errors will be dominated by spin-flip terms, an improvement
of order 105 over hyperfine-related noise. Errors in the DDFS procedure, and spin-flip
errors, are so far uncorrected. Starting with several copies of the entangled state |φ+ i,
our purification protocol corrects for spin-flip errors entirely, by detection of the total ms
quantum number of the states, while it corrects for phase errors by analogy to the protocol
of Ref. [49].
We now consider the ingredients and recipe for EPR pair generation and purification in the DDFS: (I) charge manipulation and measurement techniques for performing
exchange gates (UAB (φ)), singlet generation, and partial Bell state measurements MAB ; (II)
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the dynamical DFS’s properties with regards to different noise sources, its behavior during
storage (memory) and transport, to show suppression of better than 105 for low frequency
phase noise; (III) a purification protocol that works in the encoded space and corrects for
arbitrary errors, using only the partial Bell state measurement and exchange gate described
in (I).

8.3.2

Charge manipulation and measurement
We suggest an implementation of the necessary resources for each node: exchange

gate, singlet generation, and partial 2 electron Bell state measurement. In principle, other
techniques could be used to generate the same set of operations.
The Loss-Divincenzo exchange gate [122] between two electrons in separate dots,
√
~A · S
~ B ); for example, U (π/8) is SWAP. By
A and B, is defined as UAB (φ) = exp(−iφS
control of the tunnel coupling Tc between A and B, or by changing their relative bias,
arbitrary φ may be achieved. It requires only pulsed-gate manipulation, i.e., it relies on
charge control.
Singlet states of double dots may be created using the large exchange splitting
of single dots. For a double-dot system, starting in the (1,0) stability island (Fig. 8.4a)
resets the state of the double-dot (position A); changing configuration to the (2,0) stability
island (position B) and coupling to the leads results in a singlet state of (2,0) (|S(2,0) i) if
the single dot exchange is large, J(2,0) ≫ kb T , which prevents filling of the triplet states.
We remark that this is the only strict temperature requirement in this paper. Adiabatically
changing the bias of the double dot system to the (1,1) stability island (position C, Fig. 8.4b)
results in adiabatic passage of the (2,0) singlet to the (1,1) singlet (|S(1,1) i = (|↑↓i −
√
|↓↑i)(1,1) / 2). If this is accomplished much faster than dephasing mechanisms, the (1,1)
singlet can be prepared with high fidelity. Assuming a linear ramp of detuning with a time
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τ , the probability of error goes as π(τ /T2∗ )2 (10−2 + (~/ǫz T2∗ )2 ); for τ = 1 ns and T2∗ = 10
ns, the fidelity is > 0.99.
In addition, we can exploit the double-dot system to make a partial Bell measurement that leaves the logical subspace of our system untouched (up to a correctable phase).
To achieve this, two spins are placed separated but adjacent quantum dots and the detuning is adiabatically changed from position C to position B. Only the singlet (|Si) transfers;
waiting a time t1 in this configuration allows a charge measurement to distinguish between
(2,0) (|Si result) and (1,1) (one of three triplet states). Adiabatically returning to C and
waiting a time T2∗ switches the singlet and ms = 0 triplet (|T0 i) states with probability 1/2.
Going again to B, if the triplet state was switched to |Si, it transfers to (2,0), producing
a noticeable charge signal. Repeating this process k times can generate, with probability
√
1 − 1/2 k, a charge signal for the ms = 0 subspace; the total time for charge measurement
is tM /2 ≃ k(T2∗ +tm )+t1 , where tm is the time to make a single charge measurement. In our
present implementation, long tm may be the main limitation for the purification protocol
discussed below 4 . The three results of measurement are (a) singlet, (b) ms = 0 triplet, or
(c) |ms | = 1. During this time, the |ms | = 1 states remain untouched except for a phase;
we now show how this measurement procedure, denoted MAB , can generate our desired
entangled state, |φ+ i, and adjust the phase for such a state.
Starting with four dots (1–4) (Fig. 8.1c), we prepare singlets in 12 and 34; this
initial state is |Si12 |Si34 . Applying M23 and keeping only the |ms | = 1 result (occurring
with probability 1/2) yields the state |φ+ i. This is shown in figure 8.5. To correct the
accumulated phase error on it, we use a sequence: [wait(tM /4), SWAP12 , SWAP34 , M23 ,
SWAP12 , SWAP34 , wait(tM /4)], which we now study.
4
Alternatively, an external magnetic field gradient or slow adiabatic passage allows for deterministic
rotation of |T0 i to |Si, and greatly improves the measurement efficiency and time.
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Figure 8.4: (a) Stability diagram of a double dot system, with gate voltages for left and
right dots, VL , VR and alternative axes of detuning and total voltage, ǫ, VL + VR . The
three positions A, B, and C are marked (b) Energy level diagram for detuning between
B and C. An external magnetic field Zeeman (Ez ) splits the triplet levels of the (1,1)
configuration; tunnel coupling leads to an avoided crossing at ǫ = 0; by starting in |S2,0 i
at B and adiabatically changing ǫ to C a separated singlet is generated. (c) The four stage
measurement procedure, as described in the text. (d) Example signals of the measurement
for four possible initial states, as labeled; section in red occurs only for |Si; blue only for
|Si, |T0 i.
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Figure 8.5: Scheme for entanglement generation that is independent of quasi-static fields.
Generate two singlets (|Si12 and |Si34 ), followed by M 23 . Keep, and transport, if the
measurement result is |ms | = 1; otherwise, restart the process.

8.3.3

Dynamical DFS

We examine the dynamical DFS in detail, with a general noise formulation. While
we focus on hyperfine terms, other low frequency noise will be similarly corrected. To be
specific, we assume a phase noise term η(t) acts on electron spins, characterized by a power
spectrum, S(ω) of integrated power (T2∗ )2 with a (possibly polynomial) high frequency cutoff
at γ ≪ 1/T2∗ . For example, the hyperfine interaction in quantum dots, with long-time scale
non-Markovian dynamics, is well described by this process [134].
In a frame rotating with external magnetic field (which also defines up and down
spin), the phase term acts on a spin state as |↑i ± |↓i → |↑i ± e−i

Rt
0

η(t′ )dt′

|↓i. Using two

electron spins in separate, adjacent dots to create the encoded space, |0L i, |1L i, this action
may be represented by a stochastic evolution operator, U (t, 0) = e−i

Rt
0

η(t′ )dt′ σxL

, where σxL

is a Pauli matrix for the encoded space, i.e., flips the logical bit. As the dots are adjacent,
they may easily be SWAPed. The pulse sequence [wait(τ /4), SWAP, wait(τ /2), SWAP,
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wait(τ /4)] gives a reduced power spectrum,
SDDF S (ω) = S(ω)

τω
τω
256
cos2 ( ) sin6 ( ) .
2
2
τ ω
8
8
4

(8.17)

4

ω
For frequencies below 1/τ , SDDF S (ω) ≃ S(ω) τ1024
; if the dominant noise mechanism has

only low frequency components (such as hyperfine terms) the suppression can be dramatic.
For SWAP operations performed by use of exchange gates, the gate must be performed in
a time τex ≪ T2∗ ; with physical exchange of electrons, e.g., by use of an auxiliary dot, this
requirement is relaxed.
The DFS also reduces phase errors incurred during transport of the electron spins.
For example, two electrons forming a logical state are moved sequentially through the same
channel (i.e., same series of quantum dots) with a separation time τT (≈ 4σ/v, where σ
is the lateral radius of each dot, and v the average velocity of transport). Replacing η(t)
R∞
′
with η(x, t), we set hη(x, t)η(x′ , t′ )i = C(|x − x′ |) −∞ S(ω)eiω(t−t ) dω for transport through

a series of quantum dots, where C(x) = e−x

2 /2σ 2

. The resulting spectral function is
τT 2

2

ντT e−( 4 ) (ν−ω) /2
dν .
] p
S(ν) sin [
ST (ω) =
2
2π(4/τT )2
−∞
Z

∞

2

(8.18)

This shows a suppression of noise with frequencies ≪ 1/τT by τT2 ω 2 /8.
Considering practical parameters, we set γ = γdd = 1 ms−1 , T2∗ = 10 ns, and use
2
p
−ω
S(ω) = e 2γ2 /(T2∗ 2πγ 2 ). For states stored in the DDFS with a cycle time τ , after one

cycle the probability of error is perr =

3 γ4τ 6
.
212 (T2∗ )2

Transporting through n = L/v quantum

dots, we find the probability of a phase error occurring for the encoded states is perr,T (n) ≈
p π  γ 2 4
τT n. Even for cycle and transport times (τ, τT ) approaching T2∗ , phase errors
128 T ∗
2

due to low frequency terms occur with rates much slower than milliseconds, indicating a
suppression of more than 105 . Thus the dynamical DFS technique provides a powerful
quantum memory and low-error transport channel, limited by errors in SWAP operations
and spin-flip processes.
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Purification
We now introduce a purification protocol for encoded entangled states that can

remove all remaining errors, based on partial Bell measurement and exchange gates. Errors
during the generation, transport, and storage processes can lead to (i) errors within the
√
{|0L i, |1L i} logical subspace, and (ii) population of states |2L i = 1/ 2(|↑↑i + |↓↓i), |3L i =
√
1/ 2(|↑↑i − |↓↓i) outside the logical subspace. Both kind of errors reduce the fidelity
of the encoded entangled state |φ+ iA1 A2 B1 B2 and need to be corrected. We introduce a
purification protocol that completely corrects arbitrary strength errors of type (ii), and
corrects for errors of type (i) that occur with probability less than 1/2.
We start by reviewing the measurement scheme (Fig. 8.4c,d), which has three
possible outcomes: (a) PS : measure |Si, state after measurement is |Si; (b) PT0 : mea√
sure |T0 i = 1/ 2(|↑↓i + |↓↑i), state is |Si; (c) P|ms |=1 : state is coherently projected into
the two–dimensional subspace spanned by {|↑↑i, |↓↓i}. Consider the following sequence of
(0)

(A′1 A′2 )

measurements of this type with indicated results: OA = PS
(A′ A′2 )

PT0 1

(A A′ )

(A A′ )

(A A′ )

(A A′ )

(1)

P|ms1|=11 P|ms2|=12 , OA =

(k)

P|ms1|=11 P|ms2|=12 . The action of OA on logical basis states is given by
(k)

OA |iL iA1 A2 |jL iA′1 A′2 = P{0,1} |iL ⊕ jL ⊕ kiA1 A2 |0L iA′1 A′2 ,
where the projector P{0,1} indicates that, in both A, A′ , all components outside the {|0L i, |1L i}
subspace are projected out. The measurement sequence can thus be used to detect all errors
(k)

of type (ii), while the operations OA act within the logical subspace similarly to a CNOT
operation (⊕ denotes bit-wise addition modulo 2).
Consider a mixed state ρA1 A2 B1 B2 resulting from imperfect distribution of |φ+ i.
We decompose ρ into three terms, ρ = ρ(~x) + ρod + ρR . We have ρ(~x) = x0 |φ+ ihφ+ | +
√
x1 |φ− ihφ− | + x2 |ψ + ihψ + | + x3 |ψ − ihψ − |, where |φ± i = (|0L 0L i ± |1L 1L i)/ 2 and |ψ ± i =
√
(|0L 1L i ± |1L 0L i)/ 2 are the logical Bell states. All off-diagonal elements in the Bell basis
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If |ms|=1

random

U(̟/8)

A1
A1'
A2

M

A2'

M

Prepare

Prepare

random
Keep if same
for A, B
random

B2'

M

B2

M
U(̟/8)

B1'
B1
random

If |ms|=1

Figure 8.6: A quantum gate network outlining the purification process. Two logical entangled pairs (AB and A′ B ′ ) are generated. Random swap operations remove off-diagonal
components of the density matrix. The M operation is performed on one physical pair of
each side; if necessary, additional measurement and swap is performed. If all measurement
results are the same for AA′ and for BB ′ , keep the final pair, and perform resonant exchange
to give the protocol 2 purification map.

(ρod ) and terms containing {|2L i, |3L i} (ρR ) are made irrelevant by the protocol.
Given two mixed states ρA1 A2 B1 B2 ⊗ ρ′A′ A′ B ′ B ′ , described by ~x and ~x′ (and the
1

2

1

2

irrelevant ρod + ρR ) respectively, the following sequence of local operations obtains with
certain probability a state with higher fidelity and hence purifies the state: (i) partial
depolarization of ρ using, with probability p = 1/2, SWAPA1 A2 ⊗ SWAPB1 B2 or identity,
and similarly for ρ′ ; (ii) exchange gates U (π/8)A1 A2 ⊗U (−π/8)B1 B2 at ρA1 A2 B1 B2 (and same
(k)

(l)

for ρ′ ); (iii) Sequence of measurements OA , OB ; keep state ρA1 A2 B1 B2 only if k = l, i.e.
the results in final measurement coincide in A and B. The entire procedure is shown in
Fig. 8.6
The effect of (i) is to erase off–diagonal terms of the form |φ± ihψ ± | which may

214

Chapter 8: Robust non-local entanglement generation in quantum dots

contribute to the protocol. The operation in (ii) exchanges logical states |ψ + i ↔ |ψ − i
while keeping |φ± i invariant. Finally (iii) realizes—in addition to the projection into the
{|0L i, |1L i} logical subspace in A and B which erases all terms ρR , ρ′R —a purification map.
In particular, we find that the remaining off diagonal elements do not contribute and the
action of the protocol can be described by the non-linear mapping of corresponding vectors
~x, ~x′ . The resulting state is of the form ρ(~y ) + ρ̃od (note that ρR = 0), where
y0 = (x0 x′0 + x2 x′2 )/N

, y1 = (x1 x′1 + x3 x′3 )/N ,

y2 = (x1 x′3 + x3 x′1 )/N

, y3 = (x0 x′2 + x2 x′0 )/N ,

(8.19)

and N = x0 x′0 + x2 x′2 + x1 x′1 + x3 x′3 + x1 x′3 + x3 x′1 + x0 x′2 + x2 x′0 is the probability of
success of the protocol. This map is equivalent (up to a reduced success probability by a
factor of 1/8) to the purification map obtained in Ref. [49] for non–encoded Bell states. It
follows that iteration of the map—which corresponds to iteratively applying the purification
procedure (i-iii) to two identical copies of states resulting from successful previous purification rounds—leads to a (encoded) maximally entangled state |φ+ i. That is, the map has
~y = (1, 0, 0, 0) as attracting fixed point whenever x0 > x1 + x2 + x3 . We emphasize that all
errors leading outside the logical subspace (in particular all spin flip errors), independent
of their probability of occurrence, can be corrected. This implies that even states with a
very small fidelity F can be purified, provided that errors within the logical subspace do
not exceed probability 1/2.
Additionally, since the resulting maps are identical to those of [49], the purification
protocol shows a similar robustness against noise in local control operations. That is, errors
of the order of several percent in local control operations can be tolerated while still leading
to purification. We also remark that methods such as (nested) entanglement pumping can
be applied [55].
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While we have focused on gate controlled quantum dots, these ideas may find
implementation in electro-optically manipulated small arrays of self-assembled quantum
dots [113]. In general, the prescription for entanglement generation in solid-state environments we describe here could also be followed in other solid-state systems such as
superconductor-based qubit designs [195]. We anticipate that such long-range entangled
state generation will have wide application, in scalable quantum computer architectures
and in tomography based on entangled states.

