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Abstract
Strong interactions can dramatically change the essence of a physical system. The
behavior of strongly interacting systems can be fundamentally diﬀerent than those
where the interaction is absent or treated perturbatively. Many examples are known
in solid-state physics including the superconductivity and the Fractional Quantum
Hall Eﬀect. At the same time, tremendous developments have been made in manipulating the interaction between light and matter. These advances have paved the way
to explore the strongly interacting many-body physics in new regimes. This thesis
explores two novel avenues to study strongly interacting systems. First, we investigate the eﬀect of strong interaction between bosons subjected to an eﬀective magnetic
ﬁeld. We show that how a Fractional Quantum Hall state of bosons in an optical lattice can be created, characterized and detected in a realistic experiment. Moreover,
we demonstrate that Chern numbers can unambiguously characterize the topological
order of such systems. Second, we investigate the eﬀect of strong interaction between
photons on their transport properties. We theoretically study the transmission of
few-photon quantum ﬁelds through a strongly nonlinear optical medium. We develop
a general approach to investigate non-equilibrium quantum transport of bosonic ﬁelds
through a ﬁnite-size nonlinear medium and apply it to a recently demonstrated ex-
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perimental system where cold atoms are loaded in a hollow-core optical ﬁber. We
show that the photonic ﬁeld can exhibit either anti-bunching or bunching, associated
with the resonant excitation of bound states of photons by the input ﬁeld. These
eﬀects can be observed by probing statistics of photons transmitted through the nonlinear ﬁber. As an application, we propose a scheme to realize a single-photon gate,
where the presence or absence of a single “control” photon regulates the propagation
of a “target” photon. Finally, we study optical nonlinearities due to the interaction
of weak optical ﬁelds with the collective motion of a strongly dispersive ultracold
gas. We present a theoretical model that is in good agreement with our experimental
observations.
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Chapter 1
Introduction

1.1

Motivation

Strong interactions can dramatically change the essence of a physical system. The
behavior of strongly interacting systems can be fundamentally diﬀerent than those
where the interaction is absent or treated perturbatively. A few hallmarks of such
phenomena are the experimental discovery and theoretical understanding of superconductivity [123, 15, 2, 64, 16] and the Fractional Quantum Hall Eﬀect [162, 108],
celebrated by several Nobel Prizes. While phenomena involving strongly correlated
systems have traditionally been found in electronic systems, the fundamental behavior of strongly interacting systems are ubiquitous and do not critically depend on the
constituent particles.
During the past few decades rapid and instrumental advances have been achieved
in optical sciences and atomic physics to control and manipulate the interaction between light (photons) and matter (atoms). Examples include, photonic crystals [143],
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ultracold gases [172, 25], Cavity QED Physics [20, 86, 134] and slow light [92]. Many
of these developments have been dedicated to control the interaction between single
atoms and single photons. These have paved the way to explore strongly-interacting
many-body physics in new regimes. With these new developments we can not only
shed light on unanswered questions that remain in condensed matter physics (particularly those of interacting electrons), but also push the research frontier into novel
areas like non-equilibrium dynamics.
This thesis explores two diﬀerent avenues to reach the regime of strong interaction
and investigate the behavior of quantum states of such systems by developing new
techniques to characterize and manipulate them.
First, we investigate the eﬀect of strong interaction of bosons under inﬂuence of
a U(1) gauge ﬁeld (similar to magnetic ﬁeld for electrons). This is motivated by
recent advances in the ultracold atom science. By providing an unprecedented level
of precision and control over interaction, such advances have introduced a playground
to test and investigate new condensed matter models.
Second, we investigate the eﬀect of strong interaction between photons in a onedimensional nonlinear optical ﬁber. The synergy between the ultracold atom science
and the optical ﬁber technology has opened a new door to manipulate the interaction
between light and matter.

Chapter 1: Introduction

1.2
1.2.1

3

Bosonic Fractional Quantum Hall states
Introduction to Fractional Quantum Hall Physics

The quantization of the Hall conductance was ﬁrst discovered by von Klitzing et
al. [97] in 1980. In a two-dimensional electron gas at low temperature and under
strong perpendicular magnetic ﬁeld, von Klitzing et al. observed plateaus of Hall
conductivity occuring at integral multiples of e2 /h. This quantum eﬀect is called
the Integer Quantum Hall Eﬀect (IQHE). In 1982, Tsui, Strömer and Gossard [162]
discovered the Fractional Quantum Hall Eﬀect (FQHE) by working with a sample
with fewer impurities. Although, both observations seem to be similar, however, the
underlying physics of the FQHE and the IQHE are quite diﬀerent. The IQHE can be
explained by a simple single-particle theory considering random impurity potentials,
and the FHQE is a many-body eﬀect in which the role of the electron-electron interaction is essential in the phenomenon. In 1983, Laughlin in his seminal paper [108]
suggested a wave function to explain the essence of some of the FHQE states.
To understand this phenomenon, we brieﬂy describe the Laughlin wave function.
We consider electrons conﬁned in a continuum in x-y plane and are subjected to
a magnetic ﬁeld in the perpendicular direction given by the vector potential A =
1
B(xŷ
2

− y x̂), in the symmetric gauge. The single-particle wave functions are given

by Landau levels each separated by the cyclotron energy

e~B
,
me c

where B is the strength

of the magnetic ﬁeld and me is the mass of the electron. The lowest Landau levels
(LLL) are eigenfunctions φm of the orbital angular momentum operator with orbital
angular momentum m given by
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1
φm (z) = hz|mi =
(2πlB 2m m!)1/2



z
lB

m

e−|z

2 |/4l2
B

,

(1.1)

where the position of the electron is characterized by a complex coordinate z = x + iy
~c 1/2
) . We deﬁne Nφ to be the total number of
and the magnetic length is lB = ( eB

magnetic ﬂux quanta, i.e. Nφ =

A
2 ,
2πlB

where A is the area of the system. It is easy to

2
calculate the diagonal matrix element hm|r 2 |mi = 2(m + 1)lB
, which means that the

area swept by an electron in the state |mi is proportional to m [109]. Since this area
should always be smaller than the whole area of the system (i.e., πhm|r 2 |mi ≤ A),
we ﬁnd out that m ≤ Nφ − 1. This shows that the lowest Landau level is Nφ -fold
degenerate.
If the number of electrons Ne is larger than the degeneracy of the lowest Landau
level (Ne > Nφ ), then electrons ﬁll the LLL and the remaining electrons jump to
the next level. Considering the conductance of localized and extended states, one
can explain the origin of the IQHF at integer ﬁlling factors ν = Ne /Nφ . However,
if the number of electrons is smaller than the degeneracy of the lowest Landau level
(Ne < Nφ ), then the free electrons have the freedom to choose any superposition of
the states available in LLL. In the presence of interaction, electrons will rearrange
themselves in LLL to minimize the interaction energy overhead. Remarkably, if the
P
interaction is a short-range delta-function Hint ∝ j<k δ(zj − zk ), the Laughlin wave

function is the exact ground state of the system. This can be readily seen from the
many-body Laughlin wave function [108]:
Ψq (z1 , z2 , ..., zNe ) ∝

Ne
Y
j<k

(zj − zk )

q

Ne
Y

exp−|zj |

2 /4l2
B

,

(1.2)

j=1

where q is an odd integer to satisfy the anti-symmetrization characteristic of fermions.
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This wave function has a node anywhere two particles meet each other, therefore,
hΨq |Hint |Ψq i = 0. If we expand the ﬁrst product of the wave function in powers
of an arbitrary electron position zi , the highest power of the polynomial in zi is
q(Ne − 1) = Nφ − 1 by the area constraint above. Therefore, for large Ne and Nφ , the
integer q will be given by the inverse of the ﬁlling factor ν = 1/q = Ne /Nφ . These
states are responsible for the Hall conductance plateaus which occur at the fractional
ﬁlling factors ν = 1/q, where q is an odd integer. (For a more detailed introduction
and thorough discussion of the FQHE, see e.g. Refs. [133, 35])

1.2.2

Fractional Quantum Hall and Bose-Einstein Condensates

With recent advances in the ﬁeld of ultracold atomic gases, trapped Bose-Einstein
Condensates (BEC’s) have become an important platform to study many-body physics,
such as quantum phase transitions. In particular, the ability to dynamically control
lattice structure, strength of interaction and the disorder in BEC’s conﬁned in optical lattices, have led to the recent observation of the superﬂuid to Mott-insulator
transition and many other important many-body phenomena (for a brief review, see
Ref. [25]).
One of the most interesting characteristics of a BEC is its response to rotation.
Early work on superﬂuid helium-4 showed that a BEC does not rotate like a conventional ﬂuid [46]. Instead, the rotation of superﬂuid helium-4 leads to the formation
of quantized vortices. Such vortices also appear in type-II superconductors under
an applied magnetic ﬁeld, which may be understood as a BEC of paired (fermionic)
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electrons.
During the past decade, there has been a tremendous interest in studying rotating BEC’s in harmonic traps. At a suﬃcient rotation rate, an Abrikosov lattice of
quantized vortices has been observed [1]. The Coriolis force in the rotating frame can
be considered as the Lorentz force on a charged particle in a uniform magnetic ﬁeld
(Larmor’s theorem). Therefore, these vortices can be considered as magnetic ﬂuxes
penetrating the system. Consequently, the equivalent of the magnetic ﬁlling factor
(ν = Ne /Nφ ) in the context of the FQHE, will be the ratio between the number of
bosons Nb in the condensate and the number of vortices, ν = Nb /Nφ , in the BEC
context.
Hence, one can imagine the realization of certain strongly correlated quantum
states similar to the Fractional Quantum Hall states at high rotation rates when
the number of vortices exceeds the number of bosons in the condensate (Nb > Nφ )
[176, 38, 141]. While this approach yields a stable ground state separated from all
excited states by an energy gap, in practice this gap is rather small because of the
weak interactions among the particles in the magnetic traps typically used. In optical
lattices the interaction energies are much larger because the atoms are conﬁned in a
smaller volume, and the realization of FQHE in optical lattices could therefore lead
to a higher energy gap and be much more robust. Note, the rotation of the lattice is
not the sole approach to making an artiﬁcial magnetic ﬁeld for a condensate. There
have been a number of proposals to implement artiﬁcial gauge ﬁelds in optical lattices
in the past few years [153, 119, 142].
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input photons

output photons

Figure 1.1: Optical nonlinearity

1.3

Strongly interacting photons

Mediated interactions are ubiquitous in physics and, whenever strong, they can
fundamentally change the quantum state of a system. A well-known example is
the attractive interaction between electrons mediated by phonons which results in
the superconductivity [15]. In the case of light, photon-photon interaction can be
mediated by atoms or molecules through an electric dipole interaction, causing optical
nonlinearity. The mediated interaction between photons can be sketched in a simple
picture as shown in Fig. 1.1. The control photons change the state of matter. Then,
the input photons interact with the matter and feel the eﬀect of the control photons.
This mediated interaction is usually very small and one needs to use many photons
(strong intensities) to observe appreciable eﬀects [27]. Therefore, the main challenge
is to increase the interaction between light and matter so that the eﬀective interaction
between photons becomes noticeable, even at the level of a few photons. In this spirit,
a single-photon switch can be understood as a system where the transport of a single
input photon can be blocked by the injection of a single control photon, in direct
analogy to an electronic transistor.
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There has been great eﬀort to make a large nonlinearity at the level of few photons
in the optical frequency domain. As described above, to create this large nonlinearity,
the interaction between light and matter should be maximized. One can envisage
three avenues to optimize this interaction, which we now brieﬂy describe.
First, the light can be either focused with lenses or guided inside a ﬁber to more
strongly interact with an emitter (see Fig. 1.2a). The emitter can be anything that
has an electric dipole interaction with light, such as an atom, molecule, quantum dot,
etc. If the wavelength of the resonant light interacting with the emitter is λ and,
therefore, the interaction cross section is λ2 (up to a geometrical factor) and A is the
eﬀective area of light in the transverse direction [Fig. 1.2(a)], then the probability of
interaction is characterized by the ratio λ2 /A. This probability is always less than
one [164], which is a manifestation of the scattering of light into undesired directions.
Examples of such systems have been investigated by dye molecules in free space
[178, 83], trapped alkaline atoms [159] and quantum dots [9].
Second, we can conﬁne photons inside an optical cavity, so that the chance of
interaction with an emitter increases [see Fig. 1.2(b)]. In particular, the chance of
interaction will be multiplied by the average number of round trips of a photon makes
once it enters the cavity. The average number of around trips is characterized by the
ﬁnesse F of the cavity in question. Therefore, once the quantity F λ2/A is larger
than one, we enter the regime of strong nonlinearity. This quantity corresponds
to the cooperativity in the context of Cavity QED [86]. There have been beautiful
experiments [134, 23, 147, 59] to reach this regime and to illustrate intriguing physics,
such as the Photon-Blockade Phenomenon, where the transmission of a photon is
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(a)
λ2/Α

(b)
ƒ λ2/Α

(c)
ƒɂλ2/Α
2

Figure 1.2: Atom-photon interaction: (a) in a free space or inside a waveguide (b)
inside a cavity (c) inside a waveguide which conﬁnes light in the transverse direction;
by using many atoms inside the waveguide one can form a band-gap and trap light
also in the longitudinal direction.
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blocked due to the presence of another photon.
Third, the light can be conﬁned in the transverse direction to propagation, being
guided by a hollow-core ﬁber, and interact with the emitters inside the empty core [see
Fig. 1.2(c)]. In a conventional optical ﬁber, the light is guided due to total internal
reﬂection, since the ﬁber core has a higher refractive index than the surrounding
cladding. In contrast, in the hollow-core photonic band gap ﬁbers, the light is conﬁned
into the empty core of the ﬁber (see Fig. 1.3). The cladding contains a periodic array
of air holes which creates a photonic band gap and guides the light inside the core
[98, 143]. The cores can be several microns in diameter which make the eﬀective
area (A) small and therefore, the interaction probability λ2 /A larger, even reaching a
few percents. Consequently, one can already observe strong nonlinearities by loading
atoms in the hollow core [18, 102, 63, 11].
Furthermore, one can use the atoms themselves, to form a photonic band gap
in the longitudinal direction. Similar to a photonic bandgap, the periodic array of
atoms or the modulated atomic polarization can lead to coupling between forwardand backward-propagating light. Therefore, a band gap structure can form [43, 8].
In particular, using coherent control techniques such as Electromagnetically-Induced
Transparency (EIT) [113, 55], one can dynamically control the properties of photonic
band gap and thereby manipulate the propagation of light to the point of trapping
and releasing a photonic ﬁeld [12]. Therefore, under certain conditions the system can
act as an eﬀective cavity with a ﬁnesse F ′ and an eﬀective cooperativity F ′λ2 /A. We
also note that there are other possibilities to control the interaction between atoms
and guided light by using a nanoﬁber [93, 121] or surface plasmons [3].

Chapter 1: Introduction

11

10 μm

Hollow-core

photonic crystal
cladding

Figure 1.3: Hollow-core photonic band gap ﬁber. Photonic band gap of the cladding
prevents light in the core from escaping in the transverse direction.
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Overview

In Chapter 2, we analyze the feasibility to create Fractional Quantum Hall (FQH)
states of atoms conﬁned in optical lattices. We investigate conditions under which
the FQHE can be achieved for bosons on a lattice with an eﬀective magnetic ﬁeld
and a ﬁnite onsite interaction. Furthermore, we characterize the ground state in these
systems by calculating topologically signiﬁcant numbers, called Chern numbers, which
provide direct signatures of topological order. We also discuss various issues which
are relevant for the practical realization of such FQH states with ultracold atoms in
an optical lattice, including the presence of the long-range dipole interaction, which
can improve the energy gap and stabilize the ground state. We also investigate a
new detection technique based on Bragg spectroscopy to probe these system in an
experimental realization.
As noted above the FQH eﬀect can be realized by rotating and cooling atoms
conﬁned in a harmonic trap. In this situation, it can be shown that the Laughlin
wave function describes the exact ground state of the many-body system [176, 128].
In optical lattices, on the other hand, there are a number of questions which need
to be addressed: First, it is unclear to which extent the lattice modiﬁes the FQH
physics. Furthermore, to characterize such states, we investigate a novel procedure
for calculating Chern numbers and demonstrate how this method may provide insight
into the topological order of the ground state in regimes where other methods (such
as overlap calculations) fail to provide an unambiguous glimpse into the nature of the
ground state. Additionally, to consider these fundamental features of the FQH states
on a lattice, which are applicable regardless of the system being used to realize the
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eﬀect, we study a number of questions which are of particular interest to experimental
eﬀorts attempting to realize the eﬀect with atoms in optical lattices.
In Chapter 3, we theoretically study the transmission of few-photon quantum
ﬁelds through a strongly nonlinear optical medium. We develop a general approach
to investigate non-equilibrium quantum transport of bosonic ﬁelds through a ﬁnitesize nonlinear medium and apply it to a recent experiment where cold atoms are
loaded in a hollow-core optical ﬁber [11]. We show that when the interaction between
photons is eﬀectively repulsive, the system acts as a single-photon switch. In the case
of attractive interaction, the system can exhibit either anti-bunching or bunching,
associated with the resonant excitation of bound states of photons by the input ﬁeld.
These eﬀects can be observed by probing statistics of transmitted photons through
the nonlinear ﬁber.
In Chapter 4, we present a scheme to perform a single-photon gate in a nonlinear
optical ﬁber. For this, we evaluate the transport of a single photon in a nonlinear
ﬁber where another photon is previously stored as an atomic spin excitation. We
estimate the ﬁdelity of such a gate for diﬀerent experimental parameters.
In Chapter 5, we demonstrate optical nonlinearities due to interaction of weak
optical ﬁelds with the collective motion of a strongly dispersive ultracold gas. The
combination of a recoil-induced resonance (RIR) in the high gain regime and optical
wave-guiding within the dispersive medium enables us to achieve a large collective
atomic cooperativity even in the absence of a cavity. As a result, we observe optical
bistability at very weak input powers. The present scheme allows for dynamic optical
control of the dispersive properties of the ultracold gas using weak pulses of light.
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The experimental observations are in good agreement with our theoretical models.

Chapter 2
Fractional quantum Hall state in
optical lattices

2.1

Introduction

With recent advances in the ﬁeld of ultracold atomic gases, trapped Bose-Einstein
condensates (BEC’s) have become an important system to study many-body physics
such as quantum phase transitions. In particular, the ability to dynamically control
the lattice structure and the strength of interaction and disorder in BEC’s conﬁned in
optical lattices, have led to the recent observation of the superﬂuid to Mott-insulator
transition [71, 116, 34, 177, 57]. At the same time, there has been a tremendous interest in studying rotating BEC’s in harmonic traps; at suﬃcient rotation an Abrikosov
lattice of quantized vortices has been observed [1] and the realization of strongly
correlated quantum states similar to the fractional quantum Hall states has been
predicted to occur at higher rotation rates [176, 38, 141]. In these proposals, the
15
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rotation can play the role of an eﬀective magnetic ﬁeld for the neutral atoms and in
analogy with electrons, the atoms may enter into a state described by the Laughlin
wave function, which was introduced to describe the fractional quantum Hall eﬀect.
While this approach yields a stable ground state separated from all excited states by
an energy gap, in practice this gap is rather small because of the weak interactions
among the particles in the magnetic traps typically used. In optical lattices, the interaction energies are much larger because the atoms are conﬁned in a much smaller
volume, and the realization of the fractional quantum Hall eﬀect in optical lattices
could therefore lead to a much higher energy gap and be much more robust. In a
recent paper [153], it was shown that it is indeed possible to realize the fractional
quantum Hall eﬀect in an optical lattice, and that the energy gap achieved in this
situation is a fraction of the tunneling energy, which can be considerably larger than
the typical energy scales in a magnetic trap.
In addition to being an interesting system in its own right, the fractional quantum Hall eﬀect, is also interesting from the point of view of topological quantum
computation [95]. In these schemes quantum states with fractional statistics can potentially perform fault tolerant quantum computation. So far, there has been no direct
experimental observation of fractional statistics although some signatures have been
observed in electron interferometer experiments [33, 32]. Strongly correlated quantum
gases can be a good alternative where the interaction and disorder in the systems are
more controllable. Therefore, realization of fractional quantum Hall states in atomic
gases can be a promising resource for topological quantum computation in the future.
As noted above the FQH eﬀect can be realized by simply rotating and cooling
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atoms conﬁned in a harmonic trap. In this situation, it can be shown that the
Laughlin wave function exactly describes the ground state of the many body system [176, 128]. In an optical lattices, on the other hand, there are a number of
questions which need to be addressed. First of all, it is unclear to which extent the
lattices modiﬁes the fractional quantum Hall physics. For a single particle, the lattice
modiﬁes the energy levels from being simple Landau levels into the fractal structure
known as the Hofstadter butterﬂy [81]. In the regime where the magnetic ﬂux going
through each lattice α is small, one expects that this will be of minor importance
and in Ref. [153] it was argued that the fractional quantum Hall physics persists until
α . 0.3. In this chapter, we extent and quantify predictions carried out in Ref. [153] .
Whereas Ref. [153] only considered the eﬀect of inﬁnite onsite interaction, we extent
the analysis to ﬁnite interactions. Furthermore, where Ref. [153] mainly argued that
the ground state of the atoms was in a quantum Hall state by considering the overlap
of the ground state found by numerical diagonalization with the Laughlin wave function, we provide further evidence for this claim by characterizing the topological order
of the system by calculating Chern numbers. These calculations thus characterize the
order in the system even for parameter regimes where the overlap with the Laughlin
wave function is decreased by the lattice structure.
In addition to considering these fundamental features of the FQH states on a
lattice, which are applicable regardless of the system being used to realize the eﬀect,
we also study a number of questions which are of particular interest to experimental
eﬀorts towards realizing the eﬀect with atoms in optical lattices. In particular, we
show that adding dipole interactions between the atoms can be used to increase the
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energy gap and stabilize the ground state. Furthermore, we study Bragg spectroscopy
of atoms in the lattice and show that this is a viable method to identify the quantum
Hall states created in an experiment, and we discuss a new method to generate an
eﬀective magnetic ﬁeld for the neutral atoms in the lattice.
The chapter is organized as follows: In Sec. 2.2, we study the system with ﬁnite onsite interaction. In Sec. 2.3 we introduce Chern numbers to characterize the
topological order of the system. The eﬀect of the dipole-dipole interaction has been
elaborated in Sec. 2.4.1. Sec. 2.4.2 studies the case of ν = 1/4 ﬁlling factor. Sec. 2.5
is dedicated to explore Bragg spectroscopy of the system. Sec. 2.6 outlines a new
approach for generating the type of the Hamiltonian studied in this chapter.

2.2
2.2.1

Quantum Hall state of bosons on a lattice
Single particle on a magnetic lattice

In a continuum, single-particle energy eigenstates in the presence of a perpendicular magnetic ﬁeld are given by Landau levels, where levels are separated by the
cyclotron energy. However, if particles are conﬁned on a lattice rather than a continuum, the situation is quite diﬀerent. The Hamiltonian of a system on a square lattice
subject to a perpendicular magnetic ﬁeld in a tight-binding limit can be written as,

H = −J

X

â†x+1,y âx,y e−iπαy + â†x,y+1 âx,y eiπαx + h.c.,

(2.1)

x,y

where 2πα is the phase that is acquired by the wave function of a particle due to the
magnetic ﬁeld once it hops around a plaquette. Hosftadter showed that the energy
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Figure 2.1: Hofstadter’s Butterﬂy: The energy spectrum for diﬀerent values of the
magnetic ﬁeld characterized by α. The energy band splits into q subbands for α = p/q.
spectrum of a single electron on a lattice with perpendicular magnetic ﬁeld takes a
fractal form [81]. In particular, if α = p/q with p and q integers (i.e. α being a
rational number), the energy spectrum splits into a ﬁnite number of exactly q bands.
While if α is irrational, the energy spectrum breaks into many bands and therefore,
the spectrum takes a form shown in Fig. 2.1.