8.4

Conclusions
We have suggested a means of implementing entangled pair generation in quantum

dot systems. Combining this generation with a simple scheme for singlet-triplet measurement, means of measuring the local magnetic field are indicated. More powerfully, the means
to transport the entangled spin and using only local operations purify the entangled pairs
leads to the possibility of robust, long-distance entanglement generation and purification
using local preparation and measurement with current quantum dot technology.
By analyzing the dominant sources of dephasing, dynamical decoherence free subspaces that take full advantage of the long correlation time of nuclear spins in quantum
dots extends these non-local generation techniques to the regime of relaxation-limited decoherence. Such averaging demonstrates that some four-particle maximally entangled (GHZ)
states may be more robust that even two-particle states when the dominant forms of dephasing are quasi-static bath sources. These states may be generated with a straightforward
measurement, relying upon the nuclear-spin-induced magnetic field gradient or a small
external field gradient. The same measurement procedure further allows for a complete
purification protocol, robust to both additional phase errors and spin flip errors.
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With a resource such as non-local, high purity entangled pair generation on demand, quantum cryptography, quantum repeater, and even larger scale quantum computation schemes become feasible. The ideas promulgated in this paper provide a means for
producing non-local entanglement, which can be used with local operations to produce nonlocal two-particle entangling gates between qubits. We suggest that experiments with the
current generation of quantum dot devices can robustly implement these ideas.
We gratefully acknowledge helpful conversations with J. Petta and A. Johnson.
The work at Harvard was supported by ARO, NSF, Alfred P. Sloan Foundation, and David
and Lucile Packard Foundation. The work at Innsbruck was supported by the ÖAW through
project APART (W.D.), the European Union, Austrian Science Foundation, and the DFG.

Chapter 9

Cavity quantum electrodynamics
with semiconductor double-dot
molecules on a chip
J. M. Taylor and M. D. Lukin
Department of Physics, Harvard University, 17 Oxford Street, Cambridge, MA 02138
USA

We describe a coherent control technique for coupling electron spin states
associated with semiconductor double-dot molecule to a microwave stripline
resonator on a chip. We identify a novel regime of operation in which strong
interaction between a molecule and a resonator can be achieved with minimal
decoherence, reaching the so-called strong coupling regime of cavity QED. We
describe potential applications of such a system, including low-noise coherent
electrical control, fast QND measurements of spin states, and long-range spin
coupling.
Controlling quantum behavior of realistic solid-state systems is an intriguing challenge in modern science and engineering. While over the past several decades much progress
has been made in manipulation of isolated atomic and optical systems, only recently
have solid-state systems demonstrated controlled, coherent behavior at a single quantum
217
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level [140, 138, 194, 128, 195, 151]. The complex environment of solid state systems make
them significantly more challenging to isolate and operate coherently. Furthermore, robust quantum control techniques analogous to those used in AMO physics still need to be
developed.
Recently, a novel approach to quantum manipulation of spin-based quantum systems in semiconductor quantum dots has been proposed and experimentally realized [119,
151, 184]. This approach combines spin and charge manipulation to take advantage of the
long memory times associated with spin states and, at the same time, to enable efficient
readout and coherent manipulation of coupled spin states using intrinsic interactions. While
this allows one to consider architectures based on pulsed quasi-static electrical control and
static magnetic field [179], for many purposes it is desirable to develop fast and robust
quantum control techniques based on microwave manipulation.
In this Letter we describe a technique for electrical coupling of electron spin states
associated with semiconductor double-dot molecule to microwave stripline resonator on a
chip [29, 12, 195]. The essential idea is to use an effective electric dipole moment associated
with exchange coupled spin states of a double-dot molecule to couple to the oscillating
voltage associated with a stripline resonator. Taking into account the main decoherence
mechanisms for both spin and charge degrees of freedom, we identify an optimal point of
operation in which strong interaction between molecule and resonator can be achieved with
minimal decoherence, thereby enabling the strong coupling regime of cavity QED. Finally,
we describe potential applications including low-noise coherent electrical control, fast QND
measurements of spin states, and long-range coupling of pairs of spins.
Before proceeding we note the early proposals for achieving the strong coupling
regime of cavity QED with Cooper pair qubits and single electrons in double-dot molecules [29,
12]. Strong coupling of superconducting qubits to stripline cavities have been recently im-
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∆0
(b)

(c)

E/t

dB
t

4
2
0
-2
-4
-4

-2

0
∆0 / t

2

4

Figure 9.1: (a) Schematic of two double dots, biased with external potential ∆0 , capacitively
coupled to a transmission line resonator. (b) Energy level diagram showing the (0,2) singlet
and the four (1,1) two-spin states. (c) Low energy spectrum in units of t with small gradient
dB = t/10: for large, negative ∆0 , the ground state is |(0, 2)Si. The T0 triplet (red) and
T± triplets (dashed grey) are far from resonance with the (0, 2) triplet. Note the optimal
point (gray box) occurs at the left-most avoided crossing.
plemented in pioneering experiments by Schoelkopf and co-workers [195]. This system has
enabled a range of beautiful demonstrations ranging from control and measurement of the
qubit through the resonator to SWAP of the qubit with the state of the resonator. Finally,
ideas similar to the present work have been proposed recently, using vertical quantum dot
systems [20].

9.1

Effective Hamiltonian
We consider the specific system outlined in the Figure 9.1. Here two electron spins

are localized in adjacent quantum dots, coupled via tunneling. One of the dots is capacitively
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coupled to a transmission line resonator. A modest (100 mT) external magnetic field along
an axis z Zeeman-splits the spin-aligned states, |T+ i = |↑↑i and |T− i = |↓↓i, while the
√
spin-anti-aligned states are used as a qubit degree of freedom: |(1, 1)T0 i = (|↑↓i + |↓↑i)/ 2
√
and |(1, 1)Si = (|↓↑i − |↓↑i)/ 2. The notation (nL , nR ) labels the number of electrons in
the left and right quantum dots. In addition to the qubit states, an auxiliary singlet state
with two electrons in one quantum dot, |(0, 2)Si, is coupled via tunneling t to the separated
singlet, |(1, 1)Si (Fig. 9.1b). The energy of the auxiliary state is determine largely by the
bias ∆ due to the electric field; control of ∆ allows to control the qubit’s evolution. The
Hamiltonian for this three state system is:

HDD = ∆|(0, 2)Sih(0, 2)S| + t|(1, 1)Sih(0, 2)S| +
dB|(1, 1)Sih(1, 1)T0 | + H.c..

(9.1)

We have introduced a static magnetic field gradient between the two dots dB = g∗ µB (BzL −
BzR ), which mixes the singlet and triplet states. This system has been studied in detail in
Refs. [16, 29, 39, 184]. Parameter ranges for experiments are t ≃ 0 − 10µeV and dB ∼
0.1 − 1µeV. State preparation, measurement, 1-qubit gates, and local 2-qubit gates can be
achieved by changing the bias ∆ between |(0, 2)Si and |(1, 1)Si [119, 179, 151].
Interaction with the resonator is included naturally by writing the bias as a contribution from static fields, ∆0 , set by voltages on the gates defining the double dot, and a
contribution from the resonator itself:

∆ = ∆0 + eV̂

Cc
,
Ctot

(9.2)

where Cc is the capacitive coupling of the resonator to the dot, while Ctot is the total
capacitance of the double dot. The voltage due to the resonator of length l, capacitance
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per unit length C0 , and impedance Z0 is quantized as [29]
V̂ =

X
k

r

~ωk
(âk + â†k ) .
lC0

(9.3)

We now deduce an effective Hamiltonian for the system when the splitting between
eigenstates of Eq. 9.1, ω, is comparable to the fundamental mode frequency of the resonator,
ω0 = π/lZ0 C0 (i.e., the cavity detuning δ = ω − ω0 is small). Neglecting the higher energy
modes, we write the Hamiltonian for the resonator itself as HT LR = ~ω0 â† â, where â is the
lowest energy mode destruction operator, and the interaction with the dot is
U = g(â + â† )|(0, 2)Sih(0, 2)S|
Cc
where g = e Ctot
lC0

p

(9.4)

~π/Z0 = ηω0 is the vacuum Rabi coupling between the double dot and

the resonator. In practice, for ω0 = 2π × 10 GHz, g = 2π × 100 MHz (i.e., η = 10−2 ) is
achievable [29, 195, 12]). A reduction of ω0 by lowering lC0 results in a comparable reduction
of g. Finally, as Q > 106 resonators are possible in the microwave domain [29, 195], the
quantization of the resonator voltage is appropriate. In practice, the need to work with a
finite local external magnetic field (100 mT) may limit Q ≈ 104 [73].

9.2

Operating point
We seek a set of parameters {∆0 , T0 , dB} such that the system can be coupled to

and controlled by the resonator. This “operating point” should maximize the coupling to
the resonator and minimize the noise in the combined system. To motivate the optimal
choice, let us first proceed with small tunnel coupling t and cavity coupling g. In this case
the eigenstates are |↓↑i, |(0, 2)Si, |↑↓i, with eigenenergies −dB, ∆0 , dB. Setting the energy
˜ = dB −∆0 ≈ 0, degenerate perturbation theory in the tunnel coupling t reveals
difference ∆
an avoided crossing at this balanced point between |↓↑i and |(0, 2)Si with an energy gap
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ω=

p

˜ 2 + 4t2 around ∆
˜ = 0 (Fig. 9.1b) and mixing angle θ =
∆

1
2

˜ Working in
tan−1 (2t/∆).

the rotating frame with the rotating wave approximation, we find an effective Hamiltonian
for the combined system to be
H = ~(ω − ω0 )|1ih1| + geff â|1ih0| + H.c.

(9.5)

√
where, at θ = π/4, |0(1)i = (|↓↑i − (+)|(0, 2)Si)/ 2 and
1
geff = − ηω0 sin 2θ ≈ −ηt .
2

(9.6)

We choose θ = π/4 for two reasons. First, at this point the gap ω is insensitive to
first-order changes in ∆0 and dB. Such zero-derivative points are optimal for controlling
quantum bits with imperfect electronics and in the presence of low frequency noise [124, 194,
167, 69, 203]. In our case this suppresses fluctuations in control electronics (∆0 ) and in the
magnetic field gradient (due to hyperfine interactions), which are the dominant dephasing
terms. Second, the coupling coefficient geff is directly proportional to the energy splitting
in the system, as would be expected of a “bare” coupling of comparable strength.
The cost of working at this point is increased sensitivity to fluctuations in t (it
effects both geff and ω at first order) and a higher probability of relaxation due to the
enhanced charge admixture of the qubit states (see the analysis of inelastic effects below).
The former could be mitigated: as no time-dependent control of t is required, the gates that
set t can be heavily filtered to greatly reduce potential noise.
For long term storage of the quantum information, we can adiabatically map the
states |0i, |1i to the spin states |↓↑i, |↑↓i via change of ∆0 , going to a well separated regime.
As long as the change of ∆0 is slow with respect to the splitting dB, the process is entirely adiabatic; furthermore, we are only sensitive to charge fluctuations on a frequency
scale faster than ∼ dB. The spin states, protected by occassional refocusing, are mostly
insensitive to charge relaxation and dephasing [122, 21]. Thus, when long quantum memory
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times or insensitivity to charge-based relaxation is necessary, the system can be adiabatically mapped to such a separated regime; when operation with the resonator is necessary,
they can be mapped back to the balanced regime of ∆0 ≈ −dB.

9.3

Generalized approach
We now proceed to generalize the above analysis to an arbitrary set of parameters

p = {dB, t, ∆0 }, treating the interaction with the cavity as a perturbation. We write the
eigenenergies of HDD as Em (p) (m = 0, 1, 2, and



 |0i 







†
 |1i  = χ (p) 






|2i

E0 ≤ E1 ≤ E2 ) and the eigenvectors as

|(1, 1)T0 i 


(9.7)
|(1, 1)Si 


|(0, 2)Si

where χ is a 3x3 unitary matrix. In the rotating wave approximation, we may neglect

all cavity interaction terms diagonal in the eigenstates. Furthermore, when the energy
differences are non-degenerate (E1 − E0 6= E2 − E1 ), we may also only keep coupling to the
transition with energy E1 − E0 ≈ ~ω0 . Then,
U = gâ† χ02 χ∗21 |0ih1| + H.c.

(9.8)

Thus, geff (p) = gχ02 (p)χ∗21 (p). Keeping t fixed, we plot geff and the expected error in
operations due to relaxation (calculated below). Of immediate interest is the regime of
dB ∼ t, where geff /g > 0.3 and ξ 6= 0. This suggests that maximal coupling to the cavity
occurs when t, −∆0 , and dB are all comparable.

9.4

Noise and decoherence
We now demonstrate the favorable noise properties of the balanced system. Three

kinds of error are considered: relaxation of the charge system in a time T1 , additional
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Figure 9.2: (a) Coupling strength, geff , in units of bare coupling g, as a function of field
gradient dB and bias ∆0 . (b) Calculated probability of error in swapping a double-dot
state with the resonator state due to charge-based relaxation using t = 4 µeV and an
inverse temperature of 10 µeV.
dephasing of the charge system in a time T2,a = T2 − 2T1 , and decay of the cavity photon at
a rate κ. We assume the additional dephasing arises from low frequency fluctuations [194,
127, 167, 203, 179, 184], due to changes of the electrostatic gates and magnetic field gradient,
e.g., as noise on ∆0 and dB.
For charge-based relaxation, coupling to a phonon bath with spectral density
P
2
ρ(ω) =
k |gk | δ(ω − ωk ) will lead to decay [24]. Using the spin-boson model in the

perturbative regime yields an overall error rate from relaxation and incoherent excitation:
1/T1 = 2πρ(ω10 )|χ20 χ12 |2 coth(ω10 β/2) .

(9.9)

We estimate ρ(ω) at ω = 76µeV/~ using measured charge relaxation times [88, 150]. For a
double quantum dot system in GaAs and small ω, ρ(ω) ∝ ω 3 [16]. This indicates 2πρ(ω) ≈
~2 ω 3 /(1meV)2 for the low energy limit. Reducing the resonant frequency lowers relaxation
rates. Near the optimal point, with ω10 ∼ 2π× 2 GHz, T1 ∼ 1µs.
Additional dephasing (T2,a term) arises from variations of the energy gap, ∆0 (t) =
R
′
∆0 + ǫ(t) with hǫ(t)ǫ(t′ )i = dω S(ω)eiω(t−t ) . We assume a high frequency cutoff of the

noise at γ ≪ E1 − E0 , ω0 . The contribution to error at first order arises from ω10 (t) =

ω10 + ǫ(t)(∂ω10 /∂∆0 ). When the pre-factor η∆ = |∂ω10 /∂∆0 |2 is non zero, there is first-
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order dephasing. In the rotating frame, the off-diagonal density matrix element evolves
as


Z
sin2 (ωτ /2)
.
ρ01 (t) ∼ exp −η∆0 dω S(ω)
(ω/2)2

(9.10)

√
For example, when γ ≪ 1/τ , the decay is Gaussian with a time constant T2 ∼ T2,bare / η∆0 ,
qR
dω S(ω). Bare dephasing times of ∼ 1 ns were
where the characteristic time T2,bare = 1/

observed for qubit frequencies of ∼ 2π × 20 GHz [88, 150]. However, longer T2,bare times

might be achieved for qubits at ∼ 2π × 1 GHz through better high- and low-frequency
filtering of electronics noise. We will take T2,bare = 10 ns for the remainder of the paper;
this limit arises from the combined effect of charge-based terms and nuclear spin-related
dephasing [14, 112, 151].
At the zero derivative point (∂ω/∂∆0 = 0) second-order terms must be considered [194, 69, 133]. To the leading order [69], we find dephasing occurs over a timescale
T2 ∼ ω10 (T2,bare )2 . More detailed calculations indicate that the underlying physics of the
bath becomes important near zero-derivative points [69, 133]. Thus the optimal point combines the maximal coupling geff to the resonator with an extended T2 time (Fig. 9.3). In
this regime, with ω0 = 2π × 1.5 GHz, geff T2 ≈ 100. We note that away from the optimal
point, even assuming maximal coupling, geff T2 . 1. For example, in the strongly biased
regime (∆/t ≫ 1), geff T2 ≈ gT2,bare . 1. We conclude that only near the optimal point may
the strong coupling regime be achieved.