2.2.2

Model

The fractional quantum Hall eﬀect occurs for electrons conﬁned in a two dimensional plane under the presences of a perpendicular strong magnetic ﬁeld. If N is the
number of electrons in the system and Nφ is the number of magnetic ﬂuxes measured
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in units of the quantum magnetic ﬂux Φ0 = h/e, then depending on the ﬁlling factor
ν = N/Nφ the ground state of the system can form highly entangled states exhibiting
a rich behaviors, such as incompressibility, charge density waves, and anyonic excitations with fractional statistics. In particular, when ν = 1/m, where m is an integer,
the ground state of the system is an incompressible quantum liquid which is protected
by an energy gap from all other states, and in the Landau gauge is well described by
the Laughlin wave function [108]:

Ψ(z1 , z2 , ..., zN ) =

N
N
Y
Y
2
e−yj /2 ,
(zj − zk )m
j>k

(2.2)

j=1

where the integer m should be odd in order to meet the antisymmetrization requirement for fermions.
Although the fractional quantum Hall eﬀect occurs for fermions (electrons), bosonic
systems with repulsive interactions can exhibit similar behaviors. In particular, the
Laughlin states with even m correspond to bosons. In this article, we study bosons
since the experimental implementation are more advanced for the ultracold bosonic
systems. We study a system of atoms conﬁned in a 2D lattice which can be described
by the Bose-Hubbard model [87] with the Peierls substitution [81, 129],
H = −J
+ U

X

â†x+1,y âx,y e−iπαy + â†x,y+1 âx,y eiπαx + h.c.

x,y

X
x,y

n̂x,y (n̂x,y − 1),

(2.3)

where J is the hopping energy between two neighboring sites, U is the onsite interaction energy, and 2πα is the phase acquired by a particle going around a plaquette.
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This Hamiltonian is equivalent to the Hamiltonian of a U(1) gauge ﬁeld (transverse
magnetic ﬁeld) on a square lattice. More precisely, the non-interacting part can be
written as
−J

X

a†i aj

exp

<ij>



2πi
Φ0

Z

j

i

~
~ · dl
A



(2.4)

~ is the vector potential for a uniform magnetic ﬁeld and the path of the integral
where A
is chosen to be a straight line between two neighboring sites. In the symmetric gauge,
~ =
the vector potential is written as A

B
(−y, x, 0).
2

Hence, α will be the amount of

magnetic ﬂux going through one plaquette.
While the Hamiltonian in Eq. (2.3) occurs naturally for charged particles in
a magnetic ﬁeld, the realization of a similar Hamiltonian for neutral particles is not
straightforward. As we discuss in Sec. 2.6 this may be achieved in a rotating harmonic
trap, and this have been very successfully used in a number of experiments in magnetic
traps [28, 148], but the situation is more complicated for an optical lattice. However,
there has been a number of proposals for lattice realization of a magnetic ﬁeld [153,
88, 119], and recently it has been realized experimentally [163]. Popp et al. [132] have
studied the realization of fractional Hall states for a few particles in individual lattice
sites. A new approach for rotating the entire optical lattice is discussed in Sec. 2.6.
The essence of the above Hamiltonian is a non-zero phase that a particle should
acquire when it goes around a plaquette. This phase can be obtained for example by
alternating the tunneling and adding a quadratic superlattice potential [153] or by
simply rotating the lattice (Sec.2.6). The advantage of conﬁning ultracold gases in an
optical lattice is to enhance the interaction between atoms which consequently result
in a higher energy gap comparing to harmonic trap proposals (e.g., Ref. [176]). This
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enhancement in the energy gap of the excitation spectrum can alleviate some of the
challenges for experimental realization of the quantum Hall state for ultracold atoms.

2.2.3

Energy spectrum and overlap calculations

In order to approximate a large system, we study the system with periodic boundary condition, i.e. on a torus, where the topological properties of the system is best
manifested.
There are two energy scales for the system: the ﬁrst is the magnetic tunneling
term, Jα, which is related to the cyclotron energy in the continuum limit ~ωc = 4πJα
and the second is the onsite interaction energy U. Experimentally, the ratio between
these two energy scales can be varied by varying the lattice potential height [71, 87]
or by Feshbach resonances [45, 52, 177]. Let us ﬁrst assume that we are in the
continuum limit where α ≪ 1, i.e. the ﬂux through each plaquette is a small fraction
of a ﬂux quantum. A determining factor for describing the system is the ﬁlling factor
ν = N/NΦ , and in this study we mainly focus on the case of ν = 1/2, since this will
be the most experimentally accessible regime.
We restrict ourself to the simplest boundary conditions for the single particle
~
~
states ts (L)ψ(x
s , ys ) = ψ(xs , ys ), where ts (L) is the magnetic translation operator
which translates the single particle states ψ(xs , ys ) around the torus. The deﬁnition
and detailed discussion of the boundary conditions will be elaborated in Section 2.3.
The discussed quantities in this section, such as energy spectrum, gap and overlap, do
not depend on the boundary condition angles (this is also veriﬁed by our numerical
calculation).
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In the continuum case, for the ﬁlling fraction ν = 1/2, the Laughlin state in
~ = −By x̂) is given by Eq. (2.2) with m = 2. The generalization of
Landau gauge (A
the Laughlin wave function to a torus takes the form [136]
Ψ(z1 , z2 , ..., zN ) = frel (z1 , z2 , ..., zN )Fcm (Z)e−

P

i

yi2 /2

,

(2.5)

where frel is the relative part of the wave function and is invariant under collective
shifts of all zi ’s by the same amount, and Fcm (Z) is related to the motion of the
P
center of mass and is only a function of Z =
i zi . For a system on a torus of
the size (Lx × Ly ), we write the wave function with the help of theta functions,
 
a
which are the proper oscillatory periodic functions and are deﬁned as ϑ b (z|τ ) =
P iπτ (n+a)2 +2πi(n+a)(z+b)
where the sum is over all integers. For the relative part we
ne
have,

frel



Y 
=
ϑ
i<j

1
2
1
2







zi − zj Ly
|i
Lx
Lx

2

.

(2.6)

According to a general symmetry argument by Haldane [77], the center of mass
wave function Fcm (Z) is two-fold degenerate for the case of ν = 1/2, and is given by


 P

 l/2 + (Nφ − 2)/4  2 i zi Ly
(2.7)
Fcm (Z) = ϑ 
|2i

Lx
Lx
−(Nφ − 2)/2

where l = 0, 1 refers to the two degenerate ground states. This degeneracy in the
continuum limit is due to the translational symmetry of the ground state on the torus,
and the same argument can be applied to a lattice system when the magnetic length
is much larger than the lattice spacing α ≪ 1. For higher magnetic ﬁled, the lattice
structure becomes more pronounced. However, in our numerical calculation for a
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moderate magnetic ﬁeld α . 0.4, we observe a two-fold degeneracy ground state well
separated from the excited state by an energy gap. We return to the discussion of
the ground state degeneracy in Sec. 2.3.
In the continuum limit α ≪ 1, the Laughlin wave function is the exact ground
state of the many body system with a short range interaction [76, 176, 128]. The
reason is that the ground state is composed entirely of states in the lowest Landau
level which minimizes the magnetic part of the Hamiltonian, the ﬁrst term in Eq.
(2.3). The expectation value of the interacting part of the Hamiltonian, i.e. the
second term in Eq. (2.3), for the Laughlin state is zero regardless of the strength of
the interaction, since it vanishes when the particles are at the same position.
To study the system with a non-vanishing α, we have performed a direct numerical
diagonalization of the Hamiltonian for a small number of particles. Since we are
dealing with identical particles, the states in the Hilbert space can be labeled by
specifying the number of particles at each of the lattice sites. In the hard-core limit,
only one particle is permitted on each lattice site, therefore for N particles on a lattice
with the number of sites equal to (Nx = Lx /a, Ny = Ly /a), where a is the unit lattice


Nx Ny
!
= N !(NNxxNNyy−N
side, the Hilbert space size is given by the combination
. On
)!
N
the other hand, in case of ﬁnite onsite interaction, the particles can be on top of each


N + Nx Ny − 1
other, so the Hilbert space is bigger and is given by the combination
.
N

In our simulations the dimension of the Hilbert can be raised up to ∼ 4 × 106 and
the Hamiltonian is constructed in the conﬁguration space by taking into account the
tunneling and interacting terms. The tunneling term is written in the symmetric
gauge, and we make sure that the phase acquired around a plaquette is equal to 2πα,
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and that the generalized magnetic boundary condition is satisﬁed when the particles
tunnels over the edge of the lattice [to be discussed in Sec. 2.3, c.f. Eq. (2.12)].
By diagonalizing the Hamilton, we ﬁnd the two-fold degenerate ground state energy
which is separated by an energy gap from the excited states and the corresponding
wave function in the conﬁguration space. The Lauhglin wave function (2.5) can also
be written in the conﬁguration space by simply evaluating the Laughlin wave function
at discrete points, and therefore we can compared the overlap of these two dimensional
subspaces.

2.2.4

Results with the finite onsite interaction

The energy gap above the ground state and the ground state overlap with the
Laughlin wave function for the case of ν = 1/2 in a dilute lattice α . 0.2, are
depicted in ﬁgure. 2.2. The Laughlin wave function remains a good description of the
ground state even if the strength of the repulsive interaction tends to zero (Fig. 2.2
a). Below, we discuss diﬀerent limits:
First, we consider U > 0 , U ≫ Jα: If the interaction energy scale U is much
larger than the magnetic one (Jα), all low energy states lie in a manifold, where the
highest occupation number for each site is one, i.e. this corresponds to the hardcore limit. The ground state is the Laughlin state and the excited states are various
mixtures of Landau states. The ground state is two-fold degenerate [77] and the gap
reaches the value in for the hard-core limit at large U & 3J/α, as shown in Fig. 2.3
(a). In this limit the gap only depends on the tunneling J and ﬂux α, and the gap is
a fraction of J. These results are consistent with the previous work in Ref. [153].
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(a)

(b)

Figure 2.2: (a) The overlap of the ground state with the Laughlin wave function.
For small α the Laughlin wave function is a good description of the ground state
for positive interaction strengths. The inset shows the same result of small U. (b)
The energy gap for N/Nφ = 1/2 as a function of interaction U/J from attractive to
repulsive. For a ﬁxed α, the behavior does not depend on the number of atoms. The
inset deﬁne the particle numbers, lattice sizes, and symbols for both parts (a) and
(b).
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Figure 2.3: (a) The energy gap as a function of αU and α for a ﬁxed number of atoms
(N=4). The gap is calculated for the parameters marked with dots and the surface
is an extrapolation between the points. (b) Linear scaling of the energy gap with
αU for U ≪ J, α . 0.2. The results are shown for N = 2(), N = 3(∗), N = 4(+)
and N = 5(▽). The gap disappears for non-interaction system, and increases with
increasing interaction strength (∝ αU) and eventually saturate to the value in the
hardcore limit.
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Secondly, we consider |U| ≪ Jα. In this regime, the magnetic energy scale (Jα)
is much larger than the interaction energy scale U. For repulsive regime (U > 0), the
ground state is the Laughlin state and the gap increases linearly with αU, as shown
in Fig. 2.3 b.
Thirdly, we study U = 0 where the interaction is absent and the ground state
becomes highly degenerate. For a single particle on a lattice, the spectrum is the
famous Hostadfer’s butterﬂy [81], while in the continuum limit α ≪ 1, the ground
state is the lowest Landau level (LLL). The single particle degeneracy of the LLL is
the number of ﬂuxes going through the surface, Nφ . So in the case of N bosons, the
lowest energy is obtained by putting N bosons in Nφ levels. Therefore, the many

N + Nφ − 1
. For example, 3 bosons and
body ground state’s degeneracy should be:
N −1
φ

6 ﬂuxes gives a 336-fold degeneracy in the non-interacting ground state.

If we increase the amount of phase (ﬂux) per plaquette (α) we are no longer in
the continuum limit. The Landau level degeneracy will be replace by

L1 L2
s

where

α = r/s is the amount of ﬂux per plaquette and r and s are coprime [58]. Then, the


L L
N + 1s 2 − 1
many-body degeneracy will be:
.
L1 L2
−1
s

Fourthly, we consider U < 0 , U ≫ Jα: when U is negative (i.e. attractive

interaction) in the limit strong interaction regime, the ground state of the system will
become a pillar state. In a pillar state, all bosons in the system condensate into a
single site. Therefore, the degeneracy of the ground state is Nx × Ny and the ground
state manifold can be spanned as,
M
i

1
√ (a† )N
i |vaci.
N!

These states will very fragile and susceptible to collapse [62].

(2.8)
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In a lattice, it is also possible to realize the fractional quantum Hall states for
attractive interaction in the limit when |U| ≫ Jα. Assume that the occupation
number of each site is either zero or one. Since the attraction energy U is very high
and there is no channel into which the system can dissipate its energy, the probability
for a boson to hop to a site where there is already a boson is inﬁnitesimally small.
Therefore, the high energy attraction will induce an eﬀective hard-core constraint in
the case of ultracold system. The energy of these state should be exactly equal to
their hard-core ground state counterparts, since the interaction expectation value of
the interaction energy is zero for the Laughlin state. The numerical simulation shows
that these two degenerate states indeed have a good overlap with the Laughlin wave
function similar to their repulsive hard-core counterparts and also their energies are
equal to the hard-core ground state. These states are very similar to repulsively bound
atom pairs in an optical lattice which have recently been experimentally observed
[177].
So far we have mainly considered a dilute lattice α . 0.2, where the diﬀerence
between a lattice and the continuum is very limited. We shall now begin to investigate
what happens for larger values of α, where the eﬀect of the lattice plays a signiﬁcant
role. Fig. 2.4, shows the ground state overlap with the Laughlin wave function as a
function of the strength of magnetic ﬂux α and the strength of the onsite interaction
U. As α increases the Laughlin overlap is no longer an exact description of the
system since the lattice behavior of the system is more pronounced comparing to
the continuum case. This behavior doesn’t depend signiﬁcantly on the number of
particles for the limited number of particles that we have investigated N ≤ 5. We
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U/J

(a)
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U/J
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Figure 2.4: Ground state overlap with the Laughlin wave function. (a) and (b) are for
3 and 4 atoms on a lattice, respectively. α is varied by changing the size of the lattice
(the size in the two orthogonal directions diﬀer at most by unity). The Laughlin
state ceases to be a good description of the system as the lattice nature of the system
becomes more apparent α & 0.25. The overlap is only calculated at the positions
shown with dots and the color coding is an extrapolation between the points.
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have, however, not made any modiﬁcation to the Laughlin wave function to take into
account the underlying lattice, and from the calculations presented so far, it is unclear
whether the decreasing wave function overlap represents a change in the nature of
the ground state, or whether it is just caused by a modiﬁcation to the Laughlin wave
function due the diﬀerence between the continuum and the lattice. To investigate
this, in the next Section, we provide a better characterization of the ground state in
terms of Chern numbers, which shows that the same topological order is still present
in the system for higher values of α.
As a summary, we observe that the Laughlin wave function is a good description for
the case of dilute lattice (α ≪ 1), regardless of the strength of the onsite interaction.
However, the protective gap of the ground state becomes smaller for weaker values of
interaction and in the perturbative regime U ≪ J is proportional to αU for α . 0.2.

2.3
2.3.1

Chern number and topological invariance
Introduction

Strong interaction in a many-body system can fundamentally change a physical
system. Often such states can be characterized by an order parameter and spontaneous breaking of some global symmetries. The ‘smoking gun’ evidence of such
states is the appearance of Goldstone modes of spontaneously broken symmetries.
However, some types of quantum many-body phases can not be characterized by a
local order parameter. Examples can be found in FQH systems[67], lattice gauge
theories[110], and spin liquid states[5]. Such states can be characterized by the topo-
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logical order[174] which encompasses global geometrical properties such as ground
state degeneracies on non-trivial manifolds[175]. Topologically ordered states often
exhibit fractional excitations[124] and have been proposed as a basis of a new approach to quantum computations[95]. However, in many cases, identifying a topologically ordered state is a challenging task even for theoretical analysis. Given an
exact wave function of the ground state in a ﬁnite system, how can one tell whether
it describes a FQH phase of a 2D electron gas or a spin liquid phase on a lattice? One
promising direction to identifying topological order is based on the Chern number
calculations[99, 80]. The idea of this approach is to relate the topological order to the
geometrical phase of the many-body wave function under the change of the boundary
conditions[122].
Chern classes are characteristic classes which emerge in topology, diﬀerential geometry, and algebraic geometry. These classes are topological invariants associated
with vector bundles on a smooth manifold. Seminal work of Berry [21] and Simon
[152] initiated the investigation on geometrical phase factors and since then the ﬁeld
has been extensively studied in diﬀerent contexts – for a review see, for example,
[26]. In quantum Hall (QH) systems, early works on the Chern number analysis is
focused on the continuum regime and played an important role in demonstrating robustness of QH states against changes in the band structure[161] and the presence
of disorder[175, 151]. Currently, there is also considerable interest in understanding
FQH states in the presence of a strong periodic potential. Such systems are important in several contexts including anyonic spin states [96], vortex liquid states [13],
and ultracold atoms in optical lattices [153, 75, 126, 119, 88] which are promising
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candidates for an experimental realization.

2.3.2

Chern number and FQHE

In the theory of quantum Hall eﬀect, it is well understood that the conductance
quantization, is due to the existence of certain topological invariants, so called Chern
numbers. The topological invariance was ﬁrst introduced by Avron et al.[10] in the
context of Thouless et al. (TKNdN)’s original theory [161] about quantization of
the conductance. TKNdN in their seminal work, showed that the Hall conductance
calculated from the Kubo formula can be expressed into an integral over the magnetic
Brillouin zone, which shows the quantization explicitly. The original paper of TKNdN
deals with the single-particle problem and Bloch waves which can not be generalized
to topological invariance. The generalization to many-body systems has been done
by Niu et al.[122] and also Tao et al.[158], by manipulating the phases describing the
closed boundary conditions on a torus (i.e. twist angles), both for the integer and the
fractional Hall systems. These twist angles come from natural generalization of the
closed boundary condition.
To clarify the origin of these phases, we start with a single particle picture. A
single particle with charge (q) on a torus of the size (Lx , Ly ) in the presence of a
magnetic ﬁeld B perpendicular to the torus surface, is described by the Hamiltonian
"
2 
2 #
1
∂
∂
Hs =
−i~
− qAx + −i~
− qAy
,
(2.9)
2m
∂x
∂y
~ is the corresponding vector potential ( ∂Ay − ∂Ax = B). This Hamiltonian is
where A
∂x
∂y
invariant under the magnetic translation,
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(2.10)

where a is a vector in the plane, and ks is the pseudomomentum, deﬁned by

∂
− qAx − qBy
∂x
∂
− qAy + qBx
= −i~
∂y

kxs = −i~
kys

(2.11)

The generalized boundary condition on a torus is given by the single-particle
translation

ts (Lx x̂)ψ(xs , ys ) = eiθ1 ψ(xs , ys )
ts (Ly ŷ)ψ(xs , ys ) = eiθ2 ψ(xs , ys )

(2.12)

where θ1 and θ2 are twist angles of the boundary. The origin of these phases can
be understood by noting that the periodic boundary conditions corresponds to the
torus in Fig. 2.5(a). The magnetic ﬂux through the surface arises from the ﬁeld
perpendicular to the surface of the torus. However, in addition to this ﬂux, there
may also be ﬂuxes due to a magnetic ﬁeld residing inside the torus or passing through
the torus hole, and it is these extra ﬂuxes which give rise to the phases. The extra
free angles are all the same for all particles and all states in the Hilbert space, and
their time derivative can be related to the voltage drops across the Hall device in two
dimensions.
The eigenstates of the Hamiltonian, including the ground state will be a function of
these boundary angles Ψ(α) (θ1 , θ2 ). By deﬁning some integral form of this eigenstate,
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one can introduce quantities, that do not depend on the details of the system, but
reveal general topological features of the eigenstates.
First we discuss the simplest situation, where the ground state is non-degenerate,
and later we shall generalize this to our situation with a degenerate ground state.
The Chern number is in the context of quantum Hall systems related to a measurable
physical quantity, the Hall conductance. The boundary averaged Hall conductance
for the (non-degenerate) αth many-body eigenstate of the Hamiltonian is [158, 122]:
α
σH
= C(α)e2 /h, where the Chern number C(α) is given by

1
C(α) =
2π

Z

2π

dθ1
0

Z

2π
0

(α)

(α)

dθ2 (∂1 A2 − ∂2 A1 ),

(2.13)

(α)

where Aj (θ1 , θ2 ) is deﬁned as a vector ﬁeld based on the eigenstate Ψ(α) (θ1 , θ2 ) on
the boundary torus S1 × S1 by
∂
.
(α)
|Ψ(α) i.
Aj (θ1 , θ2 ) = ihΨ(α) |
∂θj

(2.14)

It should be noted that the wave function Ψ(α) (θ1 , θ2 ) is deﬁned up to a phase
factor on the boundary-phase space. Therefore, Ψ(α) (θ1 , θ2 ) and eif (θ1 ,θ2 ) Ψ(α) (θ1 , θ2 )
are physically equivalent for any smooth function f (θ1 , θ2 ). Under this phase change,
(α)

Aj (θ1 , θ2 ) transforms like a gauge:

(α)

(α)

Aj (θ1 , θ2 ) → Aj (θ1 , θ2 ) − ∂j f (θ1 , θ2 )

(2.15)

Ψ(α) (θ1 , θ2 ) → eif (θ1 ,θ2 ) Ψ(α) (θ1 , θ2 ).
Hence, the Chern number integral is conserved under this gauge transformation
and it encapsulates general properties of the system. Chern numbers has been used
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(b)

Figure 2.5: (a) Twist angles of the toroidal boundary condition. In addition to
the ﬂux going through the surface there may also be a ﬂux inside the torus or going
through the hole in the middle. When encircling these ﬂuxes the wave function acquire
an extra phase represented by the boundary conditions in Eq. (2.12) (b) Redeﬁning
the vector potential around the singularities: Aj is not well-deﬁned everywhere on
the torus of the boundary condition. Therefore, another vector ﬁeld A′ j with diﬀerent
deﬁnition should be introduced around each singularity (θ1n , θ2n ) of Aj . Aj and A′j
are related to each other by a gauge transformation χ and the Chern number depends
only on the loop integrals of χ around those singularities regions, c.f., Eq.(2.17).
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extensively in the quantum Hall literature, for characterization of the localized and
extended states (Ref. [151] and refs. therein). In this chapter, we use the Chern
number as an indicator of order in the system. Moreover, it enables us to characterize
the ground state in diﬀerent regimes, especially where the calculation of the overlap
with the Laughlin wave function fails to give a conclusive answer.
Before explaining the method for calculating the Chern number, we clarify some
issues related to the degeneracy of the ground state. In some systems, the ground
state can be degenerate, this can be intrinsic or it can be as a result of the topology
of the system. If the ground state is degenerate, we should generalize the simple
integral form of Eq. (2.13) to take into account the redundancy inside the ground
state manifold. For example, in the case of a two-fold degenerate ground state, an
extra gauge freedom related to the relative phase between two ground states, and
this freedom should be ﬁxed. In other words, as we change the twist angles, we can
not keep track of the evolution of both states, since one can not distinguish them
from each other. Therefore, to uniquely determine the Chern number of the ground
state(s), we should resolve this gauge invariance, which is treated in Section 2.3.3 and
2.3.4.
It important to note that the degeneracy in the non-interacting regime is fundamentally diﬀerent from the degeneracy in the interacting case. In the non-interacting
limit, the degeneracy can be lifted by a local perturbation e.g., impurity, while in the
hardcore case, the degeneracy remains in the thermodynamic limit [175]. The latter
degeneracy in the ground state is a consequence of the global non-trivial properties of
the manifold on which the particles move rather than related to a symmetry breaking
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which happens in conventional models e.g., Ising model. The topological degeneracy
is not a consequence of breaking of any symmetry only in the ground state, instead it
is the entire Hilbert space which is split into disconnected pieces not related by any
symmetry transformation. With a general argument, Wen [173] showed that if the
degeneracy of a chiral spin system moving on a simple torus is k, then it should be
k g on a torus with g handles (Riemann surface with genus g), therefore the topological detergency is an intrinsic feature of the system. In particular, in the context of
quantum Hall eﬀect, this multicomponent feature of the ground state on a torus has a
physical signiﬁcance, while the single component ground state on a sphere boundary
condition gives zero conductance, the torus geometry with multicomponent ground
state results in a correct conductance measured in the experiment, since the torus
boundary condition is more relevant to the experiment. Changing twists angles of the
boundary will rotate these components into each other and gives an overall non-zero
conductance [122].
As studied in a recent work by M. Oshikawa and T. Senthil [124], as a universal
feature, it has been shown that in presence of a gap, there is a direct connection
between the fractionalization and the topological order. More precisely, once a system
has some quasiparticles with fractional statistics, a topological degeneracy should
occur, which indicates the presence of a topological order. Therefore, the amount of
the degeneracy is related to the statistics of the fractionalized quasiparticles e.g., in
the case of ν = 1/2, the two-fold degeneracy is related to 1/2 anyonic statistics of
the corresponding quasiparticles. Chern number has been also studies for spin 1/2
system on a honeycomb lattice [96] for identifying Abelian and non-Abelian anyons.
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Bellissard et al. [17] studies Chern number for disordered Fermi system using a noncommutative geometry.
To resolve the extra gauge freedom related to the two degenerate ground states,
we consider two possibilities: I. lifting the degeneracy by adding some impurities,
II. ﬁxing the relative phase between the two states in the ground state. Below,
we explore both cases. In the ﬁrst case, we introduce some ﬁxed impurities to lift
the degeneracy in the ground state for all values of the twist angles. This is an
artifact of the ﬁnite size of the system which we take advantage of. In the presence of
perturbation, we show that the system has a topological order in spite of poor overlap
with the Laughlin state. In the second approach, we use a scheme recently proposed
by Hatsugai [165, 80] which is a generalized form for degenerate manifolds.