9.5

Quantum control
We now discuss potential applications. Coherent control of the system with little

sensitivity to low frequency noise is achieved by driving the resonator on resonance with a
microwave pulse. We can describe this scenario by making the cavity state a coherent state,

Chapter 9: Cavity quantum electrodynamics with semiconductor double-dot molecules on a
226
chip

2
1.5
dB

1

T
0.5
0
-1

- 0.5

0

0.5
1
∆ T

1.5

2

Figure 9.3: Solutions of ∂ω10 /∂∆0 = 0 (black), ∂ω10 /∂t = 0 (blue), and ∂ω10 /∂dB = 0
(red). The region of geff /g > 0.3 is marked in grey.

|αi, letting us replace â with α. We would expect Rabi oscillations between |0i and |1i with
Rabi frequency Ω = geff α. Low frequency components of the driving field (DC offsets) are
greatly reduced because of the gap induced by t and the insensitivity of the gap energy ω
on variations of ∆.
Another technique is a quantum non-demolition measurement. When the mi˜ the evolution yeilds a qubit-dependent
crowave transition is detuned from the cavity by ∆,
˜ (for |0i, |1i states respectively) for an injected microwave field
phase of φQN D = ±g2 τ /∆
over a time τ (limited by qubit decay). Assuming that the noise level of the detector exceeds
the background by about a factor of ten, the fidelity of such a QND measurement of the
encoded spin qubits is given by F = 1−10κ/g2 T1 [12]. This single qubit QND measurement
can be completed in a time 1/κ ∼ 1 µs.
In addition, a wide variety of cavity QED quantum control techniques may be
accessible. As an example, we focus on the SWAP operation, where the qubit state is
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“swapped” with a photonic state of the resonator. When there are no photons in the cavity
and δ = 0, the state |0i|0icav is stationary, while |1i|0icav oscillates with Rabi frequency
geff /~ to the state |0i|1icav ) (we use |nicav to indicate n photons in the cavity mode). When
the time spent oscillating is π~/geff , a quantum state of the singlet–triplet system is mapped
to the existence or absence of a cavity photon:

(α|0i + β|1i)|0icav → |0i(α|0i + iβ|1i)cav .

(9.11)

This process can be controlled by rapidly changing δ to and from zero. In essence, we
can convert one quantum bit (the double-dot system) to another quantum bit (the cavity photon), which can then be used for a variety of quantum information tasks, such
as long-distance quantum gates, quantum communication, and quantum repeaters [35,
30, 163]. Furthermore, it may allow for coupling to other qubit systems, such as atoms,
molecules [169], or superconducting qubits [12].
As an example, we now detail the expected errors for the SWAP operation. Both
T1 and κ contribute to the decay of the system, which lead to population of the state
|0i|0i, while dephasing, T2 , leads to phase errors in the transformation. Including only
1
relaxation terms, yields a probability of error in “SWAP” of pT1 = π κ+1/T
geff . In addition,

pure dephasing (T2 ) leads to an error with probability pT2 = π 2 /(T2 geff )2 . The optimal
2
from noise in ∆0 and dB.
point has geff ≈ 0.4ηE10 , 1/T1 ≈ 0.2Γ(E10 ), and T2,a ≈ ω10 T2,bare

Optimizing against both noise sources suggests that for a bare dephasing time of T2,bare = 10
ns, a cavity frequency of ∼ 1.5 GHz is optimal for SWAP operations, with a probability of
error ≈ 2%.
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9.6

Conclusions
In summary, we have shown how spin states of double quantum dots can be coupled

directly to microwave resonators. An optimal operating point with maximum coupling to
the resonator and minimum coupling to some sources of charge and spin noise is found.
This suggests a variety of powerful quantum control techniques may become possible for
such a system.
We thank A. Imamoglu, G. Burkard, and L. Childress for helpful discussions.
This work was supported by ARO, NSF, the Sloan Foundation, and the David and Lucille
Packard Foundation.
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Information processing using quantum systems provides new paradigms for
computation and communication and may yield new insights into our understanding of the limits of quantum mechanics. However, realistic systems are
never perfectly isolated from their environment, hence all quantum operations
are subject to errors. Realisation of a physical system for processing of quantum information that is tolerant of errors is an outstanding problem in quantum
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science and engineering. We develop an architecture for quantum computation using electrically controlled semiconductor spins by extending the Loss–
DiVincenzo scenario and by combining an actively protected quantum memory
and long-distance coupling mechanisms. Our approach is based on a recently
demonstrated encoding of qubits in long-lived two-electron states, which immunizes qubits against the dominant error from hyperfine interactions. We develop
a universal set of quantum gates compatible with active error suppression for
these encoded qubits and an effective long range interaction between the qubits
by controlled electron transport. This approach yields a scalable architecture
with favourable error thresholds for fault tolerant operation, consistent with
present experimental parameters.

Over the past decade, significant effort has been directed toward the physical
realisation of quantum computation. The promise of solid-state systems such as quantum
dots[122] and superconducting islands [125, 140] was identified early. Recently, coherent
manipulation of solid-state quantum bits, analogous to well developed realisations in atomic
physics[28, 36], was experimentally demonstrated[31, 89, 195, 151]. However, achieving fault
tolerant quantum computation entails a significant mitigation of environmental couplings,
which is particularly challenging in the solid-state. Here, we develop a scalable architecture
for solid-state quantum computation based on actively protected two electron spin states
in quantum dots[54, 204, 120, 193, 200, 119, 135, 178]. We find a universal set of gates
for these encoded states that can be implemented using only local electrical control, and
that suppress the effect of hyperfine interactions, the dominant source of error[14, 96, 151,
112, 134, 103, 45]. Our architecture allows for a modular, hierarchical design, and includes
autonomous control and non-local coupling via controlled electron transport. Fault tolerant
operation[173] appears to be achievable with present experimental methods.
As recently demonstrated experimentally[151], exchange interactions can be used
to prepare qubits in well-defined states, protect them from low-frequency noise[200, 178],
perform certain single qubit rotations[119, 135], and allow measurement via charge readout
with a nearby electrometer[50, 202, 62]. Control of the exchange energy J between adjacent
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quantum dots is achieved by electrical means. We expand these operations to include singlequbit rotations based on waiting in small static magnetic field gradients, and two-qubit gates
based on the capacitive interaction of four electrons in proximal double dots, completing the
universal set of quantum gates compatible with dynamical protection and electrical control.
Effective long-range coupling between qubits is provided by moving electrons by use of a
single-electron pump or charge-coupled device[144], which allow for many electrons to be
transported in parallel before and after two-qubit operations such that they are immune
to most dephasing processes during transport[178]. Together, these elements allow us to
develop a fully electrical architecture for controlling and coupling qubits (Fig. 10.1) that
is highly modular and designed for efficient quantum error correction. By analogy with
scalable ion trap schemes[106, 172, 200], we find a better fault tolerant error threshold than
nearest-neighbour architectures[177].

10.1

Protected qubits and quantum gates
The present approach takes singlet and triplet states of two electron spins in ad-

jacent quantum dots[150] to encode one qubit (Fig. 10.1a, Fig. 10.2a). The logical basis of
√
√
our qubits is defined by |0L i = (|↑↓i − |↓↑i)/ 2 and |1L i = (|↑↓i + |↓↑i)/ 2. This decoherence free subspace immediately protects the system from collective phase noise due, e.g., to
uniform magnetic field fluctuations[54, 204, 120]. In addition, dynamical protection from
differential phase noise, e.g., due to hyperfine interaction with nuclear spins[178], is possible
within this subspace[193] via periodic exchange (SWAP) of the two electrons[200, 151]. An
external magnetic field produces an energy gap between the unused states | ↑↑i, | ↓↓i and the
logical subspace, thereby suppressing spin-flip errors[87, 96, 104]. With these protections, a
quantum memory with decoherence times approaching milliseconds may be achieved[178].
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Figure 10.1: (a) Two adjacent depletion-gate-defined double quantum dots (one qubit comprising two spins) built on a semiconductor heterostructure, with tuning gates (green), high
frequency microwave (MW) gates (gray, blue), and capacitive coupling gates (orange) forms
a node. Coupling to a nearby quantum point contact (QPC) or single-electron transistor
(SET) provides for charge measurement. Alternating gates along the top form the spin
shuttle, and a Fermi sea can be selectively coupled to the spin shuttle for electron injection
/ ejection (preparation and erasure). The transport-channel double-dot (qubit B) is only
occupied during two-qubit gates. (b) Qubits (red) connected by a spin shuttle (yellow),
along with semi-autonomous classical control circuitry (blue-gray), forming a single block.
A single “data” block, used for the logical computation, is adjacent to R ancilla blocks,
making up an “encoding unit” (c). Ancilla blocks may operate in parallel; as soon as a
verified ancilla is available, it may be used for error correction within the unit. Encoding
units, in turn, operate autonomously, allowing for the massive parallelism necessary for
large-scale error correction. Replacing the 2-qubit “node” of (a) with two encoding units
in (c) allows for recursive implementation of QEC codes; such code concatenation improves
the error correcting abilities of the system, eventually allowing for arbitrary computations
so long as physical error rates are less than some threshold values.
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Figure 10.2: (a) Schematic of a double quantum dot, with two-electron spins (red) confined
in double-well potential (black line) and interacting with lattice nuclei (orange and blue).
(b) Level diagram, indicating logical states coupled by magnetic field gradient, additional
coupling of the (0,2) charge state |(0, 2)Si to the singlet (|0L i), and the “leakage” states,
|T± i. The triplets of the biased system are neglected due to a large exchange energy Jd ≈ υ,
and the spin-aligned triplets with one electron in each well (|T± i) are detuned by Zeeman
energy. Higher energy states, separated by an orbital level spacing υ ≈ 0.5 − 1 meV, may
be included as additional renomalization corrections. (c) The Bloch sphere of the logical
space, with rotation axes due to exchange interactions, J, and gradient field terms, dB.
(d) Truth table for interaction between two adjacent double dots (schematically shown as
coupled quantum double dots), used for the 2-qubit CPHASE gate as described in the text.
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We model each double dot (Fig. 10.2a) as a three level system (Fig. 10.2b): the
two logical states |0L i, |1L i, and the state |(0, 2)Si, used for preparation, for measurement,
and for quantum gate operations. The logical states have one electron in each well, a charge
configuration labeled (1,1), while the state |(0, 2)Si is a spin singlet of the biased system
with two electrons in a single dot and no electrons in the other, a charge configuration
labeled (0,2). Its energy detuning ∆ from the logical subspace and its tunneling couple T
to the singlet |0L i is controlled by local electric gates. When detuning is large and negative
(∆ ≪ −T ), |(0, 2)Si is the ground state of the system. For ∆ ≫ T , the state |(0, 2)Si
is only virtually populated, which leads to an effective exchange energy J ∼ T 2 /∆ (see
Methods); in terms of practical parameters, J may be 0–100 µeV. Rapid control of the
exchange energy may be accomplished through control of any combination of T and ∆. To
complete the set of single qubit operations, we require a static magnetic field gradient dB
between two dots. It mixes states within the logical subspace, acting as a qubit-flip term.
This gradient could be produced by steady-state nuclear polarisations, g-factor differences,
or permanent magnets. Polarizations of ∼ 0.5% or a dot-to-dot difference in g factor of 1%
at 3 tesla of external field gives a 30 mT gradient between dots; similarly, nearby permanent
magnets can product gradients upwards of 100 mT/µm[137].
For a universal set of gates we choose rotations around the Z (|0L i, |1L i) and X
(|↑↓i, |↓↑i) axes of the effective Bloch sphere shown in Fig. 10.2c, and a controlled-phase
two-qubit gate. Preparation, measurement, and Z rotations within the logical space have
already been demonstrated experimentally[151]. In brief, the state |0L i can be prepared by
loading two electrons from a nearby Fermi sea into the ground state of a single quantum
dot, |(0, 2)Si when ∆ < 0. The two electrons are then split by changing the detuning
∆ from large and negative to large and positive, fast with respect to the gradient energy
ǫdB = 2g∗ µB dB but adiabatic with respect to T , yielding adiabatic passage of |(0, 2)Si to
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|0L i. The reversed process adiabatically transfers the singlet state (|0L i) to |(0, 2)Si; this
state differs in charge from |1L i which still has one electron in each dot, thereby allowing
for measurement of the logical states via charge measurement. As illustrated in Fig. 10.2c,
exchange interaction[122, 119], with J 6= 0 for a time t = ~φ/J, yields a Z axis rotation
φ
= e−iφσz /2 , where σx,y,z are the Pauli matrices within the logical subspace.
of angle φ: RZ

Similarly, the gradient, dB, produces logical X rotations; by waiting with J = 0 for a
φ
time t = ~φ/ǫdB , an X rotation RX
= e−iφσx /2 is obtained. In the regime of large J and

relatively small gradients dB, an arbitrary rotation is created by choosing the timing of
Z rotations such that the desired X rotation is accomplished during free evolution (when
J = 0). Undesired X rotations, such as those accumulated during waiting intervals, are
removed by the SWAP operation used to refocus the system for protection against nuclear
spins. Alternative approaches for the regime of large dB and small J are possible by working
in the rotating frame of the gradient and oscillating J at a frequency commeasurate with
the energy difference, ǫdB [119].
Coulomb interaction between two double dots (qubits A and B in Fig. 10.2d) is
used for two-qubit gates. It is described by the Hamiltonian VAB = Ecc |(0, 2)Sih(0, 2)S|A ⊗
|(0, 2)Sih(0, 2)S|B where Ecc is the differential cross capacitance energy between the two
double-dot systems, corresponding to the difference in Coulomb energy from the (0,2)–(0,2)
configuration and the (1,1)–(1,1) configuration. Simultaneously reducing the detuning of
two nearby qubits (A and B) makes the states |0L iA,B adiabatically transfer to a state
that has an admixture of |(0, 2)SiA,B : |0̃L iA,B = cos θ|0L iA,B + sin θ|(0, 2)SiA,B , while the
triplets remain in the states |1̃L iA,B = |1L iA,B ; see Methods for details. As illustrated in
Fig. 10.2d, this produces a spin-selective charge dipole, which enables an effective dipoledipole interaction. For small θ, the probability of populating |(0, 2)Si is small (∼ sin2 θ);
however, in the adiabatic basis, VAB = Ecc sin4 θ|0̃L ih0̃L |A ⊗ |0̃L ih0̃L |B , which allows for a
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controlled phase gate of angle π when the biasing is on for a time π~/Ecc sin4 θ. As the
cross capacitance energy may be large (0.1 to 1 meV)[189], this time can be within sub-ns
time scales. In principle, exchange-based approaches are also applicable[119, 200]. However,
they would temporarily take the qubit out of the logical space, leading to unprotected error
accumulation.
Reliable qubit transport is an essential feature of any scalable implementation of
quantum computation[166, 171]. Low-error transport is difficult to achieve through pairwise
SWAP gates. In our approach, we transport spin states by moving the electron charge, as
described in Fig. 10.3. Early experiments demonstrated coherent spin transport in bulk
GaAs[107]; here, we use a deterministic transport mechanism, greatly reducing chargerelated errors. Essentially, a travelling wave potential for quantum dots is produced by
modulation of fixed depletion gates. Many electrons may be carried in separate, adjacent
minima, allowing parallel movement of all of the physical bits encoding a logical bit and
leading to efficient blockwise two-qubit operations. With high barriers between adjacent
minima, such a shuttle forms a series of unconnected quantum dots each moving with a
constant velocity v. Adiabatic transport is achieved if |v|2 m∗ /2 ≪ υ, where υ is the orbital
level spacing of the moving dot, implying |v| ≪ 104 m/s for an orbital level spacing of 0.5
meV. For example, with a feature size of 50 nm, one cycle of the shuttle yields a distance
of 300 nm and is adiabatic for cycle periods τ ∼ 1 ns.