2.3.3

Resolving the degeneracy by adding impurities

In this section, we introduce some perturbation in the ﬁnite system in form of local
potentials (similar to local impurities in electronic systems) to split the degeneracy
of the ground state and resolve the corresponding gauge invariance, which allows
us to compute the Chern number. Furthermore, the fact that we can still uniquely
determine the Chern number in the presence of impurities, shows that the system
retains its topological order, even when the impurities distort its ground state wave
function away from the Laughlin wave function.
In the context of the quantum Hall eﬀect, the conventional numerical calculation
of various physical quantities such as the energy spectrum, screening charge density
proﬁle, wave functions overlaps, and the density-density correlation functions, can
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not be used for understanding the transport properties of electrons in the presence of
impurities (although useful for studying of isolated impurities [139, 179]). Recently,
D. N. Sheng et al. [151] calculated the Chern number as an unambiguous way to
distinguish insulating and current carrying states in the ν = 1/3 quantum Hall regime
which correspond to zero and non-zero Chern number, respectively. In this work, a
weak random disorder was used to lift the degeneracy of the ground state (three-fold
for ν = 1/3) for a ﬁnite number of electrons. The energy splitting between the lowest
three states then decreased with increasing number of particles, which indicates the
recovery of the degeneracy in the thermodynamic limit. Moreover, the mobility gap
can be determined by looking at the energy at which the Chern number drops towards
zero. This energy gap is comparable to the energy gap obtained from the experiment
and it is not necessarily equal to the spectrum gap which separates the degenerate
ground state from the excited states This shows the signiﬁcance of Chern number
calculations for understanding these systems.
In a ﬁnite system, the coupling to a single-body interaction, e.g., impurities, can
lift the degeneracy and one can uniquely determine the Chern number for the individual states by direct integration of Eq. (2.13). On one hand, the impurity should
be strong enough to split the energy in the ground state (in this case E2 , E1 , where
Ej denotes the energy of the jth energy level) for all values of the twist angles. On
the other hand, these impurities should be weak enough so that the energy splitting in the ground state remains smaller than the thermodynamic gap (in this case
E2 − E1 ≪ E3 − E2 ).
To calculate the Chern number of individual level, as mentioned in the pervious
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section, we have to ﬁx the phase of the wave function. The method that we explore in
this section can be considered as a simpliﬁed version of the general method developed
by Hatsugai [80] which we will explore in the next section. Following Kohmoto’s
procedure [99], we assume that the ground state Ψ(θ1 , θ2 ) may be expanded for all
twist angles on a s-dimensional Hilbert discrete space Ψ(θ1 , θ2 ) = (c1 , c2 , ..., cs ). If
Aj (θ1 , θ2 ) in Eq. (2.13) is a periodic function on the torus of the boundary condition, then by application of Stoke’s theorem, the Chern number will be always zeros.
The non-triviality (non-zero conductance in the case of quantum Hall system) occurs because of the zeros of the wave function, where the phase is not well-deﬁned.
Therefore, A(θ1 , θ2 ) is not well deﬁned everywhere and its ﬂux integral can be nonzero. To uniquely determine the Chern number, we assume that the wave function
and the vector ﬁeld are not deﬁned for certain points (θ1n , θ2n ) in Sn regions on the
torus of the boundary condition. For simplicity, we ﬁrst discuss this procedure, in
the case of a non-degenerate ground state. For calculating the integral, we should
acquire another gauge convention for the wave function inside these Sn regions, e.g.,
in a discrete system, we may require an arbitrary element of the wave function to be
(α)

always real, and thereby we can deﬁne a new vector ﬁeld A′ j (θ1 , θ2 ), which is well
deﬁned inside these regions. These two vector ﬁelds diﬀer from each other by a gauge
transformation (Fig. 2.5):
(α)

(α)

Aj (θ1 , θ2 ) − A′j (θ1 , θ2 ) = ∂j χ(θ1 , θ2 ),

(2.16)

and the Chern number reduces to the winding number of the gauge transformation
χ(θ1 , θ2 ) over small loops encircling (θ1n , θ2n ), i.e. ∂Sn ,
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(2.17)

The one-dimensional gauge Eq. (2.16) should be resolved by making two conventions. For example, in one convention the ﬁrst element and in the other the
second element of the wave function in the Hilbert space should be real i.e. transforming the ground state Ψ into ΨΦ = P Φ = ΨΨ† Φ where Φ = (1, 0, ..., 0)† is a
s-dimensional vector and P is a projection into the ground state and similarly with
the other reference vector Φ′ = (0, 1, ..., 0)†. Since the gauge that relates two vector
ﬁelds is the same as the one that relates the corresponding wave functions (similar to
Eq.(2.16)), we can uniquely determine the gauge transformation function χ by evaluating Ω(θ1 , θ2 ) = eiχ = Φ† P Φ′ . Therefore, the Chern number will be equal to the
number of windings of χ around regions where Λφ = Φ† P Φ = |c1 |2 is zero. Counting
the vorticities has a vigorous computational advantage over the conventional method
of direct integration of Eq. (2.13). In the direct integration, we need to choose a
large number of mesh points for the boundary angles, because of the discrete approximation of derivatives in Eq. (2.13), and this makes the calculation computationally
heavy. We note that for the system on a lattice, we should exactly diagonalize the
Hamiltonian which is a sparse matrix as opposed to the continuum case where the
Hamiltonian is a dense matrix residing on a smaller projected Hilbert space (lowest
Landau level).
For removing the degeneracy, in our numerical simulations, we add a small amount
of impurity which is modeled as delta function potentials located at random sites with
a random strength, of the order of the tunneling energy J. This is described by a
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Figure 2.6: Chern number associated to low-lying energy states, in the presences of
impurities. Due to the impurity potential (a), two-fold degenerate ground state splits
and the wave function overlap with the Laughlin state drops to 52% and 65%, for
the ﬁrst and the second energy state, respectively. The results are for 3 atoms on a
6x6 lattice (α = 0.17) in the hard-core limit. (b) Ω(θ1 , θ2 ) for the ﬁrst level has no
vorticity. However, for the second level, as shown in (c), Ω(θ1 , θ2 ) has vorticity equal
to one associated with regions where either Λφ or Λ′φ vanishes.

Chapter 2: Fractional quantum Hall state in optical lattices
Hamiltonian of the form H =

P

i

44

Uiim n̂i , where i numerates the lattice site, n̂i is the

atom number operator and Uiim is the strength of the impurity at site i.
We choose reference states Φ and Φ′ to be eigenvectors of the numerically diagonalized Hamiltonian at two diﬀerent twist angles. In Fig. 2.6, vorticities of eiχ
associated with the ﬁrst and the second energy level is depicted. It is easy to see that
the Chern number associated to the two ground states is one. Number of vortices
may vary for the ﬁrst and second ground states, but their sum is always equal to
one. The hard-core limit (U ≫ J) is very similar to the case of fractional quantum
Hall eﬀect, which in the context of Hall systems, means a share of 1/2 (in e2 /h unit)
for each ground state [158]. When the onsite interaction strength is small (U < J),
the thermodynamic gap becomes comparable to the ground state energy splitting
E2 − E1 ∼ E3 − E2 , the Chern number can not be uniquely determined, and the
system doesn’t have topological order. On the other hand, in the limit of strong
interaction (U ≫ J), the total Chern number associated to the ground states is equal
to one, regardless of the impurity conﬁguration. Moreover, in the hard-core limit,
although the ground state is not described by the Laughlin wave function, since it
is distorted by the impurity ( in our model it can be as low as 50%), the Chern
number is unique and robust. This is an indication that the topological order is not
related to the symmetries of the Hamiltonian and it is robust against arbitrary local
perturbations [175]. These results indicate the existence of a topological order in the
system and robustness of the ground states against local perturbations.
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Gauge fixing

The method developed in the previous section has the graphical vortex representation for the Chern number which makes it computationally advantageous compared
to the direct integration of Eq. (2.13). It can not, however, be applied directly to
a degenerate ground state, and therefore we had to introduce an impurity potential
which lifted the degeneracy. On the other hand, a signiﬁcant amount of impurity in
the system may distort the energy spectrum, so that the underlying physical properties of the lattice and ﬂuxes could be confounded by the artifacts due to the impurities,
especially for large α. To address this issues, in this section, we explore a generalized method of the previous section based on Refs. [165] and [80], which works for a
degenerate ground state.
By generalizing the Chern number formalism for a degenerate ground state man(α)

(α,β)

ifold, instead of having a single vector ﬁeld Aj (θ1 , θ2 ), a tensor ﬁeld Aj

(θ1 , θ2 )

should be deﬁned, where α, β = 1, 2, ..., q for a q-fold degenerate ground state

(α,β)

Aj

∂
.
(θ1 , θ2 ) = ihΨ(α) |
|Ψ(β) i
∂θj
(α,β)

Similar to the non-degenerate case, when Aj

(2.18)

is not deﬁned, a new gauge con-

vention should be acquired for the regions with singularities. This gives rise to a
tensor gauge transformation χ(α,β) (θ1 , θ2 ) on the border of these regions

(α,β)

Aj

(α,β)

(θ1 , θ2 ) − A′ j

(θ1 , θ2 ) = ∂j χ(α,β) (θ1 , θ2 ).

(2.19)

Following Hatsugai’s proposal[80] for ﬁxing the ground state manifold gauge, we
take two reference multiplets Φ and Φ′ which are two arbitrary s × q matrices; q is
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Figure 2.7: (a) shows the argument of Ω(θ1 , θ2 ) as arrows for ﬁxed Φ and Φ′ . (b) and
(c): surface plots of detΛΦ and detΛ′Φ (blue is lower than red). θ1 and θ2 changes
from zero to 2π. These plots have been produced for 3 atoms with Nφ = 6 (α = 0.24)
in the hard-core limit on a 5x5 lattice. The total vorticity corresponding to each of
the reference wave functions (Φ or Φ′ ) indicates a Chern number equal to one.
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Figure 2.8: Ω(θ1 , θ2 ) for ﬁxed Φ and Φ′ . θ1 and θ2 changes from zero to 2π. This
plot has been produced for 4 atoms with Nφ = 8 in the hard-core limit on a 5x5
lattice (α = 0.32). Although, there are more vortices here compared to Fig. 2.7, the
total vorticity corresponding to each of the trial functions (Φ or Φ′ ) indicates a Chern
number equal to one.
the ground state degeneracy (equal to 2 in our case). In our numerical simulation, we
choose the multiplets to be two sets of ground state at two diﬀerent twist angles far
from each other, e.g., (0, 0) and (π, π). We deﬁne an overlap matrix as Λφ = Φ† P Φ
where P = ΨΨ† is again the projection into the ground state multiplet, and consider
the regions where detΛΦ or detΛΦ′ vanishes (similar to zeros of the wave function in
the non-degenerate case). Hence, the Chern number for q degenerate states, will be
equal to the total winding number of Tr χ(α,β) for small neighborhoods, Sn , in which
detΛΦ vanishes

X 1 I −
→
−
→
C(1, 2, ..., q) =
∇Tr χ(α,β) · d θ
2π ∂Sn
n

(2.20)

which is the same as the number of vortices of Ω(Φ, Φ′ ) = det(Φ† P Φ′ ). It should be
noted that the zeros of det ΛΦ and detΛ′Φ should not coincide in order to uniquely
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Atoms
3
4
3
3
4
3

Lattice
6x6
6x6
5x5
4x5
5x5
4x4
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α
Chern/state Overlap
.17
1/2
0.99
.22
1/2
0.98
.24
1/2
0.98
.3
1/2
0.91
.32
1/2
0.78
.375
1/2
0.29

Table 2.1: Chern Number for diﬀerent conﬁgurations in the hard-core limit for ﬁxed
ﬁlling factor ν = 1/2. The Laughlin state overlap is shown in the last column.
although it deviates from the Laughlin state. Although the ground state deviates
from the Laughlin state, the Chern number remains equal to one half per state before
reaching some critical αc ≃ 0.4 where the energy gap vanishes.
determine the total vorticity. In Fig. 2.7, we have plotted Ω, detΛΦ , and detΛΦ′ ,
found by numerical diagonalization of the Hamiltonian for a mesh (30×30) of winding
angles θ1 and θ2 . In this ﬁgure, the Chern number can be determined be counting
the number of vortices and it is readily seen that the winding number is equal to one
for the corresponding zeros of detΛΦ (or detΛΦ′ ).
We have calculated the Chern number for ﬁxed ν = 1/2 and diﬀerent α’s by
the approach described above. The result is shown in Table 2.1. For low α ≪ 1,
we know from Sec. 2.2 that the ground state is the Laughlin state and we expect
to get a Chern number equal to one. For higher α, the lattice structure becomes
more apparent and the overlap with the Laughlin state decreases. However, in our
calculation, the ground state remains two-fold degenerate and it turns out that the
ground state Chern number tends to remain equal to one before reaching some critical
αc ≃ 0.4. Hence, also in this regime we expect to have similar topological order and
fractional statistics of the excitations above these states on the lattice.
For the arguments above to be applicable, it is essential that we can uniquely
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Figure 2.9: Low-lying energy levels as a function of twist angles. For high α the
degeneracy of the ground state is a function of twist angles. The shown results are
for 5 atoms on a 5x5 lattice i.e. α = 0.4 (a) shows ﬁrst three energy manifolds as a
function of the toroidal boundary condition angles, (b) shows a cross section of (a)
at θ2 = π for seven lowest energy levels. The ﬁrst and the second energy levels get
close to each other at θ1 = θ2 = π.
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identify a two-fold degenerate ground state which is well separated from all higher
lying states. For higher ﬂux densities, α > αc , the two-fold ground state degeneracy
is no longer valid everywhere on the torus of the boundary condition. In this regime,
the issue of degeneracy is more subtle, and the ﬁnite size eﬀect becomes signiﬁcant.
The translational symmetry argument [77], which was used in the Section 2.2, is
not applicable on a lattice and as pointed out by Kol et al. [101] the degeneracy
of the ground state may vary periodically with the system size. Some of the gaps
which appear in the calculation may be due to the ﬁnite size and vanish in the
thermodynamic limit, whereas others may represent real energy gaps which are still
present in the thermodynamic limit. To investigate this, we study the ground state
degeneracy as a function of boundary angles (θ1 , θ2 ) which are not physical observable
and therefore the degeneracy in thermodynamic limit should not depend on their
value. In particular, Fig. 2.9 shows the energy levels of ﬁve particles at α = 0.4
for diﬀerent values of the twist angles. The ﬁrst and the second level are split at
(θ1 = θ2 = 0), while they touch each other at (θ1 = θ2 = π). We have observed
similar behavior for diﬀerent number of particles and lattice sizes e.g., 3 and 4 atoms at
α = 0.5. In this case, the system seems to not have a two-fold degeneracy. Therefore,
the ground state enters a diﬀerent regime which is a subject for further investigation.
For having the topological order, it is not necessary to be in the hard-core limit.
Even at ﬁnite interaction strength U ∼ Jα, we have observed the same topological
order with the help of the Chern number calculation. If U gets further smaller, the
energy gap above the ground state diminishes (as seen in Sec. 2.2) and the topological
order disappears.
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We conclude that the Chern number can be unambiguously calculated for the
ground state of the system in a regime where Laughlin’s description is not appropriate
for the lattice. The non-zero Chern number of a two-fold degenerate ground state, in
this case equal to one half per state, is a direct indication of the topological order of
the system.

2.4

Extension of the Model

In Sections 2.2 and 2.3 above, we have investigated the conditions under which
the fractional quantum Hall eﬀect may be realized for particles on a lattice. The
motivation for this study is the possibility to generate the quantum Hall eﬀect with
ultra cold atoms in an optical lattice but the results of these sections are applicable
regardless of the method used to attain this situation. In this and the following
sections, we investigate some questions which are of particular relevance to ultra cold
atoms in an optical lattice. First, we introduce a long range, e.g., dipole-dipole,
interaction which turn out to increase the energy gap and thereby stabilizes the
quantum Hall states. We then turn to the case of ν = 1/4 and show that in order to
realize this state, it is essential to have some kind of long range interaction.

2.4.1

Effect of the long-range interaction

In an experimental realization of the quantum Hall eﬀect on a lattice, it is desirable
to have as large an energy gap as possible in order to be insensitive to external
perturbations. So far, we have studied eﬀect of the short range interaction, and we
have shown that the gap increases with increasing interaction strength, but the value
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of the gap saturates when the short range interaction becomes comparable to the
tunneling energy J.
In this section, we explore the possibility of increasing the gap by adding a longrange repulsive dipole-dipole interaction to the system. Previously, such dipole-dipole
interaction has also been studied in Ref.[141] as a method to achieve Read-Rezayi
states [137] of rapidly rotating cold trapped atoms for ν = 3/2 and as a means to
realize fractional Quantum Hall physics with Fermi gases [14]. The dipole-dipole
(magnetic or electric) interaction is described by the Hamiltonian:
Hd−d = Udipole

X

1≤i<j≤N

pi · pj − 3(nij · pi )(nij · pj )
|ri − rj |3

(2.21)

where nij = (ri − rj )/|ri − rj |. pi are unit vectors representing the permanent
dipole moments and the position vectors ri are in units of the lattice spacing a. For
simplicity, we assume that all dipoles are polarized in the direction perpendicular to
the plane. With time independent dipoles, the strength of the interaction is given
by Udipole =

µ0 µ2
4πa3

(or

℘2
)
4πǫ0 a3

where µ’s (℘’s) are the permanent magnetic (electric)

dipole moment. Static dipoles will thus give repulsive interaction Udipole > 0, but
experimentally time varying ﬁelds may be introduced which eﬀectively change the sign
of the interaction[65]. For completeness, we shall therefore both investigate positive
and negative Udipole , but the repulsive interaction corresponding to static dipoles will
be the most desirable situation since it stabilizes the quantum Hall states.
Experimentally the dipole-dipole interaction will naturally be present in the recently realized Bose-Einstein condensation of Chromium[72] which has a large magnetic moment. However, for a lattice realization, polar molecules which have strong
permanent electric dipole moments is a more promising candidate. For typical polar
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molecules with the electric moment ℘ ∼ 1 Debye, on a lattice with spacing a ∼ 0.5µm,
Udipole can be up to few kHz, an order of magnitude greater than the typical tunneling
J/2π~ which can be few hundreds of Hz [71].
To study the eﬀect of the dipole-dipole interaction, we again numerically diagonalize the Hamiltonian for a few hardcore bosons (U ≫ J), in the dilute regime α 6 0.3,
while varying strength of the dipole-dipole interaction. The results of this simulation
is shown in Fig. 2.10 (a). After adding the dipole interaction, the ground state in a
dilute lattice remains two-fold degenerate, since the interaction only depends on the
relative distance of the particles and keeps the center of mass motion intact. If the
dipole interaction becomes too strong (Udipole ≫ J), the ground state wave function
deviates from the Laughlin wave function, but the topological order remains the same
as for the system without dipole interaction. We veriﬁed this by calculating the Chern
number as explained in Sec. 2.3 for diﬀerent values of the dipole-dipole interaction
strength Udipole and observed that the total Chern number of the two-fold degenerate
ground state is equal to one. Moreover, as it is shown in Fig. 2.10 (b) adding such an
interaction can increase the gap: the lower curve corresponds to the hard-core limit
discussed in the previous work [153] and the upper curve corresponds to the system
including the dipole-dipole interaction. This enhancement varies linearly with the
ﬂux density α in a dilute lattice and doesn’t depend on the number of particles and
consequently, it is expected to behave similarly in the thermodynamic limit.
One of the impediment of the experimental realization of Quantum Hall state is
the smallness of the gap which can be improved by adding dipole-dipole interaction.
In this section, we showed that this improvement is possible and moreover, by Chern
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Figure 2.10: (a) The overlap of the ground state with the Laughlin wave function
(dashed lines) and four low lying energies of the system (solid lines) versus the dipoledipole interaction for four atoms on a 6x6 lattice. (b) Gap enhancement for a ﬁxed
repulsive dipole-dipole interaction strength Udipole = 5J versus α. The results are
shown for N = 2(), N = 3(∗), N = 4(+)
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number evaluation, we veriﬁed that adding dipole interaction doesn’t change the
topological behavior of the ground state manifold.

2.4.2

Case of ν = 1/4

So far we have concentrated on the case of ν = 1/2. In this section, we brieﬂy
investigate the case of ν = 1/4. It is expected that the Laughlin wave function
remains a good description for the ground state of a bosonic system for any even q,
where ν = 1/q. Following Haldane’s argument[77], due to the center of mass motion,
the degeneracy of the ground state is expected to be q-fold on a torus. Similar to
the case of ν = 1/2, the Laughlin wave function should be a suitable description for
any q provided that the magnetic ﬁeld is weak so that we are close to the continuum
limit, i.e. α ≪ 1. Also the Chern number is expected to be equal to one for the q-fold
degenerate ground state, which in the context of quantum Hall eﬀect means a share
of 1/q of the conduction quantum e2 /h for each state in the q-fold degenerate ground
state manifold.
We have done both overlap and the Chern number calculation to check those
premises. In the case of ν = 1/4, signiﬁcant overlap occurs at low α . 0.1. The
average wave function overlap of four lowest energy eigenstates with the Laughlin
wave function is depicted in ﬁgure 2.11, where we have used a generalization of the
Laughlin wave function for periodic boundary conditions similar to Eq. (2.5) [136].
We observe that the Laughlin wave function is a reliable description of the system
with ν = 1/4 but only for much more dilute lattices (α . 0.1) compared to ν = 1/2
where signiﬁcant overlap occurs for α . 0.3. Contrary to ν = 1/2, where the gap is a
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fraction of the tunneling energy J, the gap for ν = 1/4 between the 4-fold degenerate
ground state and the next energy level is inﬁnitesimal. The reason for the vanishing
gap can be understood in the continuum limit from the argument put forward in
Ref. [126]: as noted previously the Laughlin wave function is an exact eigenstate of
the Hamiltonian with an energy per particle equal to the lowest Landau level energy.
The energy of the m = 4 state is thus equal to the m = 2 state. It thus costs a
negligible energy to compress the ν = 1/4 state to the ν = 1/2 state, and therefore
there is no gap. In an external trap the system will always choose the highest density
state which is the ν = 1/2 state. Note, however that this argument only applies to
short range interactions. For long range interactions, we expect to see a non vanishing
gap.
Even though that with short range interactions, the gap is very small in our numerical calculations, it is still suﬃciently large that it allows us to unambiguously
determine the Chern number for the ground state manifold as described in Sec. 2.3.4.
As expected the calculation shows that the Chern number is equal to one corresponding to a four-fold degenerate ground state consistent with the generalization of the
fermionic case in the fractional quantum Hall theory [122, 158]. In Fig.

2.11, the

overlap of the ﬁrst four lowest energy state with the Laughlin wave function is depicted. In the absence of the dipole interaction, the ground state overlap is signiﬁcant
only for α . 0.1, however, by adding a moderate dipole interaction (Udipole = 5J), the
overlap becomes more signiﬁcant for a larger interval of the ﬂux density, i.e. α . 0.25.
This is due to the fact that state with lower density become more favorable in the
presence of a long-range repulsive interaction.
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Figure 2.11: The overlap of the ﬁrst four low-lying energy states with the Laughlin
wave function for the case of ν = 1/4 on a torus. The dashed (dotted) line shows the
overlap for the system without (with) dipole interaction (Udipole = 5J). The Laughlin
state is only a good description for a more dilute lattice α . 0.1 compared to ν = 1/2.
The dipole interaction stabilizes the system and the overlap is more signiﬁcant for
higher values of α . 0.2.
We observed that adding a dipole interaction would lead to an improvement of the
gap for ν = 1/2 and make the Laughlin overlap more signiﬁcant for larger interval of
magnetic ﬁeld strength α in the case of ν = 1/4. Therefore this long-range interaction
can be used as an tool for stabilizing the ground state and make the realization of
these quantum states, experimentally more feasible.

2.5

Detection of the Quantum Hall state

In an experimental realization of the quantum Hall states, it is essential to have an
experimental probe which can verify that the desired states were produced. In most
experiments with cold trapped atoms, the state of the system is probed by releasing
the atoms from the trap and imaging the momentum distribution. In Ref. [153],

Chapter 2: Fractional quantum Hall state in optical lattices

58

it was shown that this technique provide some indication of the dynamics in the
system. This measurement technique, however, only provides limited information,
since it only measures the single particle density matrix, and provides no information
about the correlations between the particles. In Refs. [126] and [4] a more advanced
measurement techniques were proposed, where the particle correlation is obtained
by looking at the correlations in the expansion images. In this section, we study
Bragg scattering as an alternative measurement strategy which reveals the excitation
spectrum of the quantum system. In Ref. [22] bosonic quantum Hall system responses
to a perturbative potential is studied. We focus on Bragg scattering where two
momentum states of the same internal ground state are connected by a stimulated
two-photon process [156]. By setting up two laser beams with frequencies ω1 and
ω2 and wave vectors k~1 and k~2 in the plane of the original lattice, a running optical
superlattice will be produced with frequency ω1 − ω2 and wave vector k~1 − k~2 . (Both
frequencies ω1 and ω2 should be close to an internal electronic dipole transition in the
atoms). The beams should be weak and suﬃciently detuned so that direct photon
transitions are negligible, i.e. E1 , E2 , γ ≪ ω1 − ω0 , ω2 − ω0 , where ω0 is the frequency
of the transition, γ is the corresponding spontaneous decay rate and E1 , E2 are the
Rabi frequencies related to the laser-atom coupling. In this perturbative regime, the
inelastic scattering of photons will be suppressed; the atom starts from the internal
ground state, absorbs one photon from e.g., beam 1 by going to a virtual excited
state and then emits another photon into beam 2 by returning to its internal ground
state. After this process, the system has acquired an energy equal to ~ω = ~(ω1 − ω2 )
and a momentum kick equal to ~q = k~1 − k~2 . Therefore, the overall eﬀect of the
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recoil process is a moving AC Stark shift as a perturbing moving potential, and the
eﬀective Hamiltonian represents the exchange of the two-photon recoil momentum
and the energy diﬀerence to the system and is proportional to the local density i.e.
~

~

H ∝ ρ(r)e−i(ω1 −ω2 )t+i(k1 −k2 ).~r + c.c..
This process can be used to probe density ﬂuctuations of the system and thus
to measure directly the dynamic structure factor S(q, ω) and static structure factor
S(q). This kind of spectroscopy has been studied for a BEC in a trap by Blakie et
al. [24] and Zambelli et al. [29] and has been realized experimentally in Refs. [154,
171, 125, 155, 91, 120].
Also, Bragg spectroscopy in an optical lattice is discussed in Ref. [117] in a meanﬁeld approach and also in Ref. [138] as a probe of the Mott-insulator excitation
spectrum. On the other hand, in the context of quantum Hall eﬀect, the static structure factor has been studied for probing the magnetoroton excitations [68] and charge
density waves [140]. The dynamic and static structure factors are given respectively
as

S(~q, ω) =

X
n,0

S(~q) =

X
n,0

|hn|ρ† (~q)|0i|2δ(ω − En + E0 ),

|hn|ρ† (~q)|0i|2 =

X
n,0

|hn|

X
r~i

†

ei~q·~ri |0i|2,

where the density ﬂuctuation operator is deﬁned as ρ (~q) =

P

m,n

(2.22)

(2.23)
A~q(m, n)c†m cn and

the coeﬃcient are deﬁned as Fourier transforms of the Wannier functions: A~q(m, n) =
R 2 i~q·~r ∗
d ~r e φ (~r −~rm )φ(~r−~rn ), where the Wannier function φ(~r−~rn ) is the wave function
of an atom localized on a site centered at ~rn . Below, we focus on deep optical lattices,
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(a)

(b)

Figure 2.12: (a) Structure factor and (b) energy spectrum for a 11x11 lattice with 3
atoms on a torus. Points shows the momentums allowed by the boundary conditions.
The dotted line in (b) shows for comparison the low energy spectrum of a free particle
which equals J(qa)2 .
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where A~q(m, n) = ei~q·~rm δm,n .
In the structure factor, there is a sum over the excited states |ni and ground
states |0i and the self-term is thus excluded. The ground state on a torus is two-fold
degenerate and therefore in our numerics, we add the contribution of both.
Since we are working on a discrete lattice, there will be a cut-oﬀ in the allowed
momentum given by the lattice spacing qmax = π/a, where a is the distance between
lattice sites. Fig. 2.12(a) shows the structure factor for the case ν = 1/2 for a small
α calculated from our numerical diagonalizations. In the data presented here, we
−
have chosen →
q = qx̂ and but the result should be similar in other directions in the
lattice plane. We see that S(q) is modulated at a momentum corresponding to the
magnetic length. For the parameters that we have investigated, the general features
of the structure factor is independent of the size of the system.
We obtain the excitation spectrum shown in Fig. 2.12 (b) similar to Ref. [68]
by the Feynman-Bijl approximation. In the continuum limit (α ≪ 1), we assume
that the low-lying excitations are long-wavelength density oscillations and their wave
functions can be approximated to have the form ∝ ρk |0i. Therefore, the variational
estimate for the excitation energy is ω(q) ≃ ~2 q 2 / 2mS(q). At zero momentum and
at the momentum corresponding to the magnetic length, there are gaps, and we also
observe a deviation from the free particle spectrum similar to the magneoroton case
as a reminiscent of the Wigner crystal. It should be noted that the deviation does
not depend on the size or the number of particles in the system. As clearly seen in
the Fig. 2.12 the energy spectrum and structure factor deviate from those of free
particles, therefore, it could be used as an experimental probe of the system.
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The structure factor and excitation spectrum imply some general features that
are very diﬀerent from that of the Mott-insulator and superﬂuid states, and can be
used a powerful experimental indication of the quantum Hall states.

2.6

Generating Magnetic Hamiltonian for neutral
atoms on a lattice

Recently, there has been several proposals for producing artiﬁcial magnetic ﬁeld for
neutral atoms in optical lattices [88, 119, 153], however, the implementation of each
of them is still experimentally demanding. Recently, there has been an experimental
demonstration of a rotating optical lattice [163] which is equivalent to an eﬀective
magnetic ﬁeld (see below). The technique used in this experiment, however, generates
a lattice with a large lattice spacing, because it uses laser beam which are not exactly
counter propagating. This longer spacing reduces the energy scale in the lattice and
thereby also reduces quantities such as energy gaps. Here, we shall now introduce an
alternative method for generating a rotating optical lattice, which does not result in
an increased lattice spacing. This method consists of rotating the optical lattice by
manipulating laser beams.
In a frame of reference rotating with angular velocity ω around the z − axis,
the Hamiltonian for a particle of mass m in an (planar) harmonic trap of natural
frequency ω0 is

p2
1
H =
+ mω0 (x2 + y 2 ) − ωẑ.r × p
2m 2
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Figure 2.13: Proposal for realizing a rotating optical lattice. Four AOMs (black
boxes) changes the direction of the lattice beam, which are subsequently focussed
in the middle of the setup by four lenses (grey). Simultaneously varying the four
diﬀraction angles in the AOMs will generate a rotating optical lattice.
(p − mωẑ × r)2 1
+ m(ω02 − ω 2 )(x2 + y 2 )
=
2m
2

(2.24)

At resonance ω0 = ω the form is equivalent to the Hamiltonian of a particle of charge q
experiencing an eﬀective magnetic ﬁeld B = ▽×(mωẑ×r/q) = (2mω/q)ẑ. Therefore,
by simply rotating the optical lattice, we can mimic the magnetic ﬁeld for neutral
atoms.
To rotate the optical lattice, we propose to set up four acousto-optic modulators
(AOM) and four focusing composite lenses as shown in the Fig. 2.13. By sweeping
the acoustic wave frequency, the beams can be focused and make a rotating optical
lattice.
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In an AOM, for the ﬁrst order diﬀracted light we have sin θB =

λ
,
2Λ

where Λ is

the wavelength of sound in the medium, λ is the light wavelength and θB is half
of the angle between a diﬀracted beam and the non-diﬀracted beam (Fig. 2.13). By
increasing the frequency of the acoustic wave, the diﬀraction angle increases. However,
the beam should be focused by a large aperture lens so that it always passes the
region where we want to make the optical lattice. By focusing a similar but counterpropagating beam, we can make a rotating standing wave (Fig. 2.13). By repeating
the same conﬁguration in the transverse direction, we can make a rotating optical
lattice. In particular, if the AOM is far from the composite lenses, D ≫ d, then
x/D = λ/Λ and x/d = tan θ where −π/4 ≤ (θ = ωt) ≤ π/4, where the parameters
are deﬁned in Fig. 2.13. If we consider a square lattice with dimensions Nx = Ny = N ,
the number of magnetic ﬂux given by rotation is
Nφ =

BA
π N 2ω
=
Φ0
2 ωr

(2.25)

where ωr = ~k 2 /2M is the atomic recoil frequency.
On the other hand, the upper limit for the magnetic ﬁeld comes from the single
Bloch band approximation which we made in writing the Hamiltonian for the optical
lattice. In order for the particles to remain in the ﬁrst band, the traveling lattice
beams should move them adiabatically. From Ref. [41], the adiabaticity condition for
ω4

a moving lattice with an acceleration η equal to ω 2 N λ/4 at the edge, is mηλ ≪ ~ ωp3 ,
r

where ωp is the frequency diﬀerence between the ﬁrst and the second band in the
lattice. This puts a limit on how large the lattice can become N ≪
Hence, for ν = 1/2 with a lattice ﬁlling fraction

N
N2

∼

1
8

ωp4
.
ω 2 ωr2

and a typical recoil

frequency ωr = (2π)4 kHz, one can enter the regime of fractional quantum Hall eﬀect
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by rotating the lattice at ω ∼ (2π)650 Hz. If a deep optical lattice is used e.g.,
ωp ∼ 10ωr , the adiabaticity condition is easily satisﬁed for a lattice of size N ∼ 1000.
The experimentally challenging part will, however, likely be to mitigate the instability
of the lattice caused by the thickness of the beam and aberration of the lenses at the
turning points i.e. near θ = π/4.

2.7

Conclusions

An extended study of the realization of the fractional quantum Hall states in
optical lattices has been presented. We showed that a Hamiltonian similar to that of
a magnetic ﬁeld for charged particles can be constructed for neutral ultra cold atoms
and molecules conﬁned in an optical lattice. By adding an onsite interaction for the
case of ν = 1/2, an energy gap develops between the ground state and the ﬁrst excited
state, which increases linearly as αU and saturates to its value in the hardcore limit
U ≫ J. We learned that the Laughlin wave function is a reliable description of the
system for low ﬂux densities α . 0.25. However, for higher α’s, the lattice structure
becomes more pronounced and a better description of the system can be carried out
by investigating the Chern number associated to the ground state manifold. The
Chern number indicates that the system has topological order up to some critical
ﬂux density αc ≃ 0.4, where the properties of the ground state manifold starts to
change. We have also studied ν = 1/4, where compared to ν = 1/2, the Laughlin
wave function only describes the ground state for lower values of the ﬂux α . 0.1.
We showed that a dipole-dipole interaction can enhance the gap and stabilize the
system, and therefore make the ground state more experimentally realizable. Bragg
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spectroscopy has been studied as a potential experimental tool to diagnose theses
incompressible states.
Characterization of the ground state by evaluating the Chern number, developed
in Sec. 2.3.4, can be generalized to other interesting many-body systems where the
conventional overlap calculation fails to work. In particular, this method can be
applied to ground states with non-Abelian statistics which are appealing candidates
for fault-tolerant quantum computation.

Chapter 3
Photonic quantum transport in a
nonlinear optical fiber

3.1

Introduction

Physical systems that enable single photons to interact strongly with each other
are extremely valuable for many emerging applications. Such systems are expected to
facilitate the construction of single-photon switches and transistors [23, 147, 37], networks for quantum information processing, and the realization of strongly correlated
quantum systems using light [79, 70, 36]. One potential approach involves the use of
high-ﬁnesse optical microcavities containing a small number of resonant atoms that
mediate the interaction between photons [134, 23]. Their nonlinear properties are relatively straightforward to analyze or simulate because they involve very few degrees
of freedom (i.e., a single optical mode) [84, 69, 85]. Recently, an alternative approach
has been suggested, involving the use of an ensemble of atoms coupled to propa67
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gating photons in one-dimensional, tightly-conﬁning optical waveguides [63, 93, 3].
Here, the nonlinearities are enhanced due to the transverse conﬁnement of photons
near the diﬀraction limit and the subsequent increase in the atom-photon interaction
strength. The propagation of an optical ﬁeld inside such a nonlinear medium (e.g.,
systems obeying the quantum nonlinear Schrödinger equation) is expected to yield
much richer eﬀects than the case of an optical cavity due to the large number of
spatial degrees of freedom available. Simultaneously, however, these degrees of freedom make analysis much more diﬃcult and in part cause these systems to remain
relatively unexplored [106, 90, 49, 150, 36]. We show that the multi-mode, quantum
nature of the system plays an important role and results in phenomena that have no
analogue in either single-mode cavities or classical nonlinear optics. It is interesting
to note that similar low-dimensional, strongly interacting condensed matter systems
are an active area of research, but most of this work is focused on closed systems
close to the ground state or in thermal equilibrium [111, 103, 94, 127, 31]. On the
other hand, as will be seen here, the relevant regime for photons often involves open
systems and driven dynamics.
In this chapter, we develop a technique to study the quantum transport of a few
photons inside a ﬁnite-length, strongly nonlinear waveguide where the light propagation is governed by the quantum nonlinear Schrödinger equation (NLSE), and apply
this technique to study the operation of this system as a single-photon switch. In
particular, we study the transmission and reﬂection properties of multi-photon ﬁelds
from the system as well as higher-order correlation functions of these ﬁelds. We ﬁnd
that these correlations not only reﬂect the switching behavior, but reveal some aspects
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of the rich structure associated with the spatial degrees of freedom inside the system,
which allow photons to “organize” themselves. In the regime where an eﬀectively
repulsive interaction between photons is achieved, anti-bunching in the transmitted
ﬁeld is observed because of the switching eﬀect, and is further reinforced by the tendency of photons to repel each other. In the attractive regime, either anti-bunching
(due to switching) or bunching can occur. We show that the latter phenomenon is a
clear signature of the creation of photonic bound states in the medium. Although we
focus on a particular realization involving the propagation of light, our conclusions
on quantum transport properties are quite general and valid for any bosonic system
obeying the NLSE.
This chapter is organized as follows. In Sec. 3.2, we describe an atomic system
whose interactions with an optical ﬁeld can be manipulated using quantum optical
techniques such that the light propagation obeys the quantum NLSE. This method
relies upon electromagnetically induced transparency (EIT) to achieve resonantly enhanced optical nonlinearities with low propagation losses and the trapping of stationary light pulses using spatially modulated control ﬁelds. Before treating the nonlinear
properties of the system, we ﬁrst consider the linear case in Sec. 3.3, where it is shown
that the light trapping technique leads to a ﬁeld build-up inside the medium and a set
of discrete transmission resonances, much like an optical cavity. In Sec. 3.4, we then
investigate the nonlinear transport properties of the system such as reﬂectivity and
transmittivity in the semi-classical limit, where the NLSE is treated as a simple complex diﬀerential equation. Here we ﬁnd that the presence of the nonlinearity causes
the transmission resonances to shift in an intensity-dependent way – the system be-
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haves as a low-power, nonlinear optical switch, whose behavior does not depend on
the sign of the nonlinear interaction. In Sec. 3.5, we present a full quantum formalism
to treat the NLSE transport problem in the few-photon limit. Sec. 3.6 is dedicated
to analytical solutions of the NLSE with open boundary conditions when the system
is not driven. In particular, we generalize the Bethe ansatz technique to ﬁnd the
resonant modes of the system, which help to elucidate the dynamics in the case of the
driven system. The driven system is studied in Sec. 3.7, where numerical solutions are
presented along with a detailed study of the diﬀerent regimes of behavior. In particular, we ﬁnd that the correlation functions for the transmitted light do depend on the
sign of the nonlinear interaction, in contrast to what the semi-classical calculations
would suggest. We conclude in Sec. 3.8.

3.2

Model: Photonic NLSE in 1D waveguide

In this section, we consider the propagation of light inside an ﬁnite-length atomic
medium under EIT conditions and with a Kerr nonlinearity. We also describe a
technique that allows for these pulses of light to be trapped within the medium using
an eﬀective Bragg grating formed by additional counter-propagating optical control
ﬁelds. We show that in the limit of large optical depth the evolution of the system
can be described by a nonlinear Schrödinger equation.
Following Ref. [36], we consider an ensemble of atoms with the four-level internal
structure shown in Fig. 3.1, which interact with counter-propagating quantum ﬁelds
with slowly-varying envelopes Eˆ± inside an optical waveguide. These ﬁelds are coupled
to a spin coherence between states |ai and |ci via two classical, counter-propagating
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control ﬁelds with Rabi frequencies Ω± largely detuned from the |bi → |ci transition.
The case where the ﬁelds propagate only in one direction (say in the “+” direction)
and where the detuning is zero corresponds to the usual EIT system, where the atomic
medium becomes transparent to Ê+ and the group velocity can be dramatically slowed
due to coupling between the light and spin wave (so-called “dark-state polaritons”)
[54]. On the other hand, the presence of counter-propagating control ﬁelds creates an
eﬀective Bragg grating that causes the ﬁelds Eˆ± to scatter into each other. This can
modify the photonic density of states and create a bandgap for the quantum ﬁelds.
This photonic bandgap prevents a pulse of light from propagating and can be used
to eﬀectively trap the light inside the waveguide [8, 12]. The trapping phenomenon
is crucial because it increases the time over which photons can interact inside the
medium. The presence of an additional, far-detuned transition |ci → |di that is
coupled to Ê± leads to an intensity-dependent energy shift of level |ci, which translates
into a Kerr-type optical nonlinearity [144].
We now derive the evolution equations for the quantum ﬁelds. We assume that
all atoms are initially in their ground states |ai. To describe the quantum properties
of the atomic polarization, we deﬁne collective, slowly-varying atomic operators, averaged over small but macroscopic volumes containing Nz ≫ 1 particles at position
z,
Nz
1 X
σ̂αβ (z, t) =
|αi ihβi |.
Nz i=1

(3.1)

The collective atomic operators obey the following commutation relations,

[σ̂αβ (z), σ̂µν (z ′ )] =

L
δ(z − z ′ )(δβµ σ̂αν (z) − δαν σ̂µβ (z)),
N

(3.2)
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while the forward and backward quantized probe ﬁelds in the z direction obey bosonic
commutation relations (at equal time),
[Eˆ+ (z), Eˆ+† (z ′ )] = δ(z − z ′ ).

(3.3)

The Hamiltonian for this system in the rotating frame can be written as

Z
N
Ĥ = −
∆1 σ̂bb (z) + ∆3 σ̂cc (z) + (∆2 + ∆3 )σ̂dd (z)
L
√
+ g 2π[(σ̂ba (z) + σ̂dc (z))(Ê+ eik0 z + Eˆ− e−ik0 z ) + H.c.]

(3.4)
(3.5)

+ [σ̂bc (z)(Ω+ eikc z + Ω− e−ikc z ) + H.c.]dz,
where g = µ

q

ωab
4π~ǫ0 A

(3.6)

is the atom-ﬁeld coupling strength, µ is the atomic dipole matrix

element, and A is the eﬀective area of the waveguide modes. For simplicity, we have
assumed that the transitions a-b and c-d have identical coupling strengths g and have
ignored transverse variation in the ﬁelds. The terms ∆i denote the light ﬁeld-atomic
transition detunings as shown in Fig. 3.1(a). kc is the wavevector of the control ﬁelds,
while k0 = nb ωab /c characterizes the fast-varying component of the quantum ﬁeld
and nb is the background refractive index. We also deﬁne n0 = N/L as the linear
density of atoms in the z direction, and vg = cΩ2 /2πg 2n0 as the group velocity that
the quantum ﬁelds would have if they were not trapped by the Bragg grating (we will
speciﬁcally be interested in the situation where Ω+ = Ω− = Ω). Following Ref. [54],
we can deﬁne dark-state polariton operators that describe the collective excitation of
ﬁeld and atomic spin wave, which in the limit of slow group velocity η =
are given by Ψ̂± =

√

g 2πn0 ˆ
E± .
Ω±

c
2vg

≫1

These operators obey bosonic commutation relations

[Ψ̂± (z), Ψ̂†± (z ′ )] = δ(z−z ′ ). The deﬁnition of the polariton operators speciﬁes that the
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photon ﬂux entering the system at its boundary is equal to the rate that polaritons
are created at the boundary inside the system – i.e., chÊ+† Eˆ+ i = vg hΨ̂†+ Ψ̂+ i. In other
words, excitations enter (and leave) the system as photons with velocity c, but inside
the waveguide they are immediately converted into polariton excitations with group
velocity vg . Field correlations will also be mapped in a similar fashion – in particular,
correlation functions that we calculate for polaritons at the end of the waveguide
z = L will also hold for the photons transmitted from the system. The total number
R
of polaritons in the system is given by Npol. = hΨ̂†+ Ψ̂+ i + hΨ̂†− Ψ̂− idz. The optical

ﬁelds coupled to the atomic coherences of both the a − b and c − d transitions are
governed by Maxwell-Bloch evolution equations,



∂
∂
±c
∂t
∂z



√
Ê± (z, t) = ig 2πn0 (σ̂ab + σ̂cd ).

(3.7)

Similar to the photonic operators, the atomic coherences can also be written in
terms of slowly-varying components,
+ ik0 z
− −ik0 z
σ̂ab = σ̂ab
e
+ σ̂ab
e
,

(3.8)

+ ik0 z
− −ik0 z
σ̂cd = σ̂cd
e
+ σ̂cd
e
.