10.2

Errors in quantum operations
We now consider sources of error. The temperature must be sufficiently low for

efficient preparation of singlet states in a single quantum dot, requiring kB T ≪ Jd ∼ 0.5
meV (= 5 K). In this regime, the dominant errors are low-frequency (spin) phase noise
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Figure 10.3: (a) A single electron CCD or electron pump[144] operates by applying AC
varying voltages to three sets of gates ±2π/3 out of phase. The sign determines the direction
of travel. Electrons are injected/ejected in the transport channel by means of adiabatic
pulses applied before starting or stopping motion. A gate design for the spin “shuttle”
(top) and potential energies along the transport direction at five points in time are shown
at the bottom. The black curve is the total potential the electron encounters, given as
the sum of the three blue curves. (b) Many electrons may be carried in separate, adjacent
minima, allowing parallel movement of all of the physical bits encoding a logical bit and
leading to efficient blockwise two-qubit operations.
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due to hyperfine coupling[96, 151] and charge-based dephasing and relaxation. The spin
noise is modeled as a position-dependent spin phase noise term, V = ~η(t, x)Ŝz , where
η(t, x) is independent for each dot with a power spectrum S(ω), and Ŝz is the electron
spin projection on the external field. The spin phase noise power spectrum due to nuclei is
characterized by a time ensemble averaged dephasing time T2∗ ≈ 10 ns and a high frequency
cutoff 1/τc ≪ 1/T2∗ [134, 103, 45, 178, 151]. Within this error model, nuclear spin-related
dephasing can be refocused with periodic Z rotations to produce a long-lived quantum
memory with potential lifetimes expected to exceed milliseconds[178].
Errors incurred during Z rotations arise from charge-based dephasing due both
gate voltage fluctuations and intrinsic coupling to environmental degrees of freedom such
as phonons[16, 8, 90]. We choose a noise model for charge dephasing where the rate for
inelastic transitions from (0,2) to (1,1) is given by T1−1 and where the energy difference ∆
fluctuates, inducing characteristic charge dephasing with a rate T2−1 . After elimination of
the (0,2) state (see Methods) the effective error rate during an exchange gate is given by
sin2 (θ)T1−1 [1 + sin2 (θ)(T1 /T2 )], while the exchange energy is J = T tan(θ)/2. In principle,
the error vanishes for θ → 0; however, in practice, we require that J ≫ 1/T2∗ due to the spin
phase noise. As an example, taking T1 = 3 ns, T2 = 1 ns, and tunnel coupling T = 120µeV,
θ ≈ 0.06π is optimal with an error per SWAP of ∼ 3 × 10−3 .
Charge noise can be further reduced by working at points where the response of
the exchange energy to gate voltages is zero, i.e., dJ/dVi = 0 for all gate voltages {Vi }, in
analogy to such zero-derivative points in superconductor-based qubit designs[194]. While
this is true for J = 0, this could be achieved for finite J as well if sufficient perpendicular
field is applied to change the sign of J while in the separated configuration and while
maintaining the singlet as the ground state of the biased configuration[21] (also M. Stopa,
private communication). This naturally leads to an extremum for J({Vi }) associated with
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a maximally negative J value. Only intrinsic errors and higher order processes are not be
suppressed by these techniques. Finally, a Landau-Zener excitation to |(0, 2)Si is suppressed
by an energy gap on the order of the orbital level spacing. We may neglect it in a low
temperature approximation, which is justified in our regime as no phonons of 1 meV are
available in the environment to drive the inelastic transition, and if gate control is adiabatic
with respect to the orbital level spacing.
For X rotations, composite pulses allow high fidelity operations even in the presence
of substantial low frequency (spin) phase noise. For example, the slowly varying nuclear
field leads to correlated under/over rotation errors. The BB1 composite pulse sequence from
NMR is effective in eliminating these errors[191]: for an under/over rotation angle δφ =
φ~/T2∗ ǫdB , X rotation has an error p1 ∝ δφ−6 . Errors due to the drift of the nuclear field
over the time scale of the BB1 composite pulse can be calculated as a shift occurring over a
time τc and enters as p′1 = (τc ǫdB )−1 δφ−4 . As a concrete example, we now consider a
π/4

π
2

X-

π/2

−φ 4 −2φ 8 2φ 4 φ
U R Z U RZ U RZ U
rotation. Setting U = RX , the required sequence is Rx,BB1 = U RZ

with φ = cos−1 (−1/8). For a field difference between two GaAs dots of 30 mT, a spin phase
noise with T2∗ = 10 ns, and high frequency cutoff γ . 1 µs−1 , the error due to under/over
rotation is p1 . 10−4 , the error due to drift is p′1 ≪ 10−4 , and the total gate time is 3 ns.
Imperfect exchange gates increase this error linearly (for small exchange errors), while a
larger gradient reduces gate time and error. In practise, our suggested techniques for higher
fidelity exchange gates may be necessary to make composite pulses worthwhile.
While the energy gap between singlet and triplet subspaces suppresses the spin
noise during exchange gates and the 2-qubit gate, charge noise becomes important due to
the finite admixture of different charge states. Taking the same charge noise model used
for Z rotations, we estimate that a dephasing error during the 2-qubit gate occurs with
probability p2 = (π~/Ecc )(1/T2 + 1/T1 sin2 θ). With Ecc = 1 meV and taking θ = 0.1π,
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the error is p2 . 6 × 10−3 . Improved charge dephasing terms would lead to substantially
improved operation.
During the transport process, motional averaging reduces the error due to low
frequency phase noise. The error is reduced further for our encoded qubits; by transporting
individual spins of a qubit in close proximity, the encoded qubit is immune to most dephasing, as we recently analysed in detail[178]. Qualitatively, as the two spins of the qubit
travel through the same channel, all static phase terms (including spin-orbit interaction) are
cancelled exactly. Focusing on a specific case, for hyperfine terms in GaAs, with T2∗ ∼ 10 ns,
∗
≫ 1 ms. The spin shuttle
γ . 1 µs−1 , and average dot-to-dot time of 1 ns, we find T2,eff

error per dot-to-dot transfer, pt ≃ 10−6 , is likely to be limited by the Zeeman-suppressed
spin flip terms. We note that transport over 100 sites will have higher fidelity than a single
2-qubit gate.

10.3

Fault tolerance and error thresholds
The physical qubits discussed above are used to encode and protect logical com-

putations of a quantum computer by using quantum error correction (QEC)[166, 171]. We
adopt an approach in which most QEC operations are performed on ancillary qubits, allowing for verification of successful preparation, before interacting with qubits used for the
logical computation for error correction[172]. This prevents errors occurring in the bulk
of the QEC operations from effecting the logical operation. To facilitate parallel preparation and verification of ancillae, qubits are grouped into independent blocks, comprising Nb
qubits, as shown in Fig. 10.1b. Nb is the number of qubits required to implement logical
ancilla creation and verification for a given quantum error correcting code; for example, the
Steane [[7,1,3]] code typically has Nb ≥ 10, where the choice depends on choice of verifica-
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tion circuitry, which could be optimized for a given error model. Blocks of R ancillae and
a data block are grouped into units for a hierarchical architecture illustrated in Fig. 10.1.
Some errors, such as spin-flips, make qubits leave the logical subspace. These
leakage errors must be corrected. In addition to standard QEC[172], which only corrects
within the logical subspace, at the lowest level of encoding we introduce a “T” gate network
to detect leakage errors, i.e., spin-flips, and replace them with errors within the logical
subspace. Because our two-qubit gate is insensitive to which triplet state the system is in,
π detects leakage to |↑↑i, |↓↓i.
checking the parity of the qubit under a logical bit flip, X = RX

More specifically, preparing an ancilla (A) in |0L i, the T network on a data bit (D) and
ancilla is the sequence HA XD C ZAD XD C ZAD HA . Here HA is a hadamard on the ancilla
qubit, and C ZAD is a controlled phase between A and D. Then, the ancilla is measured in
the Z basis; the result 1 indicates no leakage error, and computation proceeds. The result 0
indicates leakage, we replace the data qubit with the state |0L i. This maps errors outside of
the logical space to errors within the logical space, and allow the normal circuitry of error
correction to proceed within the logical subspace. As each qubit of the encoded qubit is
operated on with independent ancilla qubits, the procedure is fault tolerant.
Finally, for scalable architectures, teleportation-based gates may be used[83, 205].
Specifically high fidelity prior entanglement and measurement provides an alternative to
the CPHASE two-qubit gate that may be appropriate for higher level encoding and/or
fault tolerant gate operations where large transport distances or long times between gates
are common. Such entangled states may be prepared using the charge measurement on
spins belonging to different qubits, and their fidelity may be improved by entanglement
purification[178].
We now consider teleportation-based gates in more detail. By preparing entanglement in ancillary qubits in advance, Bell measurements are used to teleport the data
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through the gate yielding the desired logical operation[83]. In addition, teleportation-based
gates allow for the correction of arbitrary leakage errors such as electron loss and spin flips,
because the data qubit is replaced with the new ancillary qubit.
Teleportation-based single-qubit gates and two-qubit gates start with a prepared,
ancilla state with the desired unitary operation already applied to one qubit of a Bell pair,
and are completed by Bell measurements on the the other qubit of the pair and the data
qubit (Fig. 10.4). This teleports the desired operation onto the remaining qubit, with an
additional known Pauli operator applied to the result. This Pauli operator may be undone,
as shown in Fig. 10.4a with σν and Fig. 10.4b with σν σµ . Thus, the operation of a given
gate can be reduced to the preparation of a known, entangled state of ancillas (occuring
inside the dashed lines), followed by Bell measurements.
The power of this teleportation technique derives from the ability to make the difficulty of gates a state-preparation problem (where states may be prepared in a probabilistic
manner, e.g., using measurements and without using two–qubit gates, and in addition purification techniques[178] can be used to improve fidelity), and in the ability to remove
arbitrary leakage errors, such as spin-flips taking the system out of the logical space or even
loss of an electron, by teleporting the data to the freshly prepared ancilla qubit. It also
allows a π/8 Z-rotation in a fault tolerant manner[205], completing the set of universal,
fault-tolerant gate operations. In our architecture, the preparation of states could occur in
the transport channel qubit (qubit B, in Fig. 1c). However, the time scale and overhead in
ancilla number for such gates may make teleportation-based leakage correction less efficient
than the T network.
Recently, detailed analysis showed that thresholds for fault tolerance depend sensitively upon both fidelity of quantum memory, quantum gate operations and errors associated with long-range qubit coupling[172, 173]. With the quantum memory provided from
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a)
Measure
Bell state

Prepare Bell state

|φ〉

ν

σν

U

U|φ〉

b)

Prepare Bell state

Measure
Bell state

|φ〉

σν

U'|φ〉|ψ〉

σµ

Measure
Bell state

Prepare Bell state

U'

|ψ〉

ν

µ

Figure 10.4: Teleportation-based single-qubit gates (a) and two-qubit gates (b). The desired
operation (U or U ′ ) is teleported onto the remaining qubit(s), with an additional known
Pauli operator(s) applied to the result. These Pauli operators are, as shown, (a) σν and (b)
σν σµ .

244

Chapter 10: Fault-tolerant architecture for quantum computation using electrically
controlled semiconductor spins

refocusing of the logical qubit states, and the transport mechanism described above, we now
analyse the error requirements for reaching the fault tolerant threshold by direct analogy to
ion trap-based schemes[173]. In both cases, transporting quantum information has low error
rates, measuring quantum states take many time steps, and 2-qubit gates are slower than
1-qubit gates. If 2-qubit gates have an error probability p2 , we can rate the overall system
as follows. For 1-qubit gates, the error is p1 < p2 ; for transport pt ≪ p2 . Memory error
rates at critical times (such as during measurement) are pm ∼ p1 due to the use of 1-qubit
gates to implement dynamical protection; and transport within a block produces errors in
memory and transport similar to those of a single 2-qubit gate. This is analogous the situation of Ref.[173] where a threshold was numerically estimated for the [[7,1,3]] Steane code.
In particular, memory error during measurement is less than 2-qubit gate errors, and transport of distances up to RNb occurs with negligible overhead, giving the ultimate threshold
for a 2-qubit gates of p2 ≃ 2 × 10−4 . Note that this estimate assumes that classical, local
information processing requires only a few time steps of the quantum computer. Given
our expected error rates, achieving fault tolerance will require error-reducing approaches,
such as composite pulses and zero-derivative points. In addition, higher thresholds may be
possible through better code choice and other optimizations[111].

10.4

Methods
The capacitive two-qubit gate is based on the differential charge coupling Ecc be-

tween two double quantum dots, A and B, of states with one electron in each quantum
dot (1,1) and two electrons on one side, (0,2). These correspond to the logical states and
the doubly occupied singlets, |(0, 2)SiA and |(0, 2)SiB , for each double dot. We choose
a labelling of dots such that the second dot of A and the second dot of B are adjacent,
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maximizing their Coulomb interaction. The Coulomb interaction gives a charge-based interaction that has a factorizable component, VA + VB = ∆A (PAL − |(0, 2)Sih(0, 2)S|A ) +
∆B (PBL − |(0, 2)Sih(0, 2)S|B ), and an entangling component, VAB = Ecc |(0, 2)Sih(0, 2)S|A ⊗
L
|(0, 2)Sih(0, 2)S|B , where PA(B)
= |0L ih0L |A(B) + |1L ih1L |A(B) projects into the logical sub-

space of A(B). The residual term leads to capacitive coupling in the charge stability diagram
of the combined system and is set by the device geometry. It has been observed in parallel
quantum dots to be of the order Ecc = 0.1 − 1 meV[189].
A simple form of the capacitive two qubit gate can be realized by starting in
the unbiased configuration, in which the logical states are both (1,1) charge states. Then,
rapid adiabatic passage to the (0,2) configuration for qubits A and B will lead to stateselective transfer: only the singlet states will go to the doubly-occupied states |(0, 2)Si.
The Coulomb interaction VA + VB leads to an exchange gate for l and r, while VAB leads
to additional phase evolution for the state |(0, 2)SiA |(0, 2)SiB . By waiting at time ~π/Ecc
an additional π phase is accumulated for this state, realizing a controlled-phase operation
and two Z rotations. The Z rotations can be undone with additional, independent exchange
gates performed in series on qubits A and B.