(3.9)

We note that higher spatial orders of the coherence are thus neglected. In practice,
these higher orders are destroyed due to atomic motion and collisions as atoms travel
distances greater than an optical wavelength during the typical time of the experiment [183]. Alternatively, one can use dual-V atomic systems that do not require this
approximation [182] (see also Chapter 4).
In the weak excitation limit (σ̂aa ≃ 1), the population in the excited state |bi can
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Figure 3.1: (a) Four-level atomic system for creating strong nonlinearity. Counterpropagating control ﬁelds modulate the EIT for the forward- and backwardpropagating probe, and |ci → |di transition gives rise to a Kerr-type nonlinearity.
(b) The light is conﬁned in the transverse direction due to the presence of the waveguide and experiences an eﬀective Bragg grating due to the presence of the counterpropagating light.
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be neglected, hσ̂bb i≈0. In this limit, the evolution of the atomic coherence is given by
√
±
±
+ ig 2π Ê± + iΩ± σ̂ac e±i∆kz
σ̂˙ ab = (i∆1 − Γ/2)σ̂ab

(3.10)

where ∆k = kc − k0 and Γ is the total spontaneous emission rate of state b (for
simplicity we also assume that state d has an equal spontaneous emission rate). In
√
the adiabatic limit where g 2πhσ̂ac Eˆ± i ≪ Γ, the coherence σ̂ad can be approximated
by

σ̂ad

√
g 2πσ̂ac
≃
(Ê+ e+ik0 z + Eˆ− e−ik0 z ).
−∆2 − ∆3 − i Γ2

(3.11)

Therefore, the spin wave evolution can be written as,
σ̂˙ ac = i∆3 σ̂ac +

2πig 2
(Eˆ+† Ê+ + Ê−† Eˆ− )σ̂ac
Γ
−∆2 − ∆3 − i 2

+ ∗ −i∆kz
− ∗ i∆kz
+ i(σ̂ab
Ω+ e
+ σ̂ab
Ω− e
)

(3.12)
(3.13)

We now consider the situation where Ω+ = Ω− = Ω, such that the counter-propagating
control ﬁelds form a standing wave. In the adiabatic limit [54], and keeping all terms
up to third order in the quantum ﬁelds, substituting these results into Eq. (3.7)
and simplifying yields the following evolution equations for the dark-state polariton
operators,
ξ
η
(c∂z + ∂t )Ψ̂+ = − (Ψ̂+ − Ψ̂− ) − ∂t (Ψ̂+ + Ψ̂− )
(3.14)
2
2
h
i
− i∆n (Ψ̂†+ Ψ̂+ + Ψ̂†− Ψ̂− )(Ψ̂+ + Ψ̂− ) + (Ψ̂†+ + Ψ̂†− )(Ψ̂+ + Ψ̂− )Ψ̂+

ξ
η
(−c∂z + ∂t )Ψ̂− = + (Ψ̂+ − Ψ̂− ) − ∂t (Ψ̂+ + Ψ̂− )
(3.15)
2
2
h
i
− i∆n (Ψ̂†+ Ψ̂+ + Ψ̂†− Ψ̂− )(Ψ̂+ + Ψ̂− ) + (Ψ̂†+ + Ψ̂†− )(Ψ̂+ + Ψ̂− )Ψ̂− ,
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2πg 2 n0
−i∆1 +Γ/2

coeﬃcient is given by the single photon AC-Stark shift: ∆n =
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. The nonlinearity
πg 2
.
2(∆2 +iΓ/2)

We note

that the wave-vector mismatch ∆k has been compensated for by a small extra twophoton detuning equal to (−∆kc/η).
The above equations describe the evolution of two coupled modes. It is convenient
to re-write these equations in terms of the anti-symmetric and symmetric combina√
√
tions A = (Ψ+ − Ψ− )/ 2 and S = (Ψ+ + Ψ− )/ 2. For large optical depths, we
then ﬁnd that the anti-symmetric mode adiabatically follows the symmetric mode,
A ≃ −(c/ξ)∂z S. In this limit, the evolution of the whole system can be described by
a single nonlinear Schrödinger equation,

η

c2 ∂ 2
∂
S−
S + 8i∆n S † S 2 = 0.
∂t
ξ ∂z 2

(3.16)

Physically, the coupling between Ψ̂± induced by the Bragg grating causes them to
no longer behave independently, much like the two counter-propagating components
of an optical cavity mode. We can write the above equation in dimensionless units by
introducing a characteristic length scale Lcoh = c/|Im[ξ]| = c(∆21 + Γ2 /4)/2πg2n0 |∆1 |
and time scale tcoh = η/|Im[ξ]| = (∆21 + Γ2 /4)/2Ω2|∆1 |. Lcoh corresponds to the
length over which the ﬁeld acquires a π-phase in the propagation. The dimensionless
NLSE then reads

i

∂ S̃
1 ∂ 2 S̃
=−
+ 2κS̃ † S̃ 2 ,
∂τ
2m ∂ z̃ 2

(3.17)

Γ
where for ∆1 < 0, the eﬀective mass is m = 12 (1 + i 2|∆
) and the nonlinearity co1|

eﬃcient is κ =

2∆n
c

=

πg 2 /c
.
∆2 +iΓ/2

Note that Ψ̃± (z, t) and S̃(z, t) are also in units of
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† ′
′
L−1
coh , such that [S̃(z̃), S̃ (z̃ )] = δ(z̃ − z̃ ). For simplicity, we omit tilde superscripts

in the following. We can also write the nonlinear coeﬃcient as κ =

Γ1D
,
4(∆2 +iΓ/2)

where

we have identiﬁed Γ1D = 4πg 2/c as the spontaneous emission rate into the guided
modes (Γ1D ≤Γ). Note that in this notation, the anti-symmetric combination of forward and backward polaritons is given by A ≃ −i/2m∂z S ≃ −i∂z S.

3.3

Linear case: Stationary light enhancement

In this section, we investigate the linear transmission properties of the signal ﬁeld
as a function of its frequency. The control ﬁeld leads to a Bragg grating that couples
the forward and backward components of the signal ﬁeld together. We show that the
system therefore acts as an eﬀective cavity whose finesse is determined by the optical
density of the atomic medium.
For the linear case (κ = 0), it is suﬃcient to treat the forward and backward
ﬁeld operators as two complex numbers. In the slow light regime (η ≫ 1), the
coupled mode equations (Eqs. 3.16) can be written in the Fourier domain, with our
dimensionless units, as
i
δ(Φ+ + Φ− ) + im(Φ+ − Φ− )
2
i
δ(Φ+ + Φ− ) − im(Φ+ − Φ− ),
=
2

∂z Φ+ =
−∂z Φ−

(3.18)
(3.19)

where Ψ+ (z, τ ) = Φ+ (z, δ)e−iδτ and Ψ− (z, τ ) = Φ− (z, δ)e−iδτ and δ is the dimensionless two-photon detuning δ = ∆3 tcoh . We specify that a classical ﬁeld Φ+ (z = 0, δ) =
α enters the system at z = 0 with no input at the other end of the system (z = d),
Φ− (z = d, δ) = 0, as shown in Fig. 3.1(b). We note that d = L/Lcoh is the length
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of the system in units of the coherence length introduced earlier. For negligible
losses (|∆1 |≫Γ) and ∆1 < 0, m ≃ 1/2 and the proﬁle of forward-going polaritons
inside the system will look like:
√
√
√
Φ+ (z, δ)
2i δ cos[(d − z) δ] + (1 + δ) sin[(d − z) δ]
√
√
√
.
=
α
2i δ cos[d δ] + (1 + δ) sin[d δ]

(3.20)

Therefore, for a system with ﬁxed length d, the transmission coeﬃcient varies with
the frequency of the incident ﬁeld, with transmission resonances occurring at the
√
values δ0 d = nπ (n is an integer). At these resonances, the system transmittance
is equal to one (|Φ(d, δ)| = |Φ(0, δ)|) and a ﬁeld build-up occurs inside the medium
with a bell-shaped proﬁle, similar to a cavity mode (see Fig. 3.2). The positions of
these resonances (quadratic in n) reﬂect the quadratic dispersion in Eq. (3.17). Note
that in real units, the positions of the resonances will depend on the amplitude of
|∆1 |
the control ﬁeld, since ∆3 = δ 2|Ω|
2 . In the limit of a coherent optically large system

(d ≫ 1), the intensity ampliﬁcation in the middle of the system is equal to (d/2π)2
for the ﬁrst resonance. In other words, the Bragg scattering creates a cavity with
an eﬀective ﬁnesse proportional to the square of the coherent length of the system
(F ∝ d2 ).
We now derive the width of the ﬁrst transmission resonance. For small variations
δ0 ± δb around the resonance frequency, we can write
Φ+ (d)
iπ
π2 2
δ + O(δb3 ).
= −1 − 3/2 δb +
3 b
Φ+ (0)
16δ0
4δ0

(3.21)

Therefore, the width of the resonances (say where it drops by half) is given by
3/2

2δb ≃ δ0

π
= ( )3 .
d

(3.22)
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Figure 3.2: Linear case: (a) Transmittivtiy as a function of two-photon detuning.
Transmission peaks are attenuated because of linear loss on |ai → |bi transition
which are plotted for three diﬀerent loss
√ rates β = d Γ/∆1 . (b) When the system
is tuned on a transmission resonance ( δ0 d = nπ), the ﬁeld inside the medium is
ampliﬁed.
We have kept terms up to second order in δb , since the ﬁrst order term does not
give a decreasing correction to the transmittance. While we have previously ignored
absorption (as determined by the real part of ξ), we can estimate that its eﬀect is to
attenuate the probe beam transmission by a factor β = d Γ/|∆1 |. As it is shown in Fig.
3.3, for large optical densities, β can fully characterize the transmission coeﬃcient on
resonance (δ = δ0 ). In particular, for a ﬁxed β, the resonant transmission is constant
for any large optical density. In other words, since the optical depth of the system
is given by OD = d |∆Γ1 | , the transmittivity of the system remains constant for any
p
OD with the choice |∆1 | = Γ OD/β. In this case the eﬀective cavity ﬁnesse for the
system becomes proportional to the optical density, i.e., F ∝ OD.

The total number of polaritons in the system can be estimated by,
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Figure 3.3: For large optical densities, the transmission on resonance (δ = δ0 ), only
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depends on β = OD ∆Γ1 | .
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Npol =

Z

d
0

|Φ+ (z)|2 + |Φ− (z)|2 dz =

d3
(d2 + π 2 )2
2
|Φ
(0)|
≃
|Φ+ (0)|2 .
+
4dπ 2
4π 2
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(3.23)

This again shows that the polaritons experience many round trips inside the system
before exiting. In particular, if we deﬁne the average intensity inside the medium
2
as |Φave
+ | = Npol /d, then we readily observe that the intensity of the polariton ﬁeld
2
2
is ampliﬁed inside the medium by the square of the system size (|Φave
+ | /|Φ+ (0)| =

(d/2π)2) – i.e. the ﬁnesse is proportional to the optical density (OD).
The original proposal for observing an enhanced Kerr nonlinearity with a fourlevel atomic system using EIT makes use of an optical cavity to enhance the nonlinearity [84]. However, as pointed out in Ref. [69], the scheme suﬀers from some
inaccuracies in the eﬀective Hamiltonian. More speciﬁcally, in Ref. [84], the eﬀective
Hamiltonian was evaluated at the center of the EIT transparency window. However,
in practice, EIT dramatically decreases the cavity linewidth because of the large
dispersion that accompanies the vanishing absorption [115]; this causes photons at
frequencies slightly shifted from the central frequency to be switched out of the cavity.
This leads to an extremely small allowable bandwidth for the incoming photons [69]
and was neglected in the original analysis. We emphasize that the analysis presented
here takes into account the dispersive properties of the medium, as we have included
the ﬁeld dynamics up to second order in the detuning from resonance (this accounts
for the eﬀective mass of the photons in our system). We verify the consistency of
this derivation in Appendix A by solving the linear system including full susceptibilities. It is shown that the results are consistent near the two-photon resonance (i.e.,
frequencies around δ = 0).
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Semi-classical nonlinear case
Dispersive regime

In this section, in contrast to the previous section, we include the nonlinear term
in the evolution equations to investigate its eﬀect in the semi-classical limit (where
the ﬁelds are still treated as complex numbers). In this picture, the eﬀect of nonlinearity causes the transmission peaks to shift in frequency in an intensity-dependent
way to the left or right depending on the sign of the nonlinearity coeﬃcient κ. We
show that when |κ|OD ≫ 1, the magnitude of the shift is large even at intensities corresponding to that of a single photon. In this regime, we expect that the system can
act as a single-photon switch and that signatures of quantum transport will become
apparent (the quantum treatment is described in Sec.3.5).
Because of the self-phase modulation term in the evolution equations (Eqs. 3.16),
the forward and backward ﬁelds acquire a phase shift proportional to their intensity.
Moreover, due to the conjugate-phase modulation terms, each ﬁeld undergo an extra
phase shift proportional the intensity of the other ﬁeld. Classically, this yields a
frequency shift in the transmission spectrum when the nonlinearity is small. The shift
2
ave 2
in the transmission peak can be approximated by ∆δ ≃ 2κ|Φave
+ | where |Φ+ | ≃
d2
|Φ+ (0)|2
4π 2

is the average intensity of polaritons in the system. Suppose that we want

the nonlinearity to be strong enough to shift the transmission peaks at least by half
of their widths, ∆δ ≃ 12 δ 3/2 . Then, from Eq.(3.22) this condition can be written as
2
|Φcr
+ (0)| =

 π 5 1
d |κ|

(3.24)
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On the other hand, according to Eq.(3.23), we can write this condition in terms
of the critical number of polaritons inside the system,

π3
.
4d2 κ

cr
Npol
=

(3.25)

Since the nonlinearity coeﬃcient is given by the light shift on the |ci → |di
transition, in the dispersive regime (∆2 ≫ Γ), we have κ =

1 Γ1D Γ
.
4 Γ ∆2

Thus, we expect

to have substantial nonlinearities at the level of one polariton (i.e., one incoming
cr.
photon), Npol.
= 1, if

d2 = π 3

Γ ∆2
Γ1D Γ

(3.26)

where Γ1D is the rate of spontaneous emission rate into the guided modes. Strictly
speaking, note that a single photon cannot actually have a nonlinear phase shift (as
correctly derived later using a fully quantum picture); however, we can still use the results of this semiclassical calculation to qualitatively understand the relevant physics.
We can also rewrite the above condition in term of the optical density (OD = d ∆Γ1 )
needed in the system. From the linear case, we know that an optimal detuning, for a
transmission of 90%, should satisfy d ∆Γ1 ∼ 0.5. Then, Eq. (3.26) can be written as
OD = 2π 3

Γ ∆2
.
Γ1D Γ

Taking for example a system where ∆2 ∼ 5Γ and

(3.27)
Γ1D
Γ

∼ 0.1, nonlinearities at a

few-photon level can be observed for an optical density OD ≃ 6200.
First, let us consider the case of positive κ. In Fig. 3.4, we observe that at large
enough optical density, the system can have very diﬀerent transmission spectra for
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low and high intensities that classically correspond to having one and two polaritons
(photons) inside the system, respectively. Although we have ignored the quantization
of photons in this section, we can develop some insight into the transmission properties
of one- and two-photon states. Loosely speaking, if we ﬁx the input ﬁeld frequency
to lie at the one-photon (linear) transmission peak (δ0 ), the system would block the
transmission of incident two-photon states. More realistically, suppose we drive the
system with a weak classical ﬁeld (coherent state), which can be well-approximated
as containing only zero, one, and two-photon components. We then expect that the
one-photon component will be transmitted through the system, while the two-photon
component will be reﬂected, leading to anti-bunching of the transmitted light. We
note that the general spirit of this conclusion is sound; however, the correct description
of the system is achieved by taking into account the quantization of photons which
is presented in the next sections.
A similar analysis holds for the case of negative κ. Note that the sign of κ
depends on the detuning of the photonic ﬁeld from the atomic transition |ci → |di,
which can easily be adjusted in an experiment. This is in contrast to conventional
nonlinear optical ﬁbers and nonlinear crystals, where the nonlinearity coeﬃcient is
ﬁxed both in magnitude and sign. We ﬁnd that a negative nonlinearity simply shifts
the transmission spectrum in the opposite direction as for the positive case, as shown
in Fig. 3.5, but all other conclusions remain the same. In particular, we would expect
anti-bunching to occur for this case as well, when a weak coherent ﬁeld is incident with
its frequency ﬁxed to the linear transmission resonance. Surprisingly, the quantum
treatment (Sec.3.7), shows that the above conclusion is wrong and system behaves
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Figure 3.4: Due to nonlinearity, in the perturbative limit, the transmission spectrum
shifts for diﬀerent intensities. The integrated intensities inside the system is related
to the number of present ﬁeld quanta. OD=3000
very diﬀerently for negative nonlinearity. We show that this diﬀerence in behavior
can be attributed to the presence of additional eigenstates (photonic bound states)
in the medium and their excitation by the incident ﬁeld.
For even larger nonlinearities or intensities, the transmission spectrum can become
even more skewed and exhibit bistable behavior, as similarly found in Ref. [135] in
the context of transport of Bose-Einstein condensates in one dimension. There, the
classical NLSE (Gross-Pitaevskii equation) was solved to ﬁnd the mean-ﬁeld transport
properties of a condensate scattering oﬀ a potential barrier.
Instead of considering the switching eﬀect as a function of number of photons
inside the medium, we can also consider the number of photons that need to be
sent into the system. Clearly, to have a well-deﬁned transmission amplitude without
substantial pulse distortion, the incident pulse must be long enough so that it ﬁts
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Figure 3.5: For positive (negative) nonlinearity, in the perturbative limit, the transmission spectrum shifts to the right (left) of linear transmission spectrum (solid line),
which is shown in dotted line (dashed line). The incoming intensity corresponds to
one-photon in the system.
within the bandwidth of the system resonance, as given in Eq. (3.22). To be speciﬁc,
we consider an input pulse whose duration is equal to the inverse of the bandwidth,
tb = ( πd )3 tcoh . We can relate the number of incoming photons to an average incident
intensity:

|Φ+ (0)|2 = Npol.

tb
tcoh

=

Npol.
(d/π)3

(3.28)

Now, since the number of incident photons and incoming polaritons are the same,
we can assign an average amplitude to any incoming photons number by Eq. (3.28),
and evaluate the transmission. Hence, we can evaluate the number of incident photons
needed to observe a signiﬁcant nonlinearity and saturate the system. Fig. 3.6 shows
the transmittivity of the nonlinear system as a function of number of photons in the
incoming wavepacket. We observe that for high optical densities (OD > 1000), the
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Figure 3.6: Transmission vs. the number of incident photons. For each OD, Γ/∆1 is
chosen so that the system exhibit a similar transmission for one photon.
transmittivity drops as the number of incoming photons increases and the system
gets saturated for even few photons.

3.4.2

Dissipative Regime

In this section, we investigate the system in the presence of nonlinear absorption,
where κ is imaginary. The nonlinear dispersion of the previous case can simply be
turned into nonlinear absorption by setting the nonlinear detuning to zero (∆2 =
0, κ =

Γ1D
).
2iΓ

In the quantum picture, this term does not aﬀect the one-photon state,

while two-photon states can be absorbed by experiencing three atomic transitions,
|ai → |bi → |c → |di, and subsequently being scattered from excited state |di [78]. We
consider the quantum treatment of absorption later and ﬁrst study the semiclassical
limit here.
The presence of nonlinear absorption suppresses the transmission of multi-photon
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Figure 3.7: Due to nonlinearity absorption, the transmission is suppressed for higher
intensities. The integrated intensities inside the system is related to the number of
present ﬁeld quanta. OD=3000
states through the medium by causing them to decay. This suppression becomes
stronger for higher intensities as shown in Fig. 3.7. We have used the same optical density (OD) and 1D conﬁnement (Γ1D /Γ) as in Fig. 3.4. We observe that the
eﬀects of nonlinear absorption are stronger than that of nonlinear dispersion studied in Sec.3.4.1, since it occurs at resonance (∆2 = 0) where the atomic response is
strongest. It is thus possible to observe its eﬀect at even lower intensities, corresponding to eﬀective photon numbers two orders of magnitude smaller than the dispersive
case. Much like the dispersive case, the suppression of transmission of multi-photon
components should yield anti-bunching in the transmitted ﬁeld. In this case, however,
these components are simply lost from the system (as opposed to showing up as a
bunched reﬂected ﬁeld).
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Quantum nonlinear formalism: Few-photon limit

In this section, we describe a quantum mechanical approach that enables one to
solve the problem of quantum transport of a small number of photons through the
ﬁnite, nonlinear system described in Sec.3.2. This few-photon number limit is of
particular interest since it captures the physics of single-photon switching.
We ﬁnd it convenient to study the dynamics of the system of photons in the
Schrödinger picture, where one can explicitly solve for the few-body wave functions.
This approach is made possible by truncating the Hilbert space so that only subspaces
with nmax photons are less are present. In the following, we will consider the case
where nmax = 2, although our analysis can be easily extended to cover any other value.
This truncation is justiﬁed when the incident coherent ﬁeld is suﬃciently weak that
the average photon number is much smaller than one inside the system (|α0 |2 d3 ≪ 1,
where α0 is the amplitude of the incoming ﬁeld). Thus, we can write the general state
of the system as:

|ψ(t)i ≃

Z

†

†

dz1 dz2 φ(z1 , z2 , t)S (z1 )S (z2 )|0i +

Z

dzθ(z, t)S † (z)|0i + ǫ|0i.

(3.29)

The ﬁrst, the second and the third term correspond to two-photon, one-photon and
vacuum state, respectively. Note that because of bosonic symmetrization, φ(z1 , z2 , t)
should be symmetric in z1 and z2 . This formalism allows us to capture any non-trivial
spatial order between photons in our system (e.g., the de-localization of two photons
as represented by the oﬀ-diagonal terms in φ(z1 , z2 )). Since the NLSE Hamiltonian
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commutes with the ﬁeld number operator Ŝ † Ŝ, manifolds with diﬀerent ﬁeld quanta
are decoupled from each other inside the medium. Therefore, the evolution for the
one-photon and two-photon manifolds under the NLSE Hamiltonian can be written as,

∂
1
i φ(z1 , z2 , t) = −
∂t
2m



∂2
∂2
+
∂z12 ∂z22

i



φ(z1 , z2 , t) + 2κφ(z1 , z2 , t)δ(z1 − z2 )

1 ∂2
∂
θ(z, t) = −
θ(z, t).
∂t
2m ∂z 2

(3.30)

(3.31)

However, the system is driven with an input ﬁeld at z = 0, which allows diﬀerent
manifolds to be coupled at the boundaries. This is analogous to ﬁber soliton experiments where a classical input ﬁeld mixes quantum solitons with diﬀerent photon
numbers [48]. In particular, for a classical input ﬁeld,

Ψ̂+ (z = 0)|ψ(t)i = α(t)|ψ(t)i

(3.32)

Ψ̂− (z = d)|ψ(t)i = 0|ψ(t)i,

(3.33)

which corresponds to a coherent state with (possibly time-dependent) amplitude α(t)
as an input at z = 0, and no input (i.e., vacuum) at z = d. Since we specify that
the input coherent ﬁeld is weak (α ≪ 1), the amplitude of the vacuum state is almost equal to one (ǫ ≃ 1). The annihilation operator in these equations reduces the
photon number on the left-hand side by one. Thus, such boundary conditions relate
diﬀerent photon subspaces whose photon number diﬀer by one, e.g. the two-photon
and one-photon wavefunctions. In the adiabatic limit where the anti-symmetric part
√
√
of the ﬁeld (A = (Ψ̂+ − Ψ̂− )/ 2) follows the symmetric part (S = (Ψ̂+ + Ψ̂− )/ 2),
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we have

1
i
Ψ+ = √ (S −
∂z S) ,
2m
2

1
i
Ψ− = √ (S +
∂z S).
2m
2

(3.34)

Therefore the boundary conditions at z = 0 can be re-written as
1
√
2

Z
i
†
†
∂z S]z=0 S (z1 )S (z2 )φ(z1 , z2 , t)|0i = α dzθ(z, t)S † |0i, (3.35)
dz1 dz2 [S −
2m
Z
i
1
√
dz [S −
∂z S]z=0 S † (z)θ(z, t)|0i = α|0i.
(3.36)
2m
2
R
Using the identity [∂z S(z), S † (z ′ )]f (z ′ )dz ′ = ∂z f (z), the boundary conditions on the
Z

one-photon and two-photon wave functions can be written as:

1
i (1)
∂ φ(z1 , z2 , t)|z1 =0 = √ αθ(z2 , t)
2m
2
√
i
∂z θ(z = 0, t) =
2α,
θ(z = 0, t) −
2m

φ(z1 = 0, z2 , t) −

(3.37)
(3.38)

where ∂ (1) acts on the ﬁrst parameter. This type of open boundary condition is known
as a Robin or mixed boundary condition, which involves a combination of both the
function and its derivative. In the present case, the open boundary conditions allow
particles to freely enter and leave the system. We emphasize that this process is
noise-less, in that the loss of population from the interior of our system is related by
our boundary condition equations to the ﬂow of particle current through the system
boundaries. This is in contrast to an optical cavity, for instance, where photons
inside the cavity leak dissipatively into the environment [60]. Similarly the boundary
condition at z = d reads
φ(d, z, t) +

i (1)
∂ φ(d, z, t) = 0 ,
2m

θ(d, t) +

i
∂z θ(d, t) = 0.
2m

(3.39)
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Given the boundary conditions and the equations of motion in the interior, we can
completely solve for the photon wavefunctions.
Once the wavefunctions are determined, it is possible to determine the intensity
proﬁle as well as any other correlation function for the photons. For example, the
intensity of the forward-going polariton is

I(z, t) = hψ(t)|Ψ̂†+ (z)Ψ̂+ (z)|ψ(t)i = h1|Ψ̂†+ (z)Ψ̂+ (z)|1i + h2|Ψ̂†+ (z)Ψ̂+ (z)|2i, (3.40)
where |ji denotes the component of the total wavefunction |ψ(t)i containing j photons. The ﬁrst and second terms on the right thus correspond to the one- and twophoton contributions to the intensity. By re-writing expressions in terms of S instead
of (Ψ̂+ , Ψ̂− ), we obtain:

2

1
i
I(z, t) = θ(z) −
∂z θ(z) + 2
2
2m

Z

i (2)
dz φ(z , z) −
∂ φ(z ′ , z)
2m
′

2

′

(3.41)

Similarly, the second-order correlation function for the forward ﬁeld is
2
hψ|Ψ̂†2
+ (z)Ψ̂+ (z)|ψi

i
1 (1) (2)
= φ(z, z) − ∂ (1) φ(z, z) −
∂ ∂ φ(z, z)
m
4m2

2

(3.42)

which in our truncated space only depends on the two-photon wave function. Now, we
evaluate the normalized second-order correlation function g2 (z), which characterizes
the photon statistics of an arbitrary ﬁeld. This function takes the form
g2 (z) =

2
hψ|Ψ̂†2
+ (z)Ψ̂+ (z)|ψi

hψ|Ψ̂†+ (z)Ψ̂+ (z)|ψi

2,

(3.43)

and physically characterizes the relative probability of detecting two consecutive photons at the same position z. If this quantity is less (greater) than one, the photonic
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ﬁeld is anti-bunched (bunched). In particular, if g2 (z) = 0, the ﬁeld is perfectly antibunched and there is no probability for two photons to overlap in position. In our
truncated Hilbert space, g2 (z) of the transmitted ﬁeld is given by

g2 (z = d) ≃

2
h2|Ψ†2
+ (d)Ψ+ (d)|2i

h1|Ψ†+ (d)Ψ+ (d)|1i

= 

4 φ(d, d) −
θ(d) −

+

h2|Ψ†+ (d)Ψ+ (d)|2i

i (1)
∂ φ(d, d)
m

2
i
∂ θ(d)
2m z

+4

R

dz ′

−

(3.44)

2

2
1
∂ (1) ∂ (2) φ(d, d)
4m2

φ(z ′ , d)

−

 (3.45)
2 2
i
(2)
′
∂ φ(z , d)
2m

We note that this expression can be simpliﬁed, since at z = d, we have Ψ− =
√
i
∂
S)
=
0
and
Ψ
=
2S. Therefore,
z
+
2m

g2 (d) =

4|φ(d, d)|2
2 .
R
|θ(d)|2 + 4 dz ′ |φ(z ′ , d)|2

√1 (S
2

+

(3.46)

We can also evaluate the stationary two-time correlation, which is deﬁned in the
Heisenberg picture as:

g2 (z, τ ) =

hψ|Ψ†+ (z, 0)Ψ†+ (z, τ )Ψ+ (z, τ )Ψ+ (z, 0)|ψi
hψ|Ψ†+ (z, 0)Ψ+ (z, 0)|ψi

2

,

(3.47)

where the denominator is simpliﬁed in the stationary steady-state regime. This correlation function characterizes the probability of detecting two photons at position
z but separated by time τ . We can re-write g2 (z, τ ) in terms of wavefunctions in
the Schrödinger picture in the following way. We ﬁrst note that the expression
|ψ̃(0)i = Ψ̂+ (z, 0)|ψi appearing in the equation above can be thought of as a new
wavefunction, which describes the state of the system after a photon is initially detected at time t = 0 and position z. This new state naturally has one less photon
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than the original state, and by simplifying the expressions, it can be written as:

|ψ̃(0)i =

Z

θnew (z ′ )S † (z ′ )|0i + ǫnew |0i

(3.48)

where the new one-photon and vacuum amplitudes are given by

θ

new

ǫnew

√



i (1)
=
2 φ(d, z , t = 0) −
∂ φ(d, z ′ , t = 0)
2m
1
= √ (θ(d, t = 0) − i∂θ(d, t = 0)) .
2
′



(3.49)
(3.50)

Here we have assumed that z = d, since we are interested in the transmitted ﬁeld.
Now, Eq. (3.47) can be written as
g2 (d, τ ) = hψ̃(0)|Ψ̂†+ (d, τ )Ψ̂+ (d, τ )|ψ̃(0)i/|hψ̃(0)|ψ̃(0)i|2 .

(3.51)

ˆ ) =
The numerator describes the expectation value for the intensity operator I(τ
Ψ̂†+ (d, τ )Ψ̂+ (d, τ ) in the Heisenberg picture given an initial state |ψ̃(0)i. However,
we can easily convert this to the Schrödinger picture by moving the evolution from
the operator to the state, i.e., by evolving |ψ̃(0)i under the same evolution equations
(Eqs. 3.30-3.31) and boundary conditions (Eq. 3.38) that we used earlier. Therefore,
the correlation function g2 (z, τ ) will be given by:

g2 (z, τ ) =

hψ̃(τ )|Ψ†+ (z)Ψ+ (z)|ψ̃(τ )i

hψ(0)|Ψ†+ (z)Ψ+ (z)|ψ(0)i

2.

(3.52)
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Analytical solution for NLSE with open boundaries

In this section, we show that a NLSE system with open boundary conditions
yields analytical solutions in absence of an outside driving source (α0 = 0). To obtain
the analytical solutions, we use the Bethe ansatz technique [111, 107]. This ansatz
speciﬁes that the eigenstates consist of a superposition of states in which colliding
particles exchange their wavenumbers ki . Unlike the typical formulation, the values of
ki here can be complex to reﬂect the open nature of our boundary conditions, which
allow particles to freely enter or leave. In particular, we present the one-, two- and
many-body eigenmodes of the system along with their energy spectra. Finding certain
eigenmodes of the system (e.g., bound states) helps us understand the correlation
functions and also spatial wavefunctions which are numerically calculated later in
Sec.3.7 for a driven system.

3.6.1

One-particle problem

First, we calculate the fundamental modes for the one-particle states. These
modes are of particular interest when we later want to construct the many-body
wavefunction of the interacting system in the absence of an input ﬁeld.
Speciﬁcally, we want to ﬁnd solutions of the Schrödinger equation for a single
particle in a system of length d,

i

∂
1 ∂2
θ(z, t) = −
θ(z, t),
∂t
2m ∂z 2

(3.53)
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subject to open boundary conditions. The boundary condition for the undriven system at z = 0 is given by

θ(0) −

i
∂z θ(0) = 0
2m

(3.54)

θ(d) +

i
∂z θ(d) = 0.
2m

(3.55)

and similarly for z = d,

We look for stationary solutions of the form θ(z, t) = e−iδt θ(z), where θ(z) = A sin(kz)+
B cos(kz). For simplicity, we assume m = 1/2. Therefore, we recover the quadratic
dispersion relation δ = k 2 . The values of k are allowed to be complex to reﬂect the
open nature of our boundary conditions, which allows particles to freely enter or leave.
By enforcing the boundary conditions we get a set of equations for the coeﬃcients
A, B,
B − iAk = 0

,

(A − iBk) sin(kd) + (B + iAk) cos(kd) = 0,

(3.56)

which yields the characteristic equation for ﬁnding eigenmodes and eigen-energies of
system,

2ikd

e

=



k+1
k−1

2

.

(3.57)

Therefore the normalized corresponding wave function for each allowed k will be:

θ(z) = A(sin(kz) + ik cos(kz)) ,

A2 =

2dk(1 +

k2 )

4k
+ (k 2 − 1) sin(2dk)

(3.58)

We note that in the limit of large optical density d ≫ 1, the lowest energy modes of
the open system are very close to those of a system with closed boundary conditions,

Chapter 3: Photonic quantum transport in a nonlinear optical fiber

97

whose characteristic equation is given by kd = nπ. For example, at d = 100, the
wave number corresponding to lowest energy is k≃0.0314 − i0.00063 ≃ π/100. We
note that the many-body solutions of the system in the presence of very strong interactions (large κ) can be constructed from these single-particle solutions and proper
symmetrization, as we show in Sec.3.6.5.

3.6.2

Two-particle problem

In this section, we study the problem of two particles obeying the NLSE with
mixed boundary conditions. We wish to solve

 2
1
∂
∂2
Eφ(z1 , z2 ) = −
φ(z1 , z2 ) + 2κφ(z1 , z2 )δ(z1 − z2 ),
+
2m ∂z12 ∂z22

(3.59)

where E is the energy of the system and can be complex. Again, we assume the mass
is entirely real, m = 1/2.
We should note that the conventional method of separation of variables cannot be
applied in this case. The reason for this can be understood in the following way. On
one hand, if we ignore the delta interaction term in the evolution equation of the two
particles, ﬁnding the eigenfunctions is essentially equivalent to solving the Laplace
equation in a box with mixed boundary conditions. Therefore, for this problem the
natural separation of variables involves solutions given by products of functions f (z1 )
and g(z2 ). On the other hand, if we neglect the boundaries, the problem of two
particles interacting at short range can be solved by utilizing the center of mass and
relative coordinates and invoking solutions involving products of functions f˜(z1 + z2 )
and g̃(z1 − z2 ). We immediately see that the two sets of solutions are irreconcilable
and thus separation of variables is not applicable when both the boundary conditions
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and interaction term are present.
We thus take a diﬀerent approach, using a method similar to the Bethe ansatz
method for continuous, one-dimensional systems [111]. Speciﬁcally, we solve the
Schrödinger equation in the triangular region where 0 ≤ z1 < z2 ≤ d, and we treat
the interaction as a boundary condition at z1 = z2 . In other words, when two particles
collide with each other at z1 = z2 , they can exchange momenta, which is manifested
as a cusp in the wave function at z1 = z2 . Hence, for the boundary conditions in this
triangular region, we have

φ(0, z2 ) − i∂z1 φ(0, z2 ) = 0

(3.60)

φ(z1 , d) + i∂z2 φ(z1 , d) = 0

(3.61)

(∂z2 − ∂z1 ) φ(z1 , z2 )|z2 =z1 = κφ(z1 , z2 )|z2 =z1

(3.62)

We note that the last boundary condition is deduced from integrating Eq. (3.59)
across z1 = z2 and enforcing that the wavefunction is symmetric,
(∂z2 − ∂z1 ) φ(z1 , z2 )|z2 =z1+ − (∂z2 − ∂z1 ) φ(z1 , z2 )|z2 =z1− = 2κφ(z1 , z2 )|z1 =z2 .

(3.63)

Inside the triangle, the solution consists of superpositions of free particles with complex momenta. Since particles can exchange momenta when they collide at z1 = z2 ,
we should consider solutions of the following form,

φ(z1 , z2 ) =

X
{ǫ}

Aǫ eiǫ1 k1 z1 +iǫ2 k2 z2 + Bǫ eiǫ1 k2 z1 +iǫ2 k1 z2

(3.64)

where the summation should be performed on all sets of signs ǫ = ±1. Given the
terms containing Aǫ , the terms Bǫ then arise from the scattering of the particles oﬀ
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each other. Let’s ﬁrst consider the portion of the wavefunction containing the terms
Aǫ , which we can write in the form:
φA (z1 , z2 ) = eik1 z1 +ik2 z2 + αe−ik1 z1 +ik2 z2 + βe−ik1 z1 −ik2 z2 + γe+ik1 z1 −ik2 z2 ,

(3.65)

where the energy is equal to E = k12 + k22 and could be complex. Similar to the singleparticle solutions, the presence of the imaginary part in the energy reﬂects the fact
that the two-particle state stays a ﬁnite amount of time inside the system. Applying
boundary conditions at z = 0 and z = d subsequently generates four equations relating α, β, γ where one of them is redundant. Their solution reduces the wavefunction
to
φA (z1 , z2 ) = eik1 z1 +ik2 z2 +

where γ =

k2 −1 2ik2 d
e
.
k2 +1

k1 + 1 −ik1 z1 +ik2 z2 k1 + 1 −ik1 z1 −ik2 z2
e
γe
+
+ γe+ik1 z1 −ik2 z2
k1 − 1
k1 − 1
(3.66)

A similar expression results for the portion of φ(z1 , z2 ) contain-

ing the Bǫ terms, once the boundary conditions at z = 0 and z = d are applied:


1 ik2 z1 +ik1 z2 k2 + 1 −ik2 z1 +ik1 z2
φB (z1 , z2 ) =
e
+
e
t
k2 − 1


1 k2 + 1 ′ −ik2 z1 −ik1 z2
′ +ik2 z1 −ik1 z2
γe
+γ e
+
t k2 − 1
where γ ′ =

k1 −1 2ik1 d
e
,
k1 +1

(3.67)
(3.68)

and t is a coeﬃcient to be determined from the boundary

condition at z1 = z2 . To ﬁnd t, it is convenient to re-write each of ther terms in φA,B
as a product of relative coordinate (r = z2 − z1 ) and center-of-mass coordinate (R =
(z1 + z2 )/2) functions,
φ̃A (R, r) = eipR−iqr +

k1 + 1 −iqR+ipr
k1 + 1 −ipR+iqr
e
+γ
e
+ γeiqR−ipr ,
k1 − 1
k1 − 1

(3.69)
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φ̃B (R, r) = t

100



k2 + 1 iqR+ipr
ipR+iqr
′ k2 + 1 −ipR−iqr
′ −iqR−ipr
e
+
,
e
+γ
e
+γe
k2 − 1
k2 − 1
(3.70)

where p = (k1 +k2 ) and q = (k1 −k2 )/2. The boundary condition at z1 = z2 leaves the
center-of-mass parts of the wavefunction unaﬀected, but yields the following condition
on the relative coordinates,
κ
∂r φ(R, r)|r=0+ = √ φ(R, r)|r=0+ .
2

(3.71)

where φ = φA +φB is the total wavefunction in the triangular region. We should satisfy
this boundary condition separately for each of the center-of-mass momentum terms
e±ipR , e±iqR in the total wavefunction. This leads to three independent equations (one
out of four is redundant). However, we introduce a new parameter (t′ ) to simplify
the equations, which turns them into four equations:

t=

k1 − k2 + iκ
k1 + k2 + iκ
,
t′ =
k1 − k2 − iκ
k1 + k2 − iκ
2

k1 + 1
= e2ik1 d
t t′
k1 − 1

2
k2 + 1
′
t
= te2ik2 d ,
k2 − 1

(3.72)
(3.73)
(3.74)

which can be written in the following short form:

e2iki d =

(ki + 1)2 Y (ki − kj + iκ)(ki + kj + iκ)
(ki − 1)2
(ki − kj − iκ)(ki + kj − iκ)

(3.75)

j6=i

where i, j can be (1,2). These are transcendental equations for (k1 , k2 ), which generate
the spectrum of two interacting particles. We can also write the wave functions
(φ = φA (z1 , z2 ) + φB (z1 , z2 )) in the region (0 ≤ z1 < z2 ≤ d) in a more compact way,
by using the single particle solutions ηk (z) = sin(kz) + ik cos(kz):
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eik2 d
ηk (z1 )ηk2 (d − z2 )
k1 − 1 k2 + 1 1
4t−1 eik1 d
ηk (z1 )ηk1 (d − z2 ).
φB (z1 , z2 ) =
k2 − 1 k1 + 1 2

φA (z1 , z2 ) =
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(3.76)
(3.77)

It is interesting to note that in the limit of strong interaction (either for positive
or negative κ), the solutions are very similar to the non-interacting case. The reason
can be seen from the transcendental Eqs. (3.75), in the limit κ → ±∞. We then
recover the same characteristic equations e2ikd = ( k+1
)2 for both wavevectors as the
k−1
non-interacting case, Eq. (3.57). We should note that there are some trivial solutions
to the transcendental Eqs. (3.75), which do not have any physical signiﬁcance. For
example, equal wave vectors k1 = k2 . Although one can ﬁnd such wave vectors, this
solution is readily not a solution to Eq.(3.59), since it does not satisfy the interacting
part (this solution only contains center of mass motion). One can also plug back
the wave vectors into wave function and arrive at a wave function equal to zero
everywhere. Another example is when one of the wave vectors is zero. In this case, one
can also show that the wave function is zero everywhere. If (k1 , k2 ) are solutions to the
transcendental equations, then (±k1 , ±k2 ) are also solutions with equal energies. In
next two sections, we investigate non-trivial solutions to the transcendental equation
for two particles and discuss the related physics.

3.6.3

Solutions close to non-interacting case

The transcendental equations allow a set of solutions with the wavevectors close
to two diﬀerent non-interacting modes say (m, n). In the non-interacting regime,
any mode can be populated by an arbitrary number of photons. However, once
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the interaction is present, photons can not occupy the same mode and therefore,
the photons will reorganize themselves and each acquire diﬀerent modes. Fig. 3.8
shows a normal mode wavefunction of a non-driven system in both non-interacting
and strongly interacting regime (κd ≫ 1). The wave function has a cusp on its
diagonal and diagonal elements are depleted for both repulsive and attractive strong
interaction.
This is a manifestation of fermionization of bosons in one dimensional system in
the presence of strong interaction [66, 111]. Such solutions can exist both for repulsive
and attractive interactions. However, we note in the case of attractive interaction such
solutions are not the ground state of the system and solutions with lower energies
exist which will be discussed below. We later argue that indeed on the repulsive side,
the anti-bunching behavior of a driven system is due to the repulsion of the photons
inside the medium. We can also estimate the energy of such modes which is always
positive. In the strong interacting regime, particles avoid each other and therefore,
their energy of a strongly two interacting bosons E(m, n) will be equal to the energy
of a system which has two non-interacting bosons, one in state m and the other in
state n. This is shown in Fig. 3.9, where by increasing the interaction strength the
energy of interacting particles reaches that of the non-interacting particles. As we
pointed out in the previous section (Sec.3.6.1), the energy of modes (E(n)) in an open
box has an imaginary part which represents how fast the particle leave the system.
However, for large systems (d ≫ 1), this decay is very small compared to the energy
of the mode and one can approximate the energy of an open system by that of a
closed box (i.e. E(n) ≃ ( nπ
)2 ). Therefore, the energy of two strongly interacting
d
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photons (κd ≫ 1), in the limit of large system (d ≫ 1), will be given by:
E(n, m) ≃

 nπ 2
d

+

 mπ 2

(3.78)

d

We note that our strongly interacting system is characterized by the parameter
κd which is the same γ-parameter conventionally used for interacting 1D Bose gas.
More precisely, the γ-parameter which is the ratio of the interaction to kinetic energy
can be simpliﬁed in our case for two particles: mκd/2 = κd/4.
κd=−50

κ=0

κd=50

z2

z1

Figure 3.8: The amplitude of the two-photon wavefunction for (m=1, n=2) mode
when the system is not driven. By increasing the interaction, photons self-organize
inside the medium and exhibit anti-bunching (depletion of diagonal elements). For
this plot: d = 30.

3.6.4

Bound States Solution

For attractive interaction (κ < 0), the mode equation (3.75) admits solutions
which take the form of photonic bound states. Speciﬁcally, in the reference frame
of the center of mass, two particles experience an attractive delta function interac√
tion −2|κ|δ(z2 − z1 ) → − 2|κ|δ(r), which allows one bound state in the relative
coordinate. Therefore, the part of the wavefunction describing the relative coordi√
nate roughly takes the form eiq|r| , where the relative momentum q = (k1 − k2 )/ 2 ≃
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Figure 3.9: Energy of two-photon states: by increasing the interaction strength (κd ≫
1) the energy of interacting particles (red:E(1,2) and blue:E(1,3)) reaches that of the
non-interacting particles (black). For large system (in this case d = 30 ≫ 1), the
energy limit is equal to energy of particles in a closed box (green). The error bars
show that imaginary part of the energies.
√
i|κ|/ 2 is imaginary and its energy is about −κ2 /2. On the other hand, the center of
mass momentum can take a discrete set of values that are determined by the system
boundary conditions. We ﬁnd that the center of mass solutions can be approximately
described by two diﬀerent types. The ﬁrst type is where the real part of each photon wavevector roughly takes values allowed for a single particle in a box, such that


k1 ≃ nπ
+ i κ2 and k2 ≃ nπ
− i κ2 . In this case the center of mass has wavevector
d
d
p = k1 + k2 ≃ 2( nπ
). The corresponding energies for these states are
d
Enb

≃2

 nπ 2
d

−

κ2
.
2

(3.79)

Here, the ﬁrst term on the right corresponds to the energy of the center of mass
motion, and the second term corresponds to the bound-state energy of the relative
motion. Fig. 3.12 shows that the energies estimated in this way agree very well with
the exact values obtained by solving the transcendental Eqs. (3.75).
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Figure 3.10: Energy of bound states versus strength of nonlinearity. Green (solid)
curves are obtained by solving transcendental Eqs. (3.75). Blue (dashed) curves are
2 κ2
estimated based on Enb ≃ 2 nπ
− 2 . In this plot d = 30.
d
The second type of solution allowed for the center of mass motion is where its
2

p
energy approximately takes a single-particle value, 2(2m)
= ( nπ
)2 where p = k1 +
d
√
). Therefore, the momentum of individual particles will be given by
k2 ≃ 2( nπ
d




k1 ≃ √nπ2d + i κ2 , k2 ≃ √nπ2d − i κ2 and the energy of this paired composite can be

estimated as

Enb ≃

 nπ 2
d

−

κ2
.
2

(3.80)

Again, the estimated energies agree well with exact solutions, as shown in Fig. 3.12.
We note that some of the estimated allowed energies for the two types of center of
mass solutions coincide (e.g., the lowest lying energy level in Fig. 3.10 and Fig. 3.12).
The energies of this series of bound states decrease with increasing strength of
nonlinearity |κ|. Now, suppose we drive the system with a coherent ﬁeld of ﬁxed
frequency δ, while varying κ. The system is expected to display a set of resonances
as |κ| is increased, each time δ is equal to some particular bound state energy Enb .
This eﬀect in fact gives rise to oscillatory behavior in the correlation functions as a
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κd=-10

z2

z1
Figure 3.11: The amplitude of the two-photon wavefunction for a bound state when
the system is not driven. By increasing interaction, photons becomes more bunched.
(k1 , k2 ) ≃ nπ
± i κ2 . For this plot: d = 60, n = 3.
d

function of κ, as we will see later (Fig. 3.18(a) and (b)).

The wavefunction amplitude of a typical bound state is shown in Fig. 3.13. Due
to the attractive interaction, diagonal elements z1 = z2 become more prominent as
|κ| increases, indicating a stronger bunching eﬀect for the photons, and these states
become more tightly bound in the relative coordinate. The center of mass of the bound
states can acquire a free momentum that is quantized due to the system boundary
conditions (e.g., k ≃ nπ/d). Fig. 3.13 shows the wavefunction of the third bound
state (n=3). The three peaks evident for large |κ| reﬂect the quantum number of the
center of mass motion.