In a realistic situation, charge dephasing limits the fidelity of this gate[8, 16], and
the strength of the interaction makes control delicately sensitive to pulse parameters at
picosecond timescales. To mitigate these factors, a partial transfer to the (0, 2)S states
is achieved when the system is biased only slightly. This reduces the coupling to chargerelated dephasing and increases the time scale for gate operation leading to lower sensitivity
to pulse parameters. For a double quantum dot with the level structure given in Fig. 2, we
may eliminate the doubly occupied states when the gap ∆ is much larger than manipulation
frequencies. To do so, we start by writing the three level Hamiltonian for |1L i, |0L i, and
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|(0, 2)Si:





ǫdB /2 0 
 0




H =  ǫdB /2
.
0
T 




0
T
∆

Adiabatic elimination[37] yields an effective Hamiltonian to order T /∆ for the states |1L i, |0̃L i:


ǫdB /2 
 0
Heff = 
 ,
2
ǫdB /2 T /∆
where the effective exchange energy is J = T 2 /∆, as in the main text. Higher order

corrections may be kept within the logical subspace so long as manipulation times are much
slower than ~/∆. By changing the bias parameter in each dot to be near the (1,1) to
(0,2) singlet transition, the singlet state is mapped to the adiabatic ground state, |0̃L i =
√
cos(θ)|(1, 1)Si + sin(θ)|(0, 2)Si, where θ = arctan[(∆ − ∆2 + 4T 2 )/2T ] is the adiabatic
angle and J = T tan(θ)/2. The renomalized interaction Vcc becomes Ecc sin4 (θ)|0̃L ih0̃L |A ⊗
|0̃L ih0̃L |B . Critically, the effective exchange energy between |1L i and |0̃L i becomes only
quadratically sensitive to fluctuations of the energy differences ∆A and ∆B , reducing the
sensitivity to charge dephasing.

10.5

Outlook
We described and analysed a modular solid-state architecture, based on spin qubits

in double quantum dots, which can be used for scalable quantum computation. The qubits
were chosen for potential long quantum memory times, and we developed a long-range, lowerror transport mechanism for them. From a technical perspective, static field gradients
& 100 mT/µm and electronic gate control at 1–10 GHz are shown to be sufficient to achieve
the fault tolerant regime. In practical terms, taking a clock speed of 1 GHz, measurement
within 10 clock cycles with, e.g., an rf-SET[50, 202], exchange gates with less than 1 error per
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104 clock cycles, and our low-error single-spin transport mechanism yields fault tolerance.
This result is robust to low frequency spin-phase noise corresponding to T2∗ = 10 clock
cycles and to realistically fast charge dephasing. These parameters are consistent with the
current measurements for GaAs quantum dots[87, 96, 151].
We gratefully acknowledge conversations with J. Folk, A. Houck, A. C. Johnson,
D. Loss, and especially J. Petta. The work at Harvard was supported by ARO/ARDA,
DARPA-QuIST, NSF Career award, NSF grant DMR-02-33773, Alfred P. Sloan Foundation,
and David and Lucile Packard Foundation. The work at Innsbruck was supported by the
ÖAW through project APART (W.D.), the European Union and the Austrian Science
Foundation.

Appendix A

Details for Chapters 1:
breakdown of the quasi-static
approximation
In this appendix we develop in more detail the quasi-static approximation when
Bext ≫ Bnuc . We start with the Hamiltonian for an electron spin in a quantum dot interactng with N nuclear spins via the hyperfine contact interaction (units such that ~γe = 1)
from Eqn. 1.1. We rewrite it as H = H0 + V with
H0 = Bext Ŝz + Bext

X

γβ Iˆzk + B̂z Ŝz ,

(A.1)

β,k

and
1
V = (B̂+ Ŝ− + B̂− Ŝ+ ) .
2

(A.2)

The H0 term includes the Zeeman interactions with an external magnetic field Bext for
the electron and nuclear spins; the nuclei have gyromagnetic ratios γβ for each species β,
respectively. H0 also includes the commuting terms of the hyperfine interaction that lead to
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the Knight and Overhauser shifts. The field-aligned component of the hyperfine interaction
P
gives B̂z = β,j bβ,j αβ,j Iˆzβ,j . The term V corresponds to interactions that flip nuclear and

electronic spin; B̂+ , B̂− are defined analogously to B̂z .

We will concentrate on the regime of large magnetic field, where ξ = (Bext +
hB̂z i)/Bnuc ≫ 1 provides a parameter for expansion in 1/ξ. For convienence, we define
Ez = Bext + hB̂z i as the effective Zeeman splitting of the electron spin states, and similarly,
δq = Bext γβ for the nuclear spin q of species β. We index nuclear spins of species β and
P
~ˆ =
~ˆq
lattice site k by q = {β, k}, and note that B
q λq I with λq = bq αq . Removing the

mean field component of B̂z , we also define δB̂z = B̂z − hB̂z i. Accordingly,
H0 = Ez Ŝz +

X

δq Iˆzq + δB̂z Ŝz .

(A.3)

q

When ξ ≫ 1, the large Zeeman energy of the electron spin suppresses spin flip
processes (due to V ). We can approximate the dynamics in this regime by adiabatic elimination of the terms varying quickly, i.e., at Ez . First, spin flips are suppressed. At times
longer than Ez , there is a time-independent probability of order 1/ξ 2 for measurement to
give a spin-flipped state [103]. This allows us to take Ŝz = S as a constant of motion in the
system. Writing the Heisenberg equations of motion, we have
d
Ŝ+ = i(Ez + δB̂z )Ŝ+ − iŜz B̂− .
dt

(A.4)

Setting dŜ+ /dt = 0, we find to lowest order in 1/ξ

Ŝ+ = ξ −1 S

B̂+
+ O(ξ −2 ) .
Bnuc

(A.5)

~ˆ = B/B
~ˆ nuc . Substituting
It will be convenient to work with scale independent parameters, A
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into the other Heisenberg equations of motion
d ˆq
I =
dt z
=

λq ˆq
q
(I Ŝ− − Iˆ−
Ŝ+ )
2i +
λq S ˆq
q
(I+ Â− − Iˆ−
Â+ )
2iξ

(A.6)

d ˆq
q
− iλq Iˆzq Ŝ+
= i(δq + λq S)Iˆ+
I
dt +
λq S ˆq
q
−i
= i(δq + λq S)Iˆ+
I Â+
ξ z

(A.7)

We can write the effective Hamiltonian corresponding to these eliminations:
Heff

= Ez Ŝz +

X
(δq + λq Ŝz )(Iˆzq − hIˆzq i) +
q

1X
ξ

qq ′

′

q ˆq
I+ −
λq λq′ [(Ŝz + 1/2)Iˆ−
′

q ˆq
(1/2 − Ŝz )Iˆ+
I− ]

(A.8)

It becomes apparent that, by working in the interaction picture of nuclear spins, the effective
Hamiltonian may be rewritten
Heff,I = ~[γe Bext +

X

λq Iˆzq (t)]Ŝz

(A.9)

q

as suggested in Section 1. Accordingly, δB̂z (t) =

P

q

λq (Iˆzq (t) − hIˆzq i) is the slowly varying

component of the Overhauser shift which leads to dephasing in echo experiments.
Within the Heisenberg equations of motion a useful mean-field approximation is
readily apparent. Working with mean values and factorizing:
d ˆq
hIz i =
dt

λq S ˆq
q
(hI+ ihÂ− i − hIˆ−
ihÂ+ i
2iξ
2λq ˆq
hIz i)
+
Bnuc
λq S ˆq
q
=
(hI+ ihÂ− i − hIˆ−
ihÂ+ i)
2iξ
λq S ˆq
d ˆq
q
hI+ i = i(δq + λq S)hIˆ+
i−i
(hIz ihÂ+ i
dt
ξ
λq ˆq ˆq
+
hIz I+ i)
Bnuc

(A.10)
(A.11)

(A.12)
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As each spin q has different coefficients, the motion of the collective variable hÂ+ i will be
fluctuating mildly from its equilibrium value, and drift from this value slowly compared
to individual spin precision. The final approximation consists of replacing the operator
Â− in the equations of motion with a complex number, A, which will be considered a
classical fluctuating variable. Averaging over the classical fluctuations gives A = 0 and
A∗ A = 1/2h{Â+ , Â− }+ i; more generally, for large N , A becomes a gaussian-distributed
√
complex number with rms given by A∗ A.
ˆ
With the substitution of A for Â− , we can solve explicitly for the motion of I~q .
This approach assumes that the starting configuration of nuclear spins corresponds to a
′
′
factorizable initial state, such that, e.g., hIˆzq Iˆzq i = hIˆzq ihIˆzq i for q 6= q ′ . Fixing A, each spin

q has a solution (see, e.g., Ref. [134]) given by
ˆ
ˆ
ˆ
ˆ
I~q (t, A) = (~nq · I~q )~nq + [I~q − (~nq · I~q )~nq ] cos(ωq t) +
ˆ
(I~q × ~nq ) sin(ωq t)

(A.13)

where
ωq2 = (δq + λq S)2 + (λq S/ξ)2 (2A∗ A)


 λq SRe[A]/ξ 

1 


~nq =
 λq SIm[A]/ξ 


ωq


δq + λq S

(A.14)

(A.15)

Thus, the spin q’s z component becomes
Iˆzq (t) =

δq + λq S λq S
[
(Re[A]Iˆxq + Im[A]Iˆyq ) +
ωq2
ξωq
(δq + λq S)Iˆzq ][1 − cos(ωq t)]
+Iˆzq cos(ωq t)
+

λq S
(Im[A]Iˆxq − Re[A]Iˆyq ) sin(ωq t)
ξωq

(A.16)
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Accordingly for initial conditions with hIˆzq i =
6 0 and hIˆx i = hIˆy i = 0,
hIˆzq (t)i = hIˆzq ifq (t)

(A.17)

where
fq (t) = 1 − (1 − cos(ωq t))

(λq S)2 (2|A|2 )
.
ξ 2 ωq2

(A.18)
′

′

We can now evaluate the correlator Cqq′ (t) = h(Iˆzq (t) − hIˆzq i)(Iˆzq (0) − hIˆzq i)i =
′

′

hIˆzq (t)Iˆzq (0)i − hIˆzq (t)ihIˆzq (0)i. The calculation proceeds:
Cqq′ (t) = h{

δq + λq S λq S
[
(Re[A]Iˆxq + Im[a]Iˆyq ) +
ωq2
ξωq
(δq + λq S)Iˆzq ][1 − cos(ωq t)]

+Iˆzq cos(ωq t)
+

λq S
′
(Im[A]Iˆxq − Re[A]Iˆyq ) sin(ωq t)}Iˆzq i
ξωq

′
−hIˆzq ihIˆzq ifq (t)

(A.19)

We get
Cqq′ (t) ≈ δqq′ h(Iˆzq )2 − hIˆzq i2 ifq (t)

(A.20)

This indicates that the short time behavior of the correlator, hδB̂z (t)δB̂z (0)i goes
as
hδB̂z (0)2 i −

X
q

(λq S)2 2A∗ A 2
)t
λ2q h(Iˆzq )2 − hIˆzq i2 i(
ξ2

(A.21)

Roughly,
hδB̂z (t)δB̂z (0)i − hδB̂z (0)2 i
hδB̂z (0)2 i

≃−

4
3Bnuc
t2
2 N 2 .
Bext

(A.22)

This suggests that the spectral function S(ω) for δB̂z (t) has a high frequency cutoff γ ∼
√
6
2 /B
Bnuc
ext N . For example, in experiments with N ∼ 10 , Bnuc = 3 mT, and Bext = 100
p
mT, γ ∼ 10ms−1 . The expected spin-echo time (Section 6.4) is T2,SE = 81/4 T2∗ /γ ∼ 2µs.
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We note that this value is consistent with other work (Ref. [203]) after accounting for the
substantially different dot size considered in this paper.
The short time behavior, and thus high frequency behavior, is independent of
the nuclear Zeeman and Knight shift terms in the Hamiltonian. However, longer time
behavior depends upon these parameters. For example, when the distribution of δq + Sλq
is highly inhomogeneous, we may expect that electron-spin-mediated nuclear spin exchange
is suppressed due to the very different energies associated with individual nuclei.

Appendix B

Details for Chapter 2: spin
bath-related integrals and models
B.1

Integrals involved in driven evolution
We now solve the integrals necessary to evaluate hfˆi and hζ̂(t)i for a given bath

density matrix, ρbath . Taking the continuum limit for this density matrix, we can evaluate
a function h(λÂz ) as
Tr[h(λÂz )ρ̂bath ]

=

X

h(Λ)ρΛ

(B.1)

Λ

→

Z

∞

dΛh(Λ)ρ(Λ)

(B.2)

−∞

Accordingly, the long time population difference, given by hfˆi has the form
hfˆi = 1 −

X
Λ

ρΛ hΛ|

1
1 + ( δ+λΩÂz )2

|Λi

(B.3)

where Λ is the eigenvalue of λÂz . Going to the continuum limit, and assuming the power
is weak (appropriate for lineshape measurements),
Z ∞
Ω2
ˆ
dΛ ρ(Λ)
hf i = 1 −
(Λ + δ)2 + Ω2
−∞
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(B.4)

256

Appendix B: Details for Chapter 2: spin bath-related integrals and models

Furthermore, the integral depends only upon ω̃ =
metric density,
ρsym (ω) = ρ(−δ −

p

p

(Λ + δ)2 + Ω2 , so we define the sym-

ω 2 − Ω2 ) + ρ(−δ +

p
ω 2 − Ω2 ).

(B.5)

Then,
Z ∞
ω
Ω2
ˆ
dω √
hf i = 1 −
ρsym (ω) 2
ω
ω 2 − Ω2
Z ∞ Ω
ρsym (ω̃ + Ω)
p
= 1 − Ω1/2
dω̃
,
(ω̃/Ω + 1) (ω̃/Ω + 2)(ω̃)
0

(B.6)
(B.7)

While this integral can be solved for certain density of states, we note that for small frequencies (. Ω) a relatively flat density of states can be approximated in a Taylor series,
while for large frequencies, the 1/ω̃ 2 behavior kills the higher frequencies components of the
bath. Expanding all of these, except for the pole at ω̃ = 0 the non-singular, non-oscillatory
terms in Eqn. B.14 near ω̃ = 0 are
ρsym (ω̃ + Ω)
p
(ω̃/Ω + 1) ω̃/Ω + 2

=
≈

√
√

h
i
2ρ(−δ) 1 − uω̃ + ...
2ρ(−δ) exp [−uω̃]

(B.8)
(B.9)

where the time scale is
u=

5
Ωρ′′ (−δ)
−
.
4Ω
ρ(−δ)

(B.10)

Solving the integral yields
p
hfˆi ≃ 1 − ρ(−δ) 2πΩ/u

(B.11)

The oscillations at large t can be evaluated in a manner similar to the lineshape.
p
Z ∞
Ω2 exp(−i (Λ + δ)2 + Ω2 t)
(B.12)
dΛρ(Λ)
hζ̂(t)i =
(Λ + δ)2 + Ω2
−∞
Z ∞
ω
Ω2 exp(−iωt)
dω √
=
ρsym (ω)
(B.13)
ω2
ω 2 − Ω2
Ω
Z ∞
ρsym (ω̃ + Ω) exp(−iω̃t)
p
,
(B.14)
= Ω1/2 e−iΩt
dω̃
(ω̃/Ω + 1) (ω̃/Ω + 2)(ω̃)
0
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where we have transformed once more to an offset variable, ω̃ = ω −Ω. For this final integral
we use the stationary phase approximation at long times, requiring that ρsym (ω ≥ Ω) not
be singular.
This linear term (Eqn. B.9) determines the corrections to the stationary phase
integral. We now define a time dependent angle and an effective time,
θ(t) = 1/2 tan−1 [t/u]
τ (t) =

p

t2 + u2 .

(B.15)
(B.16)

Using these substitutions, we can solve for the stationary phase result exactly:
hζ(t)i ≈

B.2

√

∞

e−iω̃t−ω̃u
dω̃ √
ω̃
0
√
−iθ(t)
2πΩe
.
= ρ(−δ)e−iΩt p
τ (t)
−iΩt

2Ωρ(−δ)e

Z

(B.17)
(B.18)

Comparison with superconducting qubits: model
We develop a theory describing superconducting qubit systems that includes both

the spin-bath model of this paper and incoherent heating from microwave pulses used to
implement driving. To characterize the experiment, a simple model involving several static
parameters was used. One is the preparation efficiency, I, which is the probability of preparing “down” (the desired initial state) minus the probability of preparing “up” (through bad
preparation, probably due to high temperature). I is set entirely by the microwave temperature. Assuming that the only signficant source of heating is the incident microwave field,
√
p
Stefan’s law gives T ∝ Ω. Accordingly, I = tanh( Γ/Ω), where Γ2 is a measure of the
cooling power.

In addition, there is a finite probability of measuring the wrong state, given by
the conditional probabilities, M↑,↑ and M↓,↓ . The first is the probability of measuring up if
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the system is in the up state at the time of measurement, and the second is the same, but
for down. Assuming that M↑,↑ + M↑,↓ = 1 and similarly for the ↓ case, the measured signal
is then
2sz = M↑↑ − M↓↓ + Ip Sz (↓)(2M↑↑ + 2M↓↓ − 2)

(B.19)

where Sz (↓) is the result given by the model of this paper for an initial ↓ state (see Eqns. B.11
and B.18, and recall that 2Sz = Re[hfˆ + ζ̂(t)i]).
To include bath effects, a Gaussian density of states (appropriate if the size of the
√
bath is & 20 effective spins) is assumed. Then ρ(δ) = exp[−δ2 /(2λ2 )]/ 2πλ2 , where λ is the
bath strength parameter. While non-Gaussian effects, leading to mesoscopic fluctuations,
are important, their inclusion leads to too many highly correlated fitting parameters.

Appendix C

Details for Chapter 6: inelastic
decay and charge-based dephasing
C.1

Adiabatic elimination for nuclear-spin-mediated inelastic decay
We will transform the superoperator (Eqn. 6.15) into the interaction picture, but

first introduce matrix elements between the eigenstates of the quasi-static fields and the state
~ = Bnuc (x, y, z)
|Si occurring in the superoperator. For a single spin in a magnetic field B
and |B| = Bnuc n (the roman variables x, y, z, n are chosen such that the nuclear field
contribution will be of order unity), the eigenstates may be written by rotation from spin
states aligned with the z-axis ({|↑i, |↓i}):






x′





− iy   |↑i 
1
 n+z
 |1/2i 




 = ′lim+ p
x →x
2n(n + z)
x′ + iy −n − z
|↓i
|−1/2i

(C.1)

The limit is taken only to remove the degenerate case of field anti-aligned with the z-axis,
~ = (0, 0, −B), which would be degenerate for this matrix, and is implicit in what
i.e., B
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follows. The corresponding eigenvalues of the Hamiltonian are ±~Ωn/2 in this notation.
√
Setting |Si = (|↑↓i − |↓↑i)/ 2 and using the single spin transformations for l and
~ l = B l (xl , yl , zl ), |B l | = nl and similarly for r), we write
r separately (with B
nuc
c1/2,1/2 = h 12 , 12 |Si =
c1/2,−1/2 = h 12 , − 12 |Si =

1
[(xl + iyl )(nr + zr ) − (nl + zl )(xl + iyl )]
N
1
[−(nl + zl )(nr + zr ) − (xl + iyl )(xr − iyr )]
N

c−1/2,1/2 = h− 12 , 12 |Si = −c∗1/2,−1/2
c−1/2,−1/2 = h− 21 , − 12 |Si = c∗1/2,1/2
and N

=

p

8nl nr (nl + zl )(nr + zr )

It is convenient to define c++ = c1/2,1/2 and c+− = c1/2,−1/2 as the spin-aligned and spinanti-aligned coefficients, respectively. This allows us to express |Si occurring in Eqn. 6.15
in terms of the eigenstates of the Hamiltonian as
|Si =

X
s,s′

cs,s′ |s, s′ i = c++ | 21 , 12 i + c+− | 12 , − 12 i − c∗+− |− 12 , 12 i + c∗++ |− 12 , − 21 i

(C.2)

In the interaction picture, each eigenstate |s, s′ i evolves according to
′

|s, s′ (t)i = e−iEs,s′ t/~|s, s′ i = e−i(snl γe Bnuc,l +s nr γe Bnuc,r )t ,
and |S(t)i =

P

s,s′ cs,s′ |s, s

(C.3)

′ (t)i.

With these results, the Louivillian may be put into the interaction picture:
ρ̃˙ = Γ(E)/2

X

′

′

cs,s′ c∗r,r′ ei[(r−s)nl γe Bnuc,l +(r −s )nr γe Bnuc,r ]t Ls,s′ ,r,r′ [ρ̃]

(C.4)

s,s′ ,r,r ′

where
Ls,s′ ,r,r′ [ρ̃] = [|s, s′ ihr, r ′ |ρ̃ + ρ̃|s, s′ ihr, r ′ | − 2|Gihr, r ′ |ρ̃|s, s′ ihG|]

(C.5)

So far, this result is exact within the QSA.
When Γ(E) ≪ γe Bnuc,l , γe Bnuc,r , the exponential phase terms of Eqn. C.4 oscillate substantially faster than ρ̃ evolves. Adiabatic elimination becomes an appropriate
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approximation when we may neglect quickly rotating terms, i.e., if we may neglect certain
degenerate cases, such as situations with |nl γe Bnuc,l − nr γe Bnuc,r | . Γ(E). In addition, we
are implicitly assuming that Γ(E) ≃ Γ(E + Es,s′ − Er,r′ ), which is appropriate for large E
and smooth phonon density of states.
More explicitly, we can average each term of over several spin rotations and make
a Born approximation:
′

′

ei[(r−s)nl γe Bnuc,l +(r −s )nr γe Bnuc,r ]t Ls,s′ ,r,r′ [ρ̃(t)] →
i
h R
1 t
i[(r−s)nl γe Bnuc,l +(r ′ −s′ )nr γe Bnuc,r ]t′ dt′ L ′
e
s,s ,r,r ′ [ρ̃(t)]
τ t−τ

(C.6)

The time averaging for a given s, s′ , r, r ′ is straightforward so long as nl Bnuc,l 6= nr Bnuc,r 1 ,
giving
1
τ →∞ τ
lim

Z

t

′

′

′

ei[(r−s)nl γe Bnuc,l +(r −s )nr γe Bnuc,r ]t dt′ = δs,r δs′ ,r′

(C.7)

t−τ

Thus terms with quickly varying phase go to zero.

C.2

Dephasing power spectra
We now evaluate dephasing in exchange gates due to charge fluctuations for a

variety of spectal functions. The error should go as [1 − exp(−η 2 P )]/2, where the value
η depends only on the bias parameter. The impact of the particular spectral function is
R
2 (tω/2)
encompassed in P = dω S(ω) sin(ω/2)
2 . We have assumed that S(ω) has a high frequency
cutoff γ ≪ 1/t.

C.2.1

White noise
We set S(ω) =

ν −ω/γ
.
2π e

P =
1

ν
2π

Then we can evaluate
Z

dω

sin2 (ωt/2) −ω/γ
e
≈ νt .
(ω/2)2

(C.8)

When integrating over nuclear spin degrees of freedom, this corresponds to a surface of measure 0.
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This indicates the expected exponential decay of coherence due to white noise dephasing.

C.2.2

1/f noise
With S(ω) = ν 2 /ω and frequency cutoffs B < ω < γ ≪ 1/t,
P = 2 log[γ/B](νt)2 .

(C.9)

For a bath of 1/f distributed fluctuators, the initial dephasing is quadratic in the time of
interaction, and increases as the measurement timescale (1/B) increases. At long times,
the decay is gaussian, with super-exponential suppression of coherence.

C.2.3

Ohmic noise
Taking S(ω) = gωe−ω/γ , evaluation of P is possible, giving
P = 2g log[1 + (γt)2 ] .

(C.10)

When considered in the decay function exp(−η 2 P ), this gives a non-exponential decay law,
2

exp(−η 2 P ) = [1 + (γt)2 ]−2gη . In the short time limit, this is quadratic decay, going as
1 − 2(gη 2 )(γt)2 + O((γt)4 ), while the long time behavior is a power law with power −4gη 2 .

C.2.4

Super-ohmic noise
For the final spectral function considered here, we set S(ω) = ν 1−α ω α e−ω/γ where

α > 1 indicates super-ohmic noise. Evaluation of P proceeds in a straightforward manner,
giving
P

=

 1−α n
ν
1
1−
Γ(α − 1)
4
γ
h
i
o
1
α
1 + (γt) 2 − 2 cos[(α − 1) tan−1 (γt)] .

(C.11)
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where Γ(x) is the gamma function. This type of decay has a limiting value of
 1−α
ν
lim P = 4Γ(α − 1)
t→∞
γ

(C.12)

and short time behavior according to
 1−α
ν
(γt)2 + O((γt)4 ) .
P (t) = 2α(α − 1)Γ(α − 1)
γ

(C.13)

For visual comparison, we calculate the expected, observable Rabi oscillations
using SAP as a function of time in the biased regime (tE ) and detuning ǫ in Fig. 6.16. In
essence, increasing the exponent of the noise spectra (from 1/ω to constant to ω α ) leads
to more oscillations as detuning is made more negative, i.e., as the admixture of charge
decreases.
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Triplet–singlet spin relaxation via nuclei in a double
quantum dot
A. C. Johnson1, J. R. Petta1, J. M. Taylor1, A. Yacoby1,2, M. D. Lukin1, C. M. Marcus1, M. P. Hanson3
& A. C. Gossard3

The spin of a confined electron, when oriented originally in some
direction, will lose memory of that orientation after some time.
Physical mechanisms leading to this relaxation of spin memory
typically involve either coupling of the electron spin to its orbital
motion or to nuclear spins1–7. Relaxation of confined electron spin
has been previously measured only for Zeeman or exchange split
spin states, where spin-orbit effects dominate relaxation8–10; spin
flips due to nuclei have been observed in optical spectroscopy
studies11. Using an isolated GaAs double quantum dot defined by
electrostatic gates and direct time domain measurements, we
investigate in detail spin relaxation for arbitrary splitting of
spin states. Here we show that electron spin flips are dominated
by nuclear interactions and are slowed by several orders of
magnitude when a magnetic field of a few millitesla is applied.
These results have significant implications for spin-based
information processing12.
The coupling of nuclear spins to electrons in low-dimensional
semiconductors is known from optical and transport studies in
quantum Hall systems to yield rich physical effects and provide

new probes of the relatively isolated quantum system of nuclear spins
in solids13–16. Confined electrons interacting with relatively few nuclei
are particularly sensitive to hyperfine coupling. This can lead to
dramatic effects such as tunnelling currents that slowly oscillate in
time and electrical control and readout of nuclear polarization17,18.
Here we show that the interaction between single electrons confined
in quantum dots with ensembles of lattice nuclei can dominate
electron spin relaxation.
We use high-frequency pulsed gates to measure spin relaxation in a
GaAs double quantum dot (Fig. 1a). Measurements are performed
near the (1,1) to (0,2) charge transition, where (n,m) denotes the
absolute number of electrons on the left and right dots. In the (0,2)
configuration, the two electrons form a spin singlet to avoid the large
Pauli exclusion energy cost (0.4 meV .
. kT < 10 meV) of occupying
an excited orbital state19,20. In the separated (1,1) configuration, the
two electrons may occupy any spin state. That is, apart from any
Zeeman energy (,2.5 meV at 100 mT), the singlet, (1,1)S, and three
triplets, (1,1)T2, (1,1)T0, and (1,1)Tþ (m s ¼ 21,0,1 respectively),
are effectively degenerate, given the weak interdot coupling to which
the system is tuned.
Spin relaxation is measured by preparing an unpolarized mixture
of (1,1) states and monitoring the probability of transition to (0,2)S

Figure 1 | Spin-selective tunnelling in a double quantum dot. a, Micrograph
of a device similar to the one measured. Metal gates deplete a twodimensional electron gas 100 nm below the surface, with density
2 £ 1011 cm22. A double dot is defined between gates L and R. Electrons
tunnel between the dots and to conducting leads. Conductances g ls and g rs
of the left and right QPCs reflect average occupation of each dot. b, In (1,1),
spatially separated electrons feel different effective fields from hyperfine
interaction with the local Ga and As nuclei, plus a uniform external field.
c, Voltage pulses on gates L and R cycle through three configurations: empty
(E), reset (R) and measure (M). d, Right sensor conductance g rs as a function
of direct-current voltages on the same two gates around the (1,1) to (0,2)
transition, with pulse displacements shown by points E, R, and M. Dashed
lines outline the (0,1), (1,1), (0,2), and (1,2) charge state plateaus during step
M. Inside the solid-outlined ‘pulse triangle’, the ground state is (0,2), but
higher sensor conductance indicates partially blocked tunnelling. A plane is
subtracted from the raw data to remove direct gate–QPC coupling. e,
Energetics of the pulse sequence. In (0,2), only the singlet is accessible,
whereas in (1,1), singlet and triplet are degenerate. (0,1) and (1,2) are
spin-1/2 doublets. Step E empties the second electron, then R loads a new
electron into the left dot, occupying all four (1,1) states equally. At M, (0,2)S
is the ground state, but only (1,1)S and the m s ¼ 0 triplet (1,1)T0 can tunnel.
Mixing of (1,1)Tþ and (1,1)T2 with the singlet is weak away from zero field,
so their tunnelling is blocked. f, At M 0 , (0,1) has lower energy than (1,1) and
provides an alternate, spin-independent path to (0,2). At M 00 , (1,2) provides
this alternate path.
1
Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA. 2Department of Condensed Matter Physics, Weizmann Institute of Science, Rehovot 76100,
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Figure 2 | Dependence of the occupancy of the (1,1) state on measurement
time, t M, and external field, B. a, Charge sensor conductance, g rs, as a
function of V L and V R with short pulses (t M ¼ 8 ms) at B ¼ 100 mT. Large
average occupation of (1,1) is seen throughout the pulse triangle. Near the
triangle edges, thermally activated tunnelling to the leads allows fast
relaxation to (0,2), (see Fig. 1f). b, For longer pulses (t M ¼ 80 ms), thermally
relaxed triangle edges expand towards the centre of the triangle. c, At B ¼ 0,
the (1,1) occupation is extinguished at low detuning (near the (1,1)-(0,2)
charge transition) as tunnelling to (0,2) becomes possible from the (1,1)Tþ
and (1,1)T2 states. d, Combine these two effects at zero field with long
pulses, and no residual (1,1) occupation is seen, indicating complete
relaxation to (0,2).