3.6.5

Many-body problem

In this section, we obtain the general solution for the many-body case. For the
many-body system, the Schrödinger equation takes the form

Eφ(z1 , ..., zN ) = −

X
1 X ∂2
φ(z
,
...,
z
)
+
2κφ(z1 , ..., zN )δ(zi − zj ),
1
N
2m i ∂zi2
<i,j>

(3.81)
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Figure 3.12: Energy of bound states versus strength of nonlinearity. Green (solid)
curves are obtained by solving transcendental Eqs. (3.75). Blue (dashed) curve are
2 κ2
− 2 . In this plot d = 30.
estimated based on Enb ≃ nπ
d

where < i, j > indicates pairs of particles. The open boundary conditions for the
many-body problem are given by



∂
φ(z1 , ..., zN ) − i
φ(z1 , ..., zN )
= 0
∂zi
zi =0


∂
φ(z1 , ..., zN ) + i
φ(z1 , .., zN )
= 0.
∂zi
zi =d

(3.82)
(3.83)

Before presenting the general many-body solution, we ﬁrst study the limit of very
large interaction strength for two particles. In the limit of hardcore bosons where
κ → ∞, the expressions can be simpliﬁed since t, t′ = −1 and eikd =

k+1
k−1

for both

k = k1,2 . Then, the two components of the wavefunction φA and φB take very similar
forms,

φA (z1 , z2 ) =

4
ηk (z1 )ηk2 (z2 )
(k1 − 1)(k2 − 1) 1

(3.84)
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z2
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Figure 3.13: The amplitude of the two-photon wavefunction for a bound state for
a non-driven
By increasing interaction, photons becomes more bunched.

 system.
κ
nπ
(k1 , k2 ) ≃ √2d ± i 2 . For this plot: d = 60, n = 3.
φB (z1 , z2 ) =

−4
ηk (z1 )ηk1 (z2 ).
(k1 − 1)(k2 − 1) 2

(3.85)

The generalization to the many-body solution is straightforward for the hardcore
boson case (also see Ref. [100]):
φ(z1 , z2 , ..., zN ) =

N
Y

1
(kj − 1)
j=1

!

det ηj (zk )

1≤j,k≤N

(3.86)

Similar to two-body solution, we note that such solutions are present both for positive
and negative κ. Since the system is one dimensional, strong interaction leads to
fermionization of bosons ( in this case photons)[66, 111].
We can also extend the many solution for an arbitrary interaction strength, following Refs.[111, 30]. Similar to the two-body case, we can construct the general
many-body wave function of the form:
φ(z1 , z2 , ..., zN ) =

X
ǫ

Aǫ

X

BP ei

P

i ǫ pi k pi z i

(3.87)

P

where the ﬁrst sum is over forward and backward going waves (ǫ = ±1) and the second
sum is over diﬀerent momentum permutations of the set {k} = (k1 , k2 , ..., kN ), thereP
Q
fore there are 2N N! terms. We can ﬁnd BP coeﬃcient by requiring P BP i<j eiǫpi kpi zi
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to be solution to the Schrödinger equation (Eq.3.81). We can write these coeﬃcients

Q 
iκ
in a compact way according to Gaudin [61, 47], BP = i<j 1 + ǫp kp −ǫ
with
pj k pj
i
i
P
the total energy E = i ki2 . Now, we apply the boundary condition Eq.(3.82) which

relates coeﬃcient Aǫ . For a given momentum permutation P = (p1 , p2, , ..., pN ), by
considering the terms corresponding to diﬀerent signs of ǫpi , the boundary condition
requires Aǫ to satisfy equations of the form
(1 + ǫpi kpi )Aǫ1 ,..ǫpi ..ǫN

Y 
1+

iκ
ǫpi kpi − ǫj kj



+

iκ
1+
−ǫpi kpi − ǫj kj



= 0

j(6=pi )

(1 − ǫpi kpi )Aǫ1 ,..(−ǫpi )..ǫN

Y 

j(6=pi )

The above equations can be satisﬁed by the following solution for Aǫ
Y
Aǫ =
1−
i<j

iκ
ǫi ki + ǫj kj

Y
N 
1−
m=1

1
ǫm km



.

(3.88)

Therefore, the wavefunction can be written as:
N 
XX Y


1
φ(z1 , z2 , ..., zN ) =
1−
e[i(ǫp1 kp1 x1 +..+ǫpN kpN xN )]
ǫ
k
m m
ǫ
P m=1


Y 
iκ
iκ
×
1−
1+
ǫ
k
+
ǫ
k
ǫpi kpi − ǫpj kpj
i
i
j
j
i<j

(3.89)
(3.90)

Similar to two-body case, we have to subject this solution to the boundary condition
at other end (i.e., z = d) to determine the momenta ki ’s. This condition yields the
transcendental equations for momenta:
e2iki d =

(ki + 1)2 Y (ki − kj + iκ)(ki + kj + iκ)
.
(ki − 1)2
(ki − kj − iκ)(ki + kj − iκ)

(3.91)

j6=i

If we assume only two particles in the system, one can easily verify the the above
transcendental equations reduce to two-body transcendental equation derived in the
previous section (Eq.(3.75)).
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Quantum transport properties

In this section, we investigate transport properties of the photonic nonlinear onedimensional system in the regimes of attractive, repulsive, and absorptive interactions
between photons. We present numerical solutions for the transport of photons incident from one end of the waveguide (a driven system), while using the analytical
solutions of the non-driven system (Sec. 3.6) to elucidate the various behaviors that
emerge in the diﬀerent regimes.

3.7.1

Repulsive Interaction (κ > 0)

We ﬁrst study the quantum transport properties of the system in the dispersive
regime where the nonlinearity coeﬃcient is almost real and positive (κ > 0), such
that photons eﬀectively repel each other inside the system.
We assume that a weak coherent ﬁeld is incident to the waveguide at one end,
z = 0, with no input at the other end, z = d [similar to Fig. 3.1(b)]. We ﬁx the
detuning of the input ﬁeld to δ0 = (π/d)2, which corresponds to the ﬁrst transmission resonance in the linear regime (Sec. 3.3). Because we have assumed a weak input
ﬁeld, we can apply the techniques described in Sec. 3.5 to describe the transport. Our
numerical techniques for solving these equations are given in Appendix B. While the
numerical results presented in this and the following sections are evaluated for a speciﬁc set of parameters (system size, detuning, etc.), the conclusions are quite general.
Numerically, we begin with no photons inside the medium, and evaluate quantities
such as the transmission intensity and correlation functions only after the system
reaches steady state in presence of the driving ﬁeld. In Fig. 3.14, the transmission of
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the single-photon intensity
T1 =

h1|Ψ†+ (d)Ψ+ (d)|1i

,

(3.92)

h2|Ψ†+ (d)Ψ+ (d)|2i

(3.93)

h1|Ψ†+ (0)Ψ+ (0)|1i

the transmission of the two-photon intensity
T2 =

h2|Ψ†+ (0)Ψ+ (0)|2i

and the transmitted correlation function g2 (z = d, τ = 0) is shown as the system
evolves in time. The system reaches its steady state after a time of the order of
the inverse of the system bandwidth (Sec. 3.3). In fact, T1 coincides with the linear
transmission coeﬃcient of the system in the absence of the nonlinearity.
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(Γ1D,∆1,∆2)/Γ=(0.1,1,4.1), OD=160

0
4

Figure 3.14: g2 (τ = 0) reaches the steady-state after a time interval which is set by
the bandwidth of the system, one-photon state (green) is partially transmitted while
the transmission of the two-photon state (red) is further suppressed due the nonlinear
dispersion. This has been generated for a system with Γ1D /Γ = 10% an OD=160.
First, we note that the single-photon wave function is not aﬀected by the presence of the nonlinearity and will be perfectly transmitted in the absence of linear
losses. Thus, in our truncated Hilbert space, the only subspace aﬀected by κ is the
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two-photon wave function, which is shown in Fig. 3.15. We clearly observe that the
nonlinearity causes repulsion between two photons inside the system, as the wave
function along the diagonal z1 = z2 becomes suppressed while the oﬀ-diagonal amplitudes become peaked (indicating the de-localization of the photons). This behavior
closely resembles that of the natural modes of the system, as calculated in Sec. 3.6.
A similar behavior involving the “self-organization” of photons in an NLSE system
in equilibrium has been discussed in Ref. [36].

κ =0

κd=1.5

κd=3.0

Figure 3.15: Two-photon wave function |φ(z1 , z2 )| exhibiting delocalization. We have
assumed no dissipation (Γ′ = Γ = 0) in this plot. d = 30 for diﬀerent values of κ.
In the presence of linear absorption (discussed in Sec. 3.3), the system will not
be perfectly transmitting even on resonance, and therefore in a realistic situation the
transmittivity will be less than one (T1 < 1). Note, however, that such absorption
would result in a classical output given a classical input. Signiﬁcantly, in the presence
of a nonlinearity, we ﬁnd that the output light can acquire non-classical character.
Speciﬁcally, the transmitted light exhibits anti-bunching (g2 (z = d, τ = 0) < 1),
which becomes more pronounced with increasing κd2 (Fig. 3.16). This eﬀect partly
arises from the suppression of transmission of two-photon components, due to an extra
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nonlinear phase shift that shifts these components out of transmission resonance. In
fact, these components are more likely to get reﬂected, which causes the reﬂected
ﬁeld to subsequently exhibit bunching behavior. We note that this eﬀect is similar
to photon blockade in a cavity (e.g., see Refs.[84, 69, 85]). In addition, additional
anti-bunching occurs due to the fact that two-photon components inside the system
tend to get repelled from each other. This eﬀect arises due to the spatial degrees
of freedom present in the system, which is fundamentally diﬀerent than switching
schemes proposed in optical cavities (e.g., Refs.[84, 69, 85]) or wave-guides coupled
to a point-like emitter [150, 37]. In the limit where κ → ∞, the transmitted ﬁeld
approaches perfect anti-bunching, g2 (d, τ = 0) = 0.
1
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Figure 3.16: g2 (τ = 0) as a function of nonlinearity. For large system sizes d ≫ 1,
the anti-bunching of the system scales with κd2 .
In an experimental realization, the requirement to see the photon repulsion (κd2 ≥
40) for a system with Γ1D /Γ = 10%, would be a coherent optical length of d ≃ 40
when ∆2 /Γ = 1. Therefore, at least an optical density of OD ≃ 160 is needed for
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T1 ≃ 20%. The anti-bunching in the transmitted light is more pronounced as the
optical density increases, which increases the eﬀective system ﬁnesse (Fig. 3.17).

1

1
0.8

g(0)

0.6

2

Γ

1D

/Γ

0.8

0.6

0.4

0.4

0.2

0.2

50

100 150 200 250 300

0

OD

Figure 3.17: Repulsive photons: Correlation function g2 (τ = 0) of the transmitted
light when the frequency is set to the single-photon transmission resonance with
T1 ≃ 20% and ∆Γ2 = 5.
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Attractive Interaction (κ < 0)

In this section, we study the quantum transport properties of the system in the
presence of dispersive nonlinearity with negative coeﬃcient. Contrary to the semiclassical prediction, we show that the second-order correlation function of the transmitted ﬁeld oscillates as function of nonlinear interaction strength and can exhibit
both bunching and anti-bunching. We explain the origin of this behavior in terms of
the analytical solutions obtained in Sec. 3.6.2.
In Fig. 3.18(a), we plot g2 (τ = 0) for the transmitted ﬁeld versus κd. Initially, the
system exhibits anti-bunching behavior for small values of |κ|d which indicates that
multi-photon components tend to switch themselves out of transmission resonance.
However, as we increase |κ|d, oscillations develop in the correlation function, exhibiting strong bunching behavior at particular values of κd. Thus, unlike the repulsive
case, a competing behavior arises between the photon switching eﬀect and the resonant excitation of speciﬁc bound states within the system, as we describe below.
In particular, the bound state energies Enb decrease quadratically with changing κ,
according to Eq. (3.80) or Eq. (3.79), which is shown in Fig. 3.18(b). For a ﬁxed
detuning δ, the oscillation peaks (where g2 is largest) correspond to situations where
the energy of a bound state becomes equal to the energy of two incoming photons
(Enb = 2δ). This eﬀect is further conﬁrmed by examining the two-photon wave function at each of these oscillation peaks (Fig. 3.18a). We clearly observe that these
wave functions correspond to the bound states calculated in Sec. 3.6.2. Similar to
Fig. 3.11 and Fig. 3.13, it is readily seen that the wave functions at these peaks
are localized along the diagonal, indicating a bound state in the relative coordinates
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and leading to the bunching eﬀect in transmission. On the other hand, an increasing
number of nodes and anti-nodes develop along the diagonal for increasing |κ|d, which
are associated with the higher momenta of the center-of-mass motion. We note that
such resonances deviate signiﬁcantly from the the semiclassical picture, where antibunching was predicted for both positive and negative nonlinearity. We also note that
in cavity QED systems this eﬀect is not present since these systems are single-mode.
The experimental requirement to see such behaviors is more stringent than the
photon repulsion in the previous section. For example, if we want to observe the
second photonic bound state (κd ≥ 5) for a system with Γ1D /Γ = 0.2, the coherent
optical length should be at least d ≃ 200 when ∆2 /Γ = −5. To achieve a reasonable
signal (linear transmission T1 = 1%) an optical density of OD = 3500 is needed.
Importantly, however, we have shown that the presence of bound states inside the
nonlinear medium can be probed with classical light, simply by examining higherorder correlation functions in the output ﬁeld, rather than sending in complicated
quantum inputs.
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Figure 3.18: (a) Output correlation function g2 (τ = 0) as a function of nonlinearity:
When the negative nonlinear strength is changed to higher values and g2 exhibits
resonances at certain values of κd ≃ (0, 6, 10, 14, ...). In this plot the system size is
d = 30, however, for other system size same behaviors were observed around similar
values of κd. The two-photon wavefunction (|φ(z1 , z2 )|) for four values of nonlinearity
is shown. (b) Corresponding bound state energies (green-solid) which become resonant with incoming photon energy (black-dotted) for speciﬁc nonlinearities. We have
assumed no dissipation (Γ′ = Γ = 0) in these plots.

3.7.3

Dissipative Regime (κ = i|κ|)

In this section, we study the transport properties of the system in the presence of
nonlinear absorption, and calculate its eﬀect on the transmitted light and its correlation functions.
A purely absorptive nonlinearity arises when the detuning ∆2 is set to zero in our
atomic system (see Fig. 3.1(a)). This nonlinear loss also leads to anti-bunching in
the transmitted ﬁeld, as multi-photon components become less likely to pass through
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the waveguide without being absorbed. Linear absorption, on the other hand, aﬀects
transmission of single- and multi-photon components equally. Fig. 3.19 and Fig. 3.20
show how two-photon and one-photon states are transported diﬀerently in the nonlinear absorptive system (realistic linear losses are included in this calculation).
(Γ1D, Δ2, Δ1)/Γ=(0.1,0,2.7), OD=70
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Figure 3.19: g2 (τ = 0) reaches the steady-state after a time interval which is set by
the bandwidth of the system, one-photon state (green) is partially transmitted while
the two-photon state (red) is strongly attenuated due the nonlinear absorption. This
plot has been generated for a system with Γ1D /Γ = 10% an OD=70.
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Figure 3.20: (a) one-photon state is partially transmitted (T1 ) while the two-photon
state transmission (T2 ) is suppressed due the nonlinear absorption. This suppression
is more pronounced for higher optical density and cooperativity. (b) Correlation
function g2 (τ = 0) of the transmitted light when the frequency is set to the singlephoton transmission resonance with T ≃ 20% and ∆Γ2 = 0.
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We note that the two-photon wavefunction is attenuated due the nonlinear absorption, while it is not deformed, as shown in Fig. 3.21. In an experimental realization of
such a system with Γ1D /Γ = 10%, an optical coherent length of d ≃ 20 is enough to
yield a relatively large anti-bunching (g2 < 0.3). In order to have high transmission
(T1 = 20%) for single photons an optical density of OD ≃ 70 is required.

Figure 3.21: In the presence of the nonlinear absorption ( ∆Γ2 = 0), the two-photon
wave function is strongly suppressed comparing to the absence of the nonlinear absorption (∆2 ≫ Γ). These plots has been generated for a system with Γ1D /Γ = 10%,
T1 ≃ 20% and OD=70.
All of the physics related to the photon correlation function is described again by
product of the coherent optical length and the nonlinearity coeﬃcient (|κ|d) (since the
nonlinear absorption is equal to the nonlinear absorption coeﬃcient times the length
of the medium). However, for a ﬁxed optical density, since the nonlinear transition is
on resonance, the magnitude of the nonlinear coeﬃcient |κ| is enhanced compared to
the nonlinear dispersive case. We note that in the presence of nonlinear absorption,
we should also consider the eﬀect of accompanied noise. However as we show in
Appendix.C, the eﬀect of noise for an ensemble of many atoms which are driven by
a weak laser ﬁeld, is negligible, and therefore, using the NLSE with a decay term is
suﬃcient and consistent.
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Conclusions

We have developed a technique to study few-photon quantum dynamics inside
1D nonlinear photonic system. This technique allows us to study the system even
in regimes where nonlinearities are signiﬁcant even at a few-photon level, where we
ﬁnd that the behavior of the system deviates signiﬁcantly from estimates based on
classical formalism. Speciﬁcally, when the system is driven by classical light, the
strong optical nonlinearity manifests itself in the correlation functions of the outgoing
transmitted light. In particular, when the interaction between photons is eﬀectively
repulsive, the suppression of multi-photon components results in anti-bunching of
the transmitted ﬁeld and the system acts as a single-photon switch. In the case
of attractive interaction, the system can exhibit either anti-bunching or bunching,
associated with the resonant excitation of bound states of photons by the input ﬁeld.
These eﬀects can be observed by probing statistics of photons transmitted through
the nonlinear ﬁber.

Chapter 4
Single photon switch in a nonlinear
optical fiber

4.1

Introduction

Photons are promising candidates for information carriers since they interact
weakly with the environment and therefore can be transmitted over long distances.
However, due to this weak interaction between light and matter, the mediated interaction between photons are usually very weak and therefore, physical systems that
enable single photons to interact strongly with each other are extremely valuable for
many emerging applications. Such systems are expected to facilitate the construction
of single-photon switches and transistors, networks for quantum information processing [150, 37], and the realization of strongly correlated physics using light [79, 36]. An
all-optical switch is the optical analogue of an electronic transistor [27]. In particular,
in a single-photon gate, the transmission of a target photon is controlled by a single
122
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control photon.
One potential approach to meditate strong interaction between photons involves
the use of high-ﬁnesse optical microcavities containing a small number of resonant
atoms that mediate the interaction between photons [134]. Their nonlinear properties
are relatively straightforward to analyze or simulate because they involve very few
degrees of freedom (i.e., a single optical mode) [84, 23, 147]. Recently, an alternative approach has been suggested, involving the use of atoms coupled to propagating
photons in tight one-dimensional optical waveguides. Here, the nonlinearities are
enhanced due to the conﬁnement of photons near the diﬀraction limit and the subsequent increase in the atom-photon interaction [18, 102, 63, 150, 93, 121, 11]. In
such systems, because of the light conﬁnement in the transverse direction to a small
area say A, the interaction between a single photon and a single atom is enhanced.
In particular, the probability of such interaction scales as p ≃ λ2 /A, where λ is the
wavelength of the light. In a typical system, this probability which also represents
the ﬁdelity of such a single-photon gate, is only a few percent [11].
In this chapter, we present an eﬃcient scheme to implement a single-photon gate
in a system where cold atoms are trapped inside the hollow core of a photonic-crystal
ﬁber (PCF). Here, we show that coherent manipulation of light and atom can increase
the eﬀective interaction time between two photons. In particular, we demonstrate that
the ﬁdelity of such scheme increases by a factor which scales with the system optical
density.
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Description of the scheme

In this section, we present our scheme to realize a single-photon gate (SPG) for
photons, based on the ideas of Ref. [7]. The idea is to ﬁrst store a control photon [see
Fig. 4.1] inside the medium using conventional EIT methods, by mapping it into a
coherent spin wave excitation (|s+ ihg+ |), and then transferring the stored spin coherence into another set of states (|g+2 ihg+ |) using a microwave π- pulse (one can later
recover the photon by reversing the process). Next, the control ﬁelds Ω± are turned
on. For the level conﬁguration shown in Fig. 4.1 consisting of states |g+ i and |s+ i and
the two coupled excited states, it can be shown that the coupled ﬁelds E± obey the
a linear Schrödinger equation [182]. In particular, the system behaves as an eﬀective
cavity and exhibits a set of linear transmission resonances as shown in Ref. [74]. Note,
however, that if a control photon was successfully transferred into state |g2+ i, it now
eﬀectively acts as an additional atomic scatterer inside the cavity which is capable of
blocking the “bare cavity” transmission. Speciﬁcally, suppose a ﬂying target photon
of very narrow frequency, centered around the resonant transmission frequency (δres ),
is sent into the ﬁber at the input (z = 0). In absence of the control photon (switch
OFF), the target photon will be transmitted with the probabilities calculated previously [74] (see Chapter 3). On the other hand, when the control photon is present
(switch ON), the target photon will be entirely reﬂected.
The transport properties of the target photon can be evaluated from considering
the transfer matrix of the waveguide and the scatterer. We deﬁne M(δres , z) to be the
transfer matrix for propagation through distance z of the waveguide at the resonant
transmission frequency δres . The waveguide transfer matrix can be derived from linear
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Figure 4.1: SPG scheme: In the absence of the control photon (OFF), the target
photon is entirely transmitted. In the presence of the control photon (ON), the
forward going ﬁeld of the target photon resonantly interacts with the stored excitation
through a closed transition and gets reﬂected. Since the backward ﬁeld interacts very
weakly with the corresponding transition, it is not shown.
coupled-mode equations describing the system (see Appendix D). Ma represents the
transfer matrix of the photonic ﬁeld interacting with a single atomic scatterer in one
dimension (e.g. see Ref. [37]). Since the forward and backward
ﬁeldsindependently

 t+ 0 
couple to the scatterer, the matrix takes the form Ma = 
. A magnetic
0 t−1
−
ﬁeld is applied so that the nonlinear transition becomes resonant with the forward
ﬁeld (while the backward ﬁeld becomes nearly uncoupled). Therefore, the phases are
Γ1D
given by corresponding values: t+ = 1 − Γ−2iδ
→
+

Γ−Γ1D
Γ

and t− ≃ 1 where Γ1D and Γ

are the guided and the total spontanoues emission rates, respectively. In the absence
of the control photon, both phases are zero.
We evaluate the ﬁdelity of such gate by calculating the transmittivity and reﬂectivity in the OFF and ON modes, respectecivly. More precisely, when the control
excitation is not present (switch OFF as in Fig. 4.1), the target photon will be al-
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F 2
most transmitted T OF F = |tOF
total | ≃ 1. The transmittivity can be evaluated from the

corresponding transfer matrix:

OF F
Mtotal
= M(δres , d).

(4.1)

On the other hand, when the control photon is present (switch ON as in Fig. 4.1),
the target photon is reﬂected. For simplicity, we suppose that the control photon is
well-localized in the middle of the ﬁber (z = d2 ), which is achievable with high optical
depth (the ﬁdelity in fact does not depend too strongly on position provided that it
does not sit near the edges of the system). Therefore, the total transfer matrix of the
system is

ON
Mtotal
= M(δres , d/2)Ma M(δres , d/2).