after the latter is made lower in energy by changing the electrostatic
gate configuration. The different local environments acting on the
two spins cause the two-electron spin state to evolve in time, and only
if this spin state passes near (1,1)S is a transition to (0,2)S allowed.
The average occupancy of the left dot, which reflects the probability
of this transition, is monitored using local quantum point contact
(QPC) charge sensors19. Conductances g ls and g rs of the left and right
sensors change by several per cent when an electron enters the dot
nearest the sensor21–24.
The energy levels of each dot were controlled by voltage pulses
on gates L and R, as shown in Fig. 1c (ref. 19, and see also
Supplementary Information). The double dot was cycled through
three configurations, depicted in Fig. 1e, while measuring the average
QPC conductances. In the ‘empty’ (E) step, the second electron is
removed, leaving a (0,1) state. In the ‘reset’ (R) step, a new second
electron is added, initializing the (1,1) state to an unbiased mixture of
the singlet, (1,1)S, and the three triplets (1,1)T2, (1,1)T0, and
(1,1)Tþ. In the ‘measurement’ (M) step, (0,2) is lowered relative to
(1,1) until (0,2)S becomes the ground state, while the (0,2) triplets
remain inaccessible, above the (1,1) states. Because tunnelling preserves spin, only (1,1)S can relax to (0,2)S, while the (1,1) triplets are
spin-blockaded from making this transition25,26.
The measurement step accounted for 80% of the pulse period (E
and R were each 10%) so the time-averaged charge-sensor signal
mainly reflects the charge state during the measurement time, t M.
Figure 1d shows g rs as a function of the constant offsets to gate
voltages V L and V R with pulses applied. The dashed lines indicate
locations of ground-state transitions during the M step, as seen in
unperturbed double dots22. Gate pulses alter this signal only within
the ‘pulse triangle’ (outlined by solid white lines). Here g rs is
intermediate between the (0,2) and (1,1) plateaus, indicating that
although (0,2) is the ground state, the system is often stuck in the
2
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Figure 3 | Detailed measurements of blockaded (1,1) occupation. Average
occupation kNl of the (1,1) charge state, based on calibrated charge sensor
conductances, at four detuning points (labelled A, B, C, D in the uppermost
panel). Left panels show kNl as a function of t M at B ¼ 0 and B ¼ 150 mT.
Middle panels show kNl as a function of B for different t M times. Diagrams at
right show schematically the relative position of energy levels and the
extracted ratios of inelastic (G in) to thermal (G T) decay rates.

excited (1,1) state. In the regions labelled M 0 and M 00 , alternate, spinindependent relaxation pathways, shown in Fig. 1f, circumvent the
spin blockade.
The magnetic field, B, and t M dependence of the charge sensor
signal is shown in Fig. 2. With t M ¼ 8 ms, a large signal is seen in the
pulse triangle, indicating that some of the (1,1) to (0,2) transitions
are spin blocked. As t M is increased this signal decreases (Fig. 2b),
indicating that t M is approaching the (1,1) singlet–triplet relaxation
time. This is accompanied by a reduction in the pulse triangle size
due to thermally activated processes as in Fig. 1f. Similar data, but
at B ¼ 0, are plotted in Figs 2c and d. The signal in the pulse
triangle is noticeably weaker for the same t M, particularly near
the (1,1)-to-(0,2) charge transition, indicating enhanced spin
relaxation.
Detailed measurements of residual (1,1) occupation as a function
of detuning (the energy difference between the (1,1) and (0,2) states)
are shown in Fig. 3. Conductances g ls and g rs were measured along
the diagonal white line in the upper panel of Fig. 3, for various values
of B and t M, and converted to occupation kNl by scaling to the
average (1,1) and (0,2) levels outside the pulse triangle. Data are
shown in detail for the points labelled A through D. As in Fig. 2,
strong field dependence was found at low detuning (point A), where
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adiabatically to (0,2)S, reducing the initial occupation of (1,1)S. The
resulting average occupancy N of (1,1) after a time t M is:
#
$
ð
1 tM
1
2 2 q 2t ð2t21
21
0 2tB Þ
dt e2t=tB þ
:
ð2Þ
e
Nðt M Þ ¼
tM 0
2
4
Experimentally measured values for N as functions of t M and B for
various detunings are shown in Fig. 3, along with fits to the above
theory. An additional field-independent parameter, N 1, accounts for
non-zero N(t M) at long times owing to thermal occupation of (1,1).
N 1 is zero at large detuning but increases, as expected, near zero
detuning. Non-zero q values are found only at very low and very high
detuning (where the R point is near zero detuning), where the slew
rate of the pulse is low as it crosses to (0,2). With these parameters
and t 0 set for a given detuning by fitting the zero-field data (red), the
high-field data (blue) are fitted with just the longer decay times t B for
the (1,1)T^ states. The field-dependence curves (black) are then fully
determined by B nuc, which is most accurately determined from data
in Fig. 4, as discussed below. Drift in sensor conductance over long
field sweeps is compensated by allowing a vertical shift in the fielddependence curves. The depth and width of the dips in these curves
are not adjustable.
Figure 4 shows the extracted decay times t 0 and t B versus detuning
for various fields. As the magnetic field increases, more points at high
detuning fall along a line in this semi-log plot, denoting exponential
energy dependence as expected for a thermally activated process. This
persists over three orders of magnitude at the highest field, and with
calibration from transport measurements yields a temperature of
160 ^ 20 mK. At zero field, thermal decay dominates only at the
highest detunings, and the low-detuning times are well fitted by a
power-law function of detuning with exponent 1.2 ^ 0.2 and offset
700 ns, typical of inelastic tunnelling in double quantum dots29.
Adding these two processes gives the red curve in Fig. 4, in good
agreement with the zero-field data. The 10-mT curve is fitted using
these zero-field parameters, but with times for the inelastic component increased by the factor (1 þ (B/B nuc)2) from equation (1).
The fit gives B nuc ¼ 2.8 ^ 0.2 mT, or N nuc < 6 £ 106, within expectations. This value uniquely determines the remaining theory curves.
For t B longer than about 1 ms the decay is faster than theory predicts
(though still 103 times slower than at B ¼ 0), indicating that another
mechanism such as spin-orbit coupling may operate on millisecond
timescales8–10. Spin-orbit coupling is expected to dominate spin
relaxation at external fields of several tesla9. This regime is better
suited to parallel fields, which couple almost exclusively to spin, than
to the perpendicular orientation used here, which affects orbital
wavefunctions at high fields.
Given B nuc above, the model predicts an inhomogeneous dephasing time T 2* < 9 ns for this device, which is independent of
external field despite the enhanced relaxation times measured at
higher fields. Up to 1 ms, the excellent agreement between experiment and theory indicates that hyperfine interaction is the only
relevant source of spin relaxation in this system. Several strategies are
available to circumvent this short dephasing time. Materials with
zero nuclear spin, such as carbon nanotubes, avoid hyperfine effects
entirely. Controlling Bnuc via nuclear polarization11,17 is tempting, but
high polarization is required for T 2* to increase substantially30. An
alternative is to use spin echo techniques such as pulsed electron spin
resonance to extend coherence to the nuclear spin correlation time,
expected to be of the order of 100 ms in these devices4.

Figure 4 | Decay of (1,1) occupancy as a function of detuning at various
magnetic fields. Dotted lines mark the locations of points A through D
from Fig. 3. Fit of zero field theory (red curve) to data (red circles) sets all fit
parameters except B nuc, which is determined by fitting to the 10-mT data
(gold). Theory curves at other fields are then fully determined. Error bars at
zero field result from the least-squares fitting. Error bars at non-zero field
reflect changes in the resulting decay rate as the zero-field fitting parameters
are varied within their uncertainties.

inelastic interdot tunnelling dominates. This field dependence
vanishes at higher detuning where thermally activated tunnelling
to the leads dominates.
As in previous work4,11, we model spin evolution in (1,1) by
treating the ensemble of nuclear spins within each dot as a static
effective field Bnuc with slow internal dynamics, that adds to any
oriented with
applied Zeeman field (see Fig. 1b). Bnuc is
prandomly
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
root mean square strength Bnuc ¼ b0 I 0 ðI 0 þ 1Þ=N nuc ; where
b 0 ¼ 3.5 T is the hyperfine constant in GaAs, I 0 ¼ 3/2 is the nuclear
spin and N nuc is the effective number of nuclei with which the
electron interacts2,3,27,28. In our dots, N nuc is estimated at 106–107,
giving B nuc < 2–6 mT. The spins precess in a characteristic time
t nuc ¼ "/g*m BB nuc < 3–10 ns, which can be regarded as an inhomogeneous dephasing time T 2*. At B ¼ 0, all four (1,1) spin states mix
in this time, and tunnelling will appear insensitive to spin. With
B . B nuc , however, only (1,1)T0 and (1,1)S are degenerate. These
will continue to mix with the same rate, but (1,1)Tþ and T2 will be
frozen out.
To model this mixing, we assume static nuclear fields during each
pulse, a spin-preserving inelastic interdot tunnelling rate G in from
(1,1)S to (0,2)S, and a spin-independent rate G T due to thermally
activated tunnelling via the (0,1) and (1,2) charge states (see
Supplementary Information for details). Zeeman eigenstates for
two spins in fields B^z þ B nuc;l and B^z þ Bnuc;r ; denoted j(1,1)s,s 0 l
(s,s 0 ¼ ^1/2), decay to (0,2)S on the basis of their overlap with (1,1)S,
, g*m BB nuc.
with rates G s,s ¼ G injk(1,1)Sj(1,1)s,s 0 lj2 as long as G in ,
Averaging over nuclear field configuration and short-time dynamics
gives decay rates for the T^-like states:
Gin
G^1=2;^1=2 ¼
ð1Þ
4ð1 þ ðB=Bnuc Þ2 Þ
0

and G^1=2;71=2 ¼ Gin =2 2 G^1=2;^1=2 for the S-like and T0 -like
states. At B ¼ 0, total transition rates for all (1,1) states into (0,2)S
21
are the same, t21
0 ¼ Gin =4 þ GT : For B . B nuc, transition rates tB ¼
G^1=2;^1=2 þ GT from (1,1)T^ to (0,2)S are suppressed by field, while
transitions from (1,1)S and (1,1)T0 to (0,2)S are accelerated by up to
a factor of two because they no longer mix with (1,1)T^. During the
gate-pulse transition from R to M, the relatively fast transition from
(1,1)S to (0,2)S allows a fraction q of the (1,1)S state to transfer
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Appendix E

Details for Chapter 7: spin
diffusion via nuclear
dipole-dipole interactions
On distance scales much larger than the lattice spacing constant a, and time
scales much longer than the nearest-neighbor dipole-dipole interaction tdd , the dipole-dipole
interaction of lattice nuclear spins is well described by the diffusion equation, under the
ˆ
~ˆ j ), with diffusion constants specific to the material parameters.
approximation I~j → I(r
That is,
~ˆ r ) = −D∇2 I(
~ˆ R)
~
∂t I(~

(E.1)

Diffusion constants may be determined analytically and experimentally by a variety of
means, as discussed elsewhere [168, 48]. For example, GaAs has a diffusion constant D =
10−11 cm2 /s [147].
At finite magnetic field, when nuclear spin-electron spin exchange is suppressed
by energy conservation considerations, we may evaluate the correlator hÂz (t′ )Âz (t)i by
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transforming the problem by a fourier transform. For example, setting
1 X i~k·~rj ˆj
Jˆzk = √
e
Iz
N j

(E.2)

and neglecting Knight shift terms,
∂t Jˆzk = −Dk2 Jˆzk +

√

2Dk2 η k (t)

(E.3)

where η(t) is a (quantum) stochastic noise force necessary for any quantum Langevin equation [79]. This can be solved starting at t0 with initial conditions Jˆzk (t0 ):
Jˆzk (t) = e−Γk (t−t0 ) Jˆzk (t0 ) +

p

2Γk

Z

t

′

e−Γk (t−t ) η(t′ ) dt′ .

(E.4)

t0

where Γk = Dk2 .
′

To find the statistics for η k (t), we set hIˆzj Iˆzj i = δj,j ′ I (for example, for spin-1/2,
I = 1/4) and evaluate
′
hJˆz−k Jˆzk i =

=

1 X −i(~k·~rj −k~′ ·~rj′ ) ˆj ˆj ′
hIz Iz i
e
N ′

(E.5)

j,j

1 X −i(~k·~rj −k~′ ·~rj′ )
e
δj,j ′ I
N ′

(E.6)

j,j

=

I X −i(~k−k~′ )·~rj
e
N

(E.7)

j

= δk,k′ I

(E.8)

As this must be satisfied at all times for a system in thermodynamic equilibrium, we set
t0 → −∞, and
′

hJˆz−k (t)Jˆzk (t)i =
I
δk,k′ e2Γk t =
2Γk

q

Z

4Γk Γ′k e−Γk t−Γk′ t
t

−∞

Z

t

Z

τ′

−∞
′

t

−∞

Z

t
−∞

′

′

eΓk τ +Γk′ τ hη −k (τ )η k (τ ′ )idτ ′ dτ
′

eΓk τ +Γk′ hη −k (τ )η k (τ ′ )idτ ′ dτ

This equation requires hη −k (τ )η k (τ ′ )i = Iδk,k′ δ(τ − τ ′ ). In principle, the spin diffusion
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problem is now solved, and arbitrary correlators may be evaluated. For example,
′

hJˆz−k (t)Jˆzk (t′ )i = δk,k′ 2Γk I
= δk,k′ 2Γk I

Z

t

Z

t′

eΓk (τ −t+τ

−∞ −∞
Z min(t′ ,t)

′ −t′ )

δ(τ − τ ′ )dτ ′ dτ

′

eΓk (2τ −t−t ) dτ

(E.9)
(E.10)

−∞
′

= δk,k′ Ie−Γk |t−t |

(E.11)

We seek to rewrite Âz in terms of Jˆzk . In practice, each nuclear species diffuses
independently of the others (secular approximation at finite magnetic field) with diffusion
P
constant Dβ . So we set Âz = β Âβz , and for each species, β,
Âβz =

X

λj,β Iˆzj,β =

j

where Λk,β = N −1/2

P

j

X

Λk,β Jˆzk,β

(E.12)

k

~

eik·~rj,β λj,β , and Λ∗−k,β = Λk,β . Finally,

′

hÂβz (t)Âβz (t′ )i = δβ,β ′

X
k,k ′

= Iδβ,β ′

X
k

≈

′

Λ∗k,β Λk′ ,β hJˆz−k (t)Jˆzk (t′ )i

(E.13)

′

|Λk,β |2 e−Γk,β |t−t |

Ixβ
R
δβ,β ′
I |ψ(k)|4 d3 k

Z

(E.14)
′

2

|ψ(k)|4 e−Dβ |t−t |k d3 k .

(E.15)

The final result depends upon the choice of wavefunction. For a oblate spheroid, such as a
lateral quantum dot, with z-axis width σz and x, y axis width σxy (and τ ≥ 0):
hÂβz (t + τ )Âβz (t)i =

[1 +

xβ
2
1/2
τ Dβ /σz ] [1

This indicates that, for hÂz (t)Âz (t′ )i =

R

2 ]
+ τ Dβ /σxy

(E.16)

′

dω S(ω)eiω(t−t ) ,

Z
1 X
2 −1
S(ω) =
xβ dτ e−iωτ [1 + τ Dβ /σz2 ]−1/2 × [1 + τ Dβ /σxy
] .
2π

(E.17)

β

Roughly speaking, the correlation time of Âz (t) due to diffusion is given by tc = minβ,µ (Dβ /σµ2 ).
For GaAs dots with a 10 nm wide transverse wavefunction, and of lateral extent ≫ 10 nm,
tc ≃ 1 s.

Appendix F

Details for Chapter 8: electron
spin-based quantum repeaters and
ms = 0 measurement methods
In this appendix we consider an alternative means of preparation and measurement
that focuses on keeping the ms = 0 subspace (|Si, |T0 i) undisturbed. These may be more
difficult to implement experimentally.

F.1

Measurement-based preparation
The four particle state |Ψi can be prepared by a different projective measurement

on two-particle singlet states, as we demonstrate below. A measurement of the two electron
spin projection (Ŝz = ŜzA + ŜzB for electrons A and B) that preserves the ms = 0 subspace
is sufficient.
The protocol starts with the generation of a singlet-pair in the center dot, labeled
electrons one and two. The pair is separated, and electron one is shuttled to the left dot,
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while electron two goes to the right dot. Another singlet is prepared in the center dot, and
electrons three and four follow one and two, respectively. At the destination, one and three
are joined in a single-dot for am ms sensitive measurement, as are two and four. At this
point,
(cos(θ)|Si12 + i sin(θ)|T0 i12 )(cos(θ)|Si34 + i sin(θ)|T0 i34 )

(F.1)

where θ is determined by the difference in the quasi-static fields encountered in the left and
right channels. Using the ms sensitive measurement, a positive result projects both left and
right subsystems into the ms = 0 subspace with a joint probability of success of 50%. The
projected state is
√
√
1/ 2(|↑↓↓↑i1234 + |↓↑↑↓i1234 ) = 1/ 2(|Si13 |Si24 + |T0 i13 |T0 i24 ).

(F.2)

This is equal to the state |Ψi under exchanging electrons 3 and 4. Correspondingly, using
the cycling procedure on the left and right subsystems preserves this superposition state.
Now we show how a projective ms measurement can be implemented using either
anisotropic exchange (Eq. 8.15) or using magnetic field gradients. In the case of anisotropic
exchange, the rotation angle γ depends upon the geometry of the double-dot configuration.
In the (1,1) configuration, γ can be large, while in the (0,2) configuration, γ → 0 in the
case of cylindrical symmetry. With finite tunnel coupling near the (1,1)-(0,2)-(0,1) triplepoint, the |ms | = 1 states can be on resonance for tunneling from (1,1) to (0,2), as shown
in Fig. F.1a. Opening the left lead only means the (0,1)-(1,1) transition is not allowed.
However, population in a (0,2) excited state (i.e., the |ms | = 1 triplets) will tunneling out
to the Fermi sea quickly. Thus measuring the (0,2) or (0,1) charge configuration indicates
the system was in a |ms | = 1 triplet, while the (1,1) configuration corresponds to the
ms = 0 subspace; in addition, it leaves that subspace untouched. The tunneling events
should occur on a time scale much faster than state relaxation and dephasing. The smallest
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energy difference in the model, J⊥ /2 − Jk /2 ≃ Jk γ 2 /4, determines the limiting time scale,
and for GaAs lateral dots separated by 100 nm, may be as large as 50 µeV (a time scale of
30 ps).
In a material with small spin-orbit coupling, anisotropy will be small, and instead
a magnetic field gradient may be used to distinguish |ms | = 1 and ms = 0 states, as shown
in Fig. F.1b. Permanent magnets may produce field gradients as large as 1 mT/nm; then
the limiting time scale in the problem is ~/(g∗ µB 0.1T) ≃ 70ps, much faster than pure
dephasing and relaxation terms.

F.2

Purification with ms = 0 measurement for single electron
proposal
In this subsection, we show that the measurement which enables one to project

(non-destructively) into the ms = 0 subspace, allows one to implement an entanglement
purification protocol. We consider again the case where each electron serves as a qubit,
i.e., the non-encoded case considered in Sec. 8.1. We show that the resulting entanglement
purification protocol has exactly the same purification curve as protocol 1 (Ref. [10]),
however the success probability is decreased by a factor of 1/8.
The essential part of protocol 1 (and also protocols 1’,2,2’) is the local projection
into a (correlated) two-dimensional subspace, where the second particle is factored out. In
the case of protocol 1, this is achieved by performing a CNOT operation and measuring
the second particle in the z-basis. We will show that there exists an alternative procedure
based on ms sensitive measurements which has exactly the same effect on arbitrary input
states. We start by considering the action CNOT followed by z-measurement on basis states
{|iiA1 |jiA2 }, i, j ∈ {0, 1} where we identify |0i ≡ | ↑i, |1i ≡↓i. For measurement outcome
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(a)
|κ,2〉
|t〉

t
|↓↓〉,|↑↑〉,|t〉

|↓↓〉,|↑↑〉

ΓR

(ΓL=0)
|κ,1〉

|s〉
|s〉

(1,1)

(0,2)

(0,1)+eR

(b)
|κ,↓〉

ΓL

|↓↓〉

|κ,↑〉

|t〉

|↓↓〉
|t〉 Γ
R
|↑↑〉

t

|↑↑〉
|s〉

|κ,↓〉
|κ,↑〉

|s〉

(0,1)+eL

(1,1)

(0,2)

(0,1)+eR

Figure F.1: ms projective measurement. Initial population is in the (1,1) configuration;
allowed transitions are in black, forbidden transitions in orange. (a) Differing anisotropy and
exchange coupling leads to state selective tunneling from (1,1) to (2,0) charge configurations.
Coupling to the leads of the right dot lead to electron tunneling; turning tunneling t back
to zero freezes further evolution, and a charge measurement distinguishes between (1,1)
(ms = 0, subspace preserved) and (0,1) (|ms | = 1, but destructive). (b) A magnetic field
gradient leads to greater Zeeman splitting of the triplet levels in the extended configuration,
(1,1) than the (0,2) configuration. Potential bias from left to right allows state selective
tunneling from the (1,1) to (0,1) configuration only for the highest energy triplet, while (0,2)
to (0,1) is allowed for all three triplets. State selective tunneling from (1,1) to (0,2) prevents
the ms = 0, ms = 1 states from tunneling across. Closing the leads and tunnel coupling
freezes the system, allowing for measurement of the charge configuration. As for (a), a (1,1)
charge configuration measures ms = 0 but does not destroy the ms = 0 subspace.
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’1’, we have that
A1 A2
P1A2 UCNOT
|iiA1 |jiA2 = δi,j⊕1 |iiA1 |1iA2 ,

(F.3)

where ⊕ denotes addition modulo 2, i.e., δi,j⊕1 = 1 iff ij = 01 or 10. We remark that the
projection into the ms = 0 subspace, Pms =0 = |01ih01| + |10ih10|, also leads to a δi,j⊕1 ,
however the second particle is not factored out. This factorization can be achieved by
measuring the second particle in the eigenbasis of σx and considering only the measurement
√
outcome ’+’, i.e., the projector P+A2 where P± = |±iA2 h±| and |±i = 1/ 2(|0i ± |1i). That
is
A1 A2
P+A2 Pm
|iiA1 |jiA2 = δi,j⊕1 |iiA1 |+iA2 ,
s =0

(F.4)

i.e., the action of the ms = 0 measurement followed by the x-measurement of particle A2
is—up to a basis change for the particle A2 —exactly the same as the CNOT operation
followed by z-measurement on particle A2 . Note that the basis change of particle A2 is
irrelevant in our context, as in the purification protocol particles A2 , B2 are discarded and
hence traced out. The reduced density operator of particles A1 B1 does not depend on local
unitary operations in A2 . Note that the action of these two procedures is the same only for
specific measurement outcomes.
Given that the basic building block of the entanglement purification protocol 1
[10] can also be obtained by the sequence of measurements described in Eq. F.4, it is now
straightforward to see that an entanglement purification protocol can be realized in this
way. We consider the entanglement purification protocol of Ref. [10]. In the case where
after the bilateral CNOT operation in both z-measurements on particles A2 , B2 the result
A1 A2
B1 B2
’1’ is found can also be obtained by measurements of P+A2 Pm
and P+B2 Pm
. The output
s =0
s =0

state is in this case exactly the same for both procedures. The success probability to obtain
this result is, however, reduced by a factor of 1/4 for the second procedure, as one is limited
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to outcome ’+’ in the x-measurement. In addition, the case where both outcomes are ’0’ in
the original purification protocol (which also corresponds to a successful purification step)
cannot be obtained by the second procedure, which leads to another loss factor of 1/2 in
the success probability.
We have neglected until now an initial basis change in protocol 1 which maps |si →
|t1 i, as the procedure described above (bilateral CNOT operations and z-measurements)
purifies triplet states |t1 i rather than singlet states |si. One can avoid this basis change
(which would require inhomogeneous single qubit unitary operations) by considering the
A1 A2
B1 B2
outcome of the projectors ÕA = P−A2 Pm
and OB = P+B2 Pm
(i.e., taking the ’-’
s =0
s =0

outcome of the x-measurement on particle A2 ). This sequence of measurements purifies
singlet states directly. That is, when applying ÕA OB to two copies of a Werner state
†
†
with fidelity F , followed by depolarization, the resulting state ρ′ = D ÕA OB ρW (F )ÕA
OB

is (after proper normalization) again a Werner state with fidelity F ′ , where
F′ =

F 2 + [(1 − F )/3]2
.
F 2 + 2F (1 − F )/3 + 5[(1 − F )/3]2

(F.5)

Note that this is exactly the same output fidelity that is achieved by the original protocol 1
(Ref. [10]). The only difference is that the success probability of our protocol, as compared
to protocol 1, is reduced by a factor of 1/8 due to the restrictions to specific measurement
outcomes in the sequence of four measurements. It follows that the purification curve is
that same for both protocols (while the one of protocol 1’, based on exchange interaction,
is flatter), and hence the influence of imperfections in local control operations will be the
same. Note that also an analogue of protocol 2 [49] can be obtained using similar sequences
⊗4
of measurements Pms =0 and P± , together with homogeneous Hadamard operations UHad
,

leading to the same output states but again the success probability (and hence the yield)
is reduced by a factor of 1/8.
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Such a non-destructive measurement can be accomplished as follows. Consider
the case where the (1,1) system has a small exchange splitting, j, while the (0,2) system
has a large exchange splitting, J and a large anisotropy parameter, i.e., due to an elongate
dot design, γ. Starting with the tunnel coupling closed entirely, we can align the system
such that the triplet |ms | = 1 states are slightly above the (1,1) configuration triplet states.
Then turning on the tunneling coupling and lowering the right potential leads to adiabatic
transfer of the |ms | = 1 subspace, without differentiating those two states, and without
differentiating the |ms | = 0 subspace states as well. It does lead to a phase shift between
the two |ms | = 0 states due to the finite exchange coupling during the adiabatic transfer
procedure.

F.3

Adiabatic preparation
It may be that probabilistic entanglement generation is less desirable than “on-

demand” generation. We seek to do so by adiabatic means, as described below. We work
with four dots and two auxiliary dots, as shown in Fig. F.3.
When exchange energy is much less than the orbital level spacing we can write the
Hamiltonian of the four-electron, four-dot system as
H=

X

<ij>

~ˆi · S
~ˆj
Jij S

(F.6)

where Jij is in general a function of perpendicular magnetic field and inter-dot spacing;
only adjacent site are coupled as shown in the Figure. For the following analysis we use
the Fock-Darwin ground state of each dot as an estimate of the isolated dot ground state,
following the work of Ref. [21]. At finite perpendicular magnetic field, there is a crossing
from positive to negative J for a given pair as a function of dot size, bias, and inter-dot
distance d (e.g., Eq. 7 of [21]). We wish to work in a regime near the crossing, as shown in
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0.2
J [meV] 0.1
0
0.1

0.5
0.4

130
0
140
150
d [nm]
nm

0.3
160

ωc /ω0

170 0.2

Figure F.2: For 50 nm dots spaced an average of 130 nm from each other, J as a function
of perpendicular magnetic field (given in terms of cyclotron frequency to quantum dot level
spacing) and inter-dot distance, d. Working near B = 1 T, a variation of d from 120 to 140
nm is sufficient to tune the two-dot J value from -0.05 meV to 0.05 meV. (white: J > 0.05;
lt. gray: 0.05 > J > -0.05; dk. gray: J < -0.05)

Fig. F.2.
As the Hamiltonian commutes with Ŝz =

i
i Ŝz ,

P

starting the system in the ms = 0

subspace will restrict evolution adiabatic or otherwise to that subspace; only spin-flip events,
i.e., spin relaxation will move the system out of the ms = 0 subspace. In what follows we
define to points in parameter space: J12 = J23 = J34 = J41 = J (positive regime) and
J12 = J23 = −J34 = −J41 = |J| (negative regime).
The first excited state of the ms = 0 subspace in the positive regime is exactly the
desired four particle entangled state, |Ψi. To prepare this state reliably, several methods
may be used. For example, when J34 and J41 are adiabatically tuned to negative values
while holding J12 , J23 constant, moving parameters adiabatically to the negative regime,
the excited state |Ψi adiabatically follows to the ms = 0 ground state through a crossing
at J34 + J14 = 0.
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Preparation of the ground state of the ms = 0 subspace in this negative regime
populates, via adiabatic following, the state |Ψi. As all J values are adiabatically tuned
to zero from the positive regime, |Ψi follows to itself. Furthermore, the other states of the
ms = 0 subspace are gapped with a energy gap of order J. In this manner, preparation
of |Ψi is protected from small errors in any given Jij , i.e., the effect of fluctuations is
suppressed by the gap. The tuning of J values from the negative regime to positive regime
and corresponding adiabatic motion is shown in Fig F.3.
Rather than tuning all J to zero directly, raising the potentials of dots 2 and 4
while having finite tunnel coupling to dots A and B will adiabatically reduce the effect J
values to zero as the electrons on 2 and 4 tunnel to A and B. Thus, the state |Ψi can be
prepared by adiabatic means.
Several complications and errors may occur in this preparation process. First, in
the absence of magnetic field gradients, the ground state in the negative regime is triply
degenerate, with ms = ±1, 0 states. To select only the ms = 0 state, we note that any
anisotropy in the exchange interaction splits the ms = 0 states from their degenerate |ms | =
1 states. Numerically, it is found that for J34 = J14 . −2J12 (= J23 ) the ground state is
the ms = 0 state that adiabatically follows to |Ψi, while the previously degenerate |ms | = 1
states are split, with the relevant energy scale given by |J⊥ − Jk |, which can be large (50
µeV, as noted above). In addition, |Ψi is insensitive to anisotropic terms in the exchange
Hamiltonian.
Deviations of the final state from |Ψi may occur due to errors in two points, when
the state that adiabatically follows to |Ψi crosses with other states. If the error there is
primarily due to magnetic field gradients, e.g., hyperfine fields, time dependent perturbation
theory gives an error of
ǫ≃

A2
.
~N ∂J
∂t

(F.7)
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0.3

J23

0.2

3

J34

J12

E [meV]

2

0.1
0

-0.1

1

4

-0.2

B

J [meV]
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0.1
0
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t [ns]

Figure F.3: Four dots (shown left) used for adiabatic preparation |Ψi. Graph shows energy
spectrum for the ms = 0 subspace, with exchange constants in lower plot (J12 = J23 (black),
J34 (green) and J41 (red)). Initial ground state (black) follows via shown adiabatic pathway
to |Ψi. The process is insensitive to the exact values of the different exchange couplings.
This error may be made small, e.g., with (∂J/∂t)~−1 ≃ 75ns−2 corresponding to a complete
change of J34 , J41 from -50 µeV to 50 µeV, ǫ . 10−3 .
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