(4.2)

The target photon will be reﬂected and the reﬂection coeﬃcient will be given
ON
by RON = |rtotal
| ≃ 1. To obtain a simple expression for the ﬁdelity, we assume

the optical density is large (OD ≫ 1) and the single-atom cooperativity is small
Γ
( ΓΓ1D ≪ 1) and we introduce α = d ∆
to characterize the linear absorption of the

system. Therefore, we can approximate the transmittivity in the OFF mode and the
reﬂectivity in the ON mode:

T OF F = 1 −

α
4

, RON = 1 −

8π 2
.
αODΓ1D /Γ

(4.3)

We can ﬁnd the optimized value of α, by equating the above expressions and ﬁnd the
ﬁdelity at a given optical density and single-atom cooperativity:
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Figure 4.2: Single-photon gate ﬁdelity: the ﬁdelity improves by increasing OD and
single-atom cooperativity.
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(4.4)

Note that in order to include the Clebsch-Gordon coeﬃcient, the single atom cooperativity should be multiplied by the corresponding branching ratio (see Appendix
E).
Fig. 4.2 shows the ﬁdelity of such a gate, which improves for higher optical density
and waveguide coupling eﬃciency. A ﬁdelity of 90% can be achieved, for instance,
with OD ≃ 5000 and

Γ1D
Γ

= 0.3. Contrary to the scheme presented in Ref. [7], our

scheme does not require the target photon to ﬁt inside the ﬁber all at once, which
minimizes the eﬀects of pulse dispersion. Moreover, this scheme allows a coherent
control over both individual photons, a feature which is absent in a typical 1D singlephoton switch [150, 36]. Therefore, this system can be used as a SPG without using
a cavity (for a similar scheme involving an optical cavity, see Ref. [51]).
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Discussion

In this section, we show that our scheme is eﬃcient and does not lead to any
residual entanglement between the control and target photon. In particular, in an
ideal gate, we expect that in the presence of a control photon, the target photon
will be entirely reﬂected without experiencing any distortion in its wave packet. Any
residual entanglement between the control photon (i.e., atomic spin wave) and the
target photon will result in reduction of the gate ﬁdelity.
First, we investigate the dependance of the target photon reﬂection on the position of the control excitation. In particular, if the control photon is not located
in the middle of the waveguide (i.e., at the anti-node), its coupling to the system
will be reduced. Therefore, the reﬂection of the target photon will be decreased.
Fig. 4.3, shows the smooth position dependence of the reﬂection. The gate works
more eﬃciently if the control photon is situated at the center of the system where the
reﬂection is maximized with respect to z. Since the stored atomic spin only couples to
the forward and the backward ﬁeld separately, the reﬂection coeﬃcient does not have
any oscillating terms proportional to e2ikz . Therefore, the reﬂection coeﬃcient has a
smooth position dependence which is completely due to the dispersion of double-V
system as shown in Fig. 4.3.
Second, we investigate the bandwidth of the single-photon gate. In the presence
of the control photon, the target photon will be reﬂected only for certain frequencies.
This is shown in Fig. 4.4. We observe that the reﬂection spectrum is much broader
√
than the transmission spectrum around the resonances of interest i.e.
δd = nπ,
where n is an odd integer. If n is an even integer, a control photon in the middle of
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Figure 4.3: (a) Reﬂection spectrum when the control photon is positioned at z=d/4.
(b) Reﬂection dependence on the position of the control photon. For these plots
OD = 5000, Γ1D /Γ = 0.3.
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Figure 4.4: Reﬂectivity (R = |r|2) and transmittivity (T = |t|2 ) spectrum when
the switch is ON (dashed) or OFF (solid), respectively. For this plot: OD =
5000, Γ1D /Γ = 0.3.
the system coincides with the node of the eﬀective cavity, therefore, the system will
behave as if the control photon is not present. Below, we show that the broadness of
reﬂection spectrum is important to establish a perfect gate without having residual
entanglement.
Finally, we show that the presented scheme does not lead to any residual entanglement and the control and the target photons remain separable after the gate. In
an experimental realization, both target and control photons have ﬁnite bandwidth.
The general state of the two-photon state at any time is given by a two-parameter
wave function φ(z1 , z2 ) or equivalently φ(t, z2 ). Initially, two photons are separable
and wave function is only nonzero for z1 < z2 . We are interested to ﬁnd the state of
the system after we bounced the target photon oﬀ the nonlinear system.
We start by Fourier transforming the incoming photon. With the help of the transfer matrix formalism, one can ﬁnd the reﬂection/transmission coeﬃcient as a function
of frequency and the position of the control photon r(δ, z2 ). Then, we evaluate the
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reﬂection of each component oﬀ the delta-scatterers located at diﬀerent positions according to the wave function of the control photon. Therefore, the state of the system
before scattering will be:

Z
1
φ(t, z2 ) = φ1 (t)φ2 (z2 ) = √
dδe−iδt φ̃(δ)φ2 (z2 )
Z
Z 2π
1
dz0 dδe−iδt φ̃(δ)φ2 (z0 )δ(z0 − z2 )
= √
2π

(4.5)
(4.6)

and the reﬂected part of the wave function can be written as,

Z
Z
1
φR (t, z2 ) = √
dz0 dδe−iδt φ̃(δ)φ2 (z0 )δ(z0 − z2 )r(δ, z0 )
2π Z
1
dδe−iδt φ̃(δ)φ2 (z2 )r(δ, z2 ).
= √
2π

(4.7)
(4.8)

Due to the dependence of the reﬂection coeﬃcient on the target photon frequency and
the control photon position, the above state is not necessarily separable. However, for
the case of our interest, photons stay separable due to the following argument. In the
absence of the control photons, the target photons should be entirely transmitted.
Therefore, the bandwidth of the target photon should ﬁt inside the transmission
window. However, as mentioned earlier, the reﬂection spectrum is smooth over the
p
transmission bandwidth. Since the imaginary part is small, therefore r = |R| and
consequently the reﬂection coeﬃcient does not depend on the target photon frequency:
r(δ, z2 ) ≃ r(δres , z2 ). Hence, from Eq.(4.8), we will have

φR (t, z2 ) ≃ φ1 (t)φ(z2 )r(δres , z2 )

(4.9)
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On the other hand, as pointed out earlier, r(δres , z2 ) has a very smooth dependence
on position around z2 = d/2 and the reﬂection is nearly perfect, i.e. r(δres , z2 ) ≃ 1.
Therefore, the target photon is entirely reﬂected and it is not entangled to the control
photon.

4.4

Conclusions

We presented a scheme to perform a single-photon gate in a nonlinear optical
ﬁber. For that, we evaluated the transport of a single photon in a nonlinear ﬁber
where another photon is previously stored in form of an atomic spin excitation. In
particular, by using the double-V level scheme, we avoided rapidly oscillating terms
in atomic coherences and photon electric ﬁeld. We showed that a high ﬁdelity gate
is achievable for large optical densities. In the end, separability and entanglement
issues were discussed.

Chapter 5
Optical bistability at low light level
due to collective atomic recoil

5.1

Intoduction

Motivated by potential applications to quantum information science [84, 114, 50,
142], there have been intense experimental eﬀorts to realize strong nonlinear interactions between dilute atomic ensembles and weak optical ﬁelds. Methods to achieve
such quantum nonlinear couplings in dissipation-free media have relied mainly on two
approaches. First, the interaction time and the coupling between the atoms and the
photons can be enhanced by placing the atoms within a high ﬁnesse cavity [134], an
approach that comes at the expense of considerable experimental complexity and low
bandwidth. Alternatively, near-resonant light propagating through optically dense
media can also result in strong nonlinear interactions. In order to limit the dominant
linear absorption, this latter approach requires the use of a coherent multiphoton
133
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process such as EIT [113]. An added beneﬁt of such a multiphoton process is the
enhancement of the interaction time due to slow group velocities. However, since
EIT relies on quantum interference between the internal states of an atom, it is fairly
sensitive to inhomogenous optical and magnetic ﬁelds.
In this Letter, we demonstrate nonlinear optical eﬀects due to the interaction
between weak pulses of light and the collective motion of an ultracold slow-light
medium. Using the motional degrees of freedom to create a highly dispersive gas
alleviates the sensitivity to external ﬁelds. As shown in recent studies [168, 167], the
implementation of a recoil-induced resonance (RIR) in an optically dense anisotropic
gas allows for strong atom-light interaction due to the combination of slow group
velocities and transverse conﬁnement of the optical ﬁelds within the atomic medium.
Due to this strong coupling, we observe optical bistability at input powers as low as
20 pW, an upper bound limited mainly by the photodetector eﬃciency.
The motion of delocalized atoms under the inﬂuence of two or more light ﬁelds can
mediate the conversion of atomic kinetic energy into radiation [40]. These processes,
termed ‘recoil-induced resonances’, can be described in terms of stimulated Raman
transitions between diﬀerent momentum classes of the atomic ensemble [73]. For an
optically thin medium, the atom-light interaction has little eﬀect on the momentum
distribution of the gas and a perturbative analysis reveals that the probe ﬁeld experiences weak absorption (gain) for positive (negative) detuning relative to the pump
ﬁeld.
In contrast, as the optical density of the atomic gas increases, the strong atomlight coupling leads to large optical gain [168] and signiﬁcant eﬀects on the momentum
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Figure 5.1: (a) Schematic indicating the pump and probe beams used for the RIR.
(b) The energy levels relevent to the RIR. (c) Absorption spectrum of a probe beam
around the RIR for longitudinal optical densities of ∼ 10 (i) and ∼ 40 (ii).
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distribution of the atomic gas. The strong ampliﬁcation of the probe ﬁeld and its
subsequent back-action on the collective motional states of the gain medium results
in a nonlinear optical response even for weak incident beams. In this work, this backaction is evidenced by the observation of optical bistability in the probe transmission.

5.2

Experimental observation

The experimental scheme to create a strongly dispersive ultracold gas using the
RIR is described in previous work [168]. About 5 × 108

87

Rb atoms are conﬁned

in a highly anisotropic magneto-optic trap at typical temperatures of ∼ 20 µK. In
this trap, the atom cloud assumes the shape of a cylinder with approximate radial
(longitudinal) extent of 200 µm (3 cm). The pump and probe beams for the RIR share
the same linear polarization and are directed along the long axis of this cylinder to
take advantage of the large optical depth (OD) along this axis. The Rabi frequency
of the pump beam was typically Ω1 /Γ = 1.5 where Γ is the natural linewidth of this
transition. At low OD, the transmission spectrum of the RIR exhibits a characteristic
dispersion-shaped spectrum with gain (absorption) for detuning δ < 0 (δ > 0). At
higher OD, the probe is almost completely extinguished on the absorption side of the
resonance leaving the gain peak as the only distinguishable feature (Fig. 1).
For an atomic gas with high OD, Fig. 2(a) shows the probe transmission as the
pump-probe detuning is scanned across the RIR. Depending on the sign of this detuning chirp, there a shift in the resonance as well as in the maximum gain. This
hysteretic nature of the transmission diminishes as the OD is lowered to less than
∼ 10. At larger cooperativity, the atomic ensemble and the light ﬁelds form a strongly
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Figure 5.2: (a) Absorption bistability due to the interaction between the probe and
the collective motion of the atomic gas. Depending on the sign of the detuning
chirp (dδ/dt), the transmission indicates a shift in both the resonance and the peak
ampliﬁcation (g+ , g− ). (b) Peak probe ampliﬁcation indicates a bistable response
down to the detection limit of the input probe power.
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coupled system and the probe interacts with an atomic ensemble whose motional coherences and momentum distribution is the cumulative result of prior interactions
with the light ﬁelds. As seen in Fig. 2(b), the bistable response (g− /g+ > 1) persists
down to the detection limit (∼ 20 pW) of the input probe power.
In order to understand this behavior, we ﬁrst note that the ampliﬁcation of the
probe is accompanied by the transfer of atoms from a momentum p to a momentum
p + 2~k (Fig. 1(b)). Thus, as the detuning is scanned across the gain side of the
RIR, atoms at various momenta are brought into resonance with the light ﬁelds and
transferred to higher momentum states. Crucially, in the case of a negative chirp
(dδ/dt < 0), these transferred atoms are brought closer to resonance with the light
ﬁelds as the detuning is scanned. Thus, in this process, atoms are progressively
swept up the momentum ladder due to the time-varying detuning, resulting in both
an enhanced ampliﬁcation and a shift in the location of the RIR. In contrast, for a
positive chirp (dδ/dt > 0), the atoms are transferred to states that are farther from
resonance and the probe transmission resembles that obtained for a static thermal
distribution.

5.3

Theoretical model

To quantitatively explain these observations, we use a theoretical model that describes two classical light ﬁelds that are coupled to the motional degrees of freedom
of an elongated ensemble of two-level atoms. To mimic the experiment, the atoms are
assumed to be tightly conﬁned in the radial dimension. Accordingly, only the atomic
momentum along the long axis is relevent and the Hamiltonian can be written as
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[118]
H =

X ~2 k 2
~2 k 2
[
cg (k)† cg (k) + (
+ ~ω0 )ce (k)† ce (k)
2m
2m
k
X
+i~
(gj a∗j eiωj t cg (k − kj )† ce (k) − h.c.)]

(5.1)

j=1,2

where cg (k)(ce (k)) are the annihilation operators of ground (excited) state atoms
with momentum ~k, ω0 is the transition frequency of the two-level atoms, g1 (g2 ) is
the atom-light coupling coeﬃcient and a1 (a2 ) is the normalized electric ﬁeld of the
pump (probe) beams. In the far-detuned limit, the excited states can be adiabatically eliminated and the equation for the coherences and populations of the diﬀerent
momentum classes in the ground state are
d
ρ(p, p′ ) = 4iωr (p′2 − p2 )ρ(p, p′ )
dt
g1 g2 a∗1
+ i
a2 e−iδt (ρ(p + 1, p′ ) − ρ(p, p′ − 1))
∆
g1 g2 a1 ∗ +iδt
+ i
a2 e (−ρ(p, p′ + 1) + ρ(p − 1, p′ ))
∆

(5.2)

where ρ(p, p′ ) ≡ hc†g (k ′ )cg (k)i, ωr is the recoil frequency and δ = ω2 − ω1 is the
detuning. Also, using the slowly-varying envelope and single-mode approximations,
the evolution of the probe amplitude can be written as
d
g1 g2 iδt X
κ
a2 = iN
a1 e
ρ(p − 1, p) − (a2 − ain ).
dt
∆
2
p

(5.3)

Retaining only ﬁrst-order coherence terms between momentum classes, the above
equations can be written as a set of coupled equations for the population Πp = ρ(p, p),
the ﬁrst-order coherence ηp ≡ ρ(p + 1, p)eiδt and the probe amplitude a2 .
Π̇p = [−iβ ∗ a2 (−ηp + ηp−1 ) + c.c.] − γpop (Πp − Πth,p )
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η̇p = i(4ωr (p2 − (p + 1)2 ) − δ(t) + iγcoh )ηp

ȧ2

− iβa∗2 (Πp+1 − Πp )
X
κ
∗
= iβN
ηp−1
− (a2 − ain )
2
p

(5.4)

where γpop (γcoh ) are the population (coherence) relaxation rates respectively and
β = g1 g2 a1 /∆. The thermal population distribution Πth,p is given by MaxwellBoltzman distribution. The decay rate of photons is approximated by the free-space
rate κ = c/L with L the longitudinal extent of the atomic gas. These coupled
equations describe the rich dynamics that ensue as a consequence of the collective
atom-light interaction and a time-dependent pump-probe detuning.

5.4

Comparison between the model and the experiment

Numerical simulations of the bistability based on this model show excellent agreement with the experimental results over a wide range of parameters of pump detuning
and chirp rate (Fig. 3). In these simulations, parameters such as the pump detuning,
OD of the atomic gas and scan rate of the two-photon detuning were held ﬁxed at
the experimental values.
The observation of a bistable transmission requires that the momentum coherences
established as a result of the atom-light interaction persist as the detuning is scanned
across the RIR. In practice, oﬀ-resonant light scattering causes the thermalization
of the momentum distribution thereby suppressing the bistability. This competing
process leads to a limiting rate for the scan rate (dδ/dt) below which the atomic
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Figure 5.3: Numerical simulations based on the theoretical model match the experimental results over a wide range of parameters. Panels on the left show the numerical
simulations for the gain coeﬃcient given by exp(−2Re[α]L) where α is the absorption coeﬃcient and panels on the right show the observed experimental gain of the
probe transmission across the RIR, both versus two-photon detuning.(a), (b) and (c)
correspond to transmission spectra obtained by chirping the two-photon detuning at
scan rates of 0.1, 0.5 and 2.5 MHz/ms, respectively.
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Figure 5.4: (a) The ratio of peak gain (g− /g+ ) indicates a limiting scan rate
dδ/dt ≈ 0.5 MHz/ms below which decoherence and thermalization of the momentum
distribution suppress optical bistability. This data was obtained at a pump detuning
−1
) vs the pump detuning. A ﬁt to the data
∆ ∼ −4 Γ. (b) Thermalization time (γpop
−1
(dashed line) indicates a power-law dependence γpop
∝ ∆α with α = 1.57 ± 0.09.
momentum distribution is quasi-static and the transmission becomes non-hysteretic
(Fig. 4(a)). A bistable transmission was observed for scan rates as low as 500 kHz/ms,
corresponding to moving across the RIR in 100 µs, much longer than the mean photon
scattering time of < 1 µs. This observation of long-lived momentum coherences is
consistent with previous studies of the RIR [104, 40].
An independent measure of the inﬂuence of oﬀ-resonant scattering on the probe
−1
transmission was obtained by determining the thermalization time (γpop
) of the atomic

momentum distribution. For this, the probe was switched on for 100 ms at an intensity
of 0.1 mW/cm2 and at a two-photon detuning that corresponded to the peak gain
of the RIR. The probe intensity was then reduced to ∼ 10−3 mW/cm2 within a few
microseconds. Following this reduction in intensity, the probe transmission indicated
a gain that was initially very small but gradually relaxed to a higher equilibrium
value. This relaxation was interpreted as being due to the thermalization of the
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momentum distribution to repopulate those states that were depleted due to the
initially intense probe. Under the assumption that the ﬁnal probe intensity was
too small to signiﬁcantly modify the atomic distribution, the time scale over which
the probe transmission reaches a steady state should reﬂect the thermalization time.
Consistent with the observation of bistability at relatively slow scan rates, we measure
thermalization times on the order of a few hundred microseconds (Fig. 4(b)).
The numerical simulations used the measured value of γpop (Fig. 4(b)) while allowing the value of γcoh to vary. In order to obtain the best match with the experimental
results, we typically found that γcoh was required to be greater than γpop . However,
both quantities were much smaller than the photon scattering rate. This suppression
is in agreement with earlier observations [170, 40, 104, 39]. A possible explanation
lies in the fact that in the presence of an optical potential (U ∝ 1/∆), in the limit
of large detuning, both γcoh and γpop can be suppressed due to Lamb-Dicke conﬁnement. The estimated scaling of the suppressed decay rate with the detuning should
√
be γef f ∝ γscatt / U ∝ ∆−3/2 where γscatt is the photon scattering rate. The experimental data (Fig. 4(b)) also suggests a similar scaling(1.57 ± 0.09).
The observation of optical bistability at low input powers suggests prospects of alloptical control using weak pulses of light. For instance, this scheme lends itself rather
easily to a low light level all-optical switch wherein the detuning of a few-photon
probe is controlled in order to switch a more intense output beam. The largest scan
rates, dδ/dt = 30 MHz/ms at which bistability was observed and typical values of the
−1
momentum coherence time γcoh
∼ 100 µs together yield an estimate of the switching

time τ = γcoh /(dδ/dt) = 0.3 µs. This is commensurate with previous measurements
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of all-optical switching using a RIR [168]. Combining this with the lowest probe
powers (P ∼ 20 pW) and typical beam waists (100 µm) used in this work, we obtain
a typical photon number τ P/(hc/λ) ∼ 25 and a remarkably low switching energy
density [42, 180] of 7 × 10−5 photons/(λ2 /2π) to operate this all-optical switch.

5.5

Conclusions

In conclusion, we demonstrate optical nonlinearities due to a coherent interaction
between weak light ﬁelds and the collective motion of a strongly dispersive atomic gas.
Since the atomic momentum is relatively insensitive to external magnetic or electric
ﬁelds, such systems may be promising candidates for applications in low-light level
nonlinear optics including the robust generation of correlated photons [160] and quantum memories [146]. Further, there is a close connection between the phenomenon
discussed here and collective atomic recoil eﬀects inside a cavity such as spontaneous
self-organization of the atomic medium [89], collective recoil lasing [105] and and the
generation of atom-photon entanglement [130].
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[8] A André and M D Lukin. Manipulating light pulses via dynamically controlled
photonic band gap. Phys. Rev. Lett., 89(14):143602–143602, Sep 2002.
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[31] Pasquale Calabrese and Jean-Sébastien Caux. Correlation functions of the onedimensional attractive bose gas. Phys. Rev. Lett., 98(15):150403, 2007.
[32] F E Camino, W Zhou, and V J Goldman. Transport in the laughlin quasiparticle
interferometer: Evidence for topological protection in an anyonic qubit. Phys.
Rev. B, 74(11):115301, Sep 2006.
[33] F E Camino, Wei Zhou, and V J Goldman. Aharonov-bohm superperiod in
a laughlin quasiparticle interferometer. Phys. Rev. Lett., 95(24):246802, Dec
2005.
[34] Gretchen Campbell, Jongchul Mun, Micah Boyd, Patrick Medley, Aaron Leanhardt, Luis Marcassa, David Pritchard, and Wolfgang Ketterle. Imaging the
mott insulator shells by using atomic clock shifts. Science, 313(5787):649, Aug
2006.
[35] T Chakraborty and P. Pietilainen. The Quantum Hall Effects: Fractional and
Integral. Springer, 1996.
[36] D E Chang, V Gritsev, G Morigi, V Vuletic, M D Lukin, and E A Demler. Crystallization of strongly interacting photons in a nonlinear optical ﬁbre. Nature
Physics, 4(11):884, Sep 2008.
[37] Darrick E Chang, Anders S Sørensen, Eugene A Demler, and Mikhail D
Lukin. A single-photon transistor using nanoscale surface plasmons. Nat. Phys.,
3(11):807–812, 2007.
[38] N R Cooper, N K Wilkin, and J M F Gunn. Quantum phases of vortices
in rotating bose-einstein condensates. Physical Review Letters, 87(12):120405,
Aug 2001.

Bibliography

148

[39] J.-Y Courtois and G Grynberg. Probe transmission in one-dimensional optical
molasses: Theory for linearly cross-polarized cooling beams. Physical Review
A, 46(11):7060–7078, Dec 1992.
[40] J.-Y Courtois, G Grynberg, B Lounis, and P Verkerk. Recoil-induced resonances
in cesium: An atomic analog to the free-electron laser. Physical Review Letters,
72(19):3017–3020, May 1994.
[41] Maxime Ben Dahan, Ekkehard Peik, Jakob Reichel, Yvan Castin, and
Christophe Salomon. Bloch oscillations of atoms in an optical potential. Phys.
Rev. Lett., 76(24):4508–4511, Jun 1996.
[42] Andrew Dawes, Lucas Illing, Susan Clark, and Daniel Gauthier. All-optical
switching in rubidium vapor. Science, 308(5722):672, Apr 2005.
[43] I H Deutsch, R J C Spreeuw, S L Rolston, and W D Phillips. Photonic band
gaps in optical lattices. Phys. Rev. A, 52(2):1394–1410, Aug 1995.
[44] Peter Domokos, Peter Horak, and Helmut Ritsch. Quantum description of lightpulse scattering on a single atom in waveguides. Phys. Rev. A, 65(3):033832,
Mar 2002.
[45] Elizabeth A Donley, Neil R Claussen, Sarah T Thompson, and Carl E Wieman.
Atom-molecule coherence in a bose-einstein condensate. Nature, 417(6888):529,
May 2002.
[46] Russell J. Donnelly. Quantized vortices in helium II. Cambridge University
Press, Jan 1991.
[47] T Dorlas. Orthogonality and completeness of the bethe ansatz eigenstates of
the nonlinear schroedinger model. Communications in Mathematical Physics,
Jan 1993.
[48] P D Drummond, R M Shelby, S R Friberg, and Y Yamamoto. Quantum solitons
in optical ﬁbres. Nature, 365(6444):307–313, 1993.
[49] Peter Drummond. Lecture notes: Quantum theory of nonlinear optics.
http://www.physics.uq.edu.au/people/drummond/NOTES/lecture.pdf, 2001.
[50] L M Duan, L M Duan, M D Lukin, M D Lukin, J I Cirac, J I Cirac, P Zoller,
and P Zoller. Long-distance quantum communication with atomic ensembles
and linear optics. Nature, 414(6862):413, Nov 2001.
[51] L-M Duan and H J Kimble. Scalable photonic quantum computation through
cavity-assisted interactions. Phys. Rev. Lett., 92(12):127902, 2004.

Bibliography

149
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Appendix A
EIT and band gap
In this appendix, we show that how in an EIT system, where the control ﬁeld is
a standing wave, a band gap structure can be developed. In particular, we show the
presence of transmission resonances at the band gap edge by taking into account the
full expression for the atomic susceptibilities. We show that at the band gap edge, we
recover that same resonances that we presented in the main text for small detunings.
We consider a λ-level scheme, where a standing control ﬁeld has coupled the
forward- and backward-going probe together, as shown in Fig.A.1). Following [6], we
assume the noises to be negligible, and therefore, the atomic equations of motion to
the leading order in E± are

√
+
+
∂t σ̂ab
= +(i∆1 − Γ/2)σ̂ab
+ iΩσ̂ac + ig 2πE+

(A.1)

√
−
−
∂t σ̂ab
= +(i∆1 − Γ/2)σ̂ab
+ iΩσ̂ac + ig 2πE−

(A.2)

+
−
∂t σ̂ac = −γ0 σ̂ac + iΩσ̂ab
+ iΩσ̂ab

(A.3)
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Figure A.1: In a three-level, where the control ﬁeld is a standing wave, forward- and
backward-going ﬁeld get coupled to each other.
and the evolution equation of the photonic ﬁelds are written as:

√
+
(∂t + c∂z )E+ = i∆KE+ + ig 2πn0 σ̂ab

(A.4)

√
−
(∂t − c∂z )E− = i∆KE− + ig 2πn0 σ̂ab
.

(A.5)

By taking the Fourier transform of the atomic equation of motion, one can solve
for atomic polarization and obtain the self- and cross-susceptibilities. We can deﬁne a
unit length based on the absorption length Labs =

cΓ
,
2πg 2 n0

and write the ﬁeld equation

as:

˜ 3 E+ + iχs (δ)E+ + iχc (δ)E−
∂z̃ E+ = i∆
˜ 3 E− + iχs (δ)E− + iχc (δ)E+
−∂z̃ E− = i∆
where the self- and cross susceptibilities and the detuning are given by:

(A.6)

Appendix A: EIT and band gap

162

Γ Γ′ Γ0 + Ω2
Γ′ Γ′ Γ0 + 2Ω2
Γ
Ω2
χc (δ) = −i ′ ′
Γ Γ Γ0 + 2Ω2
2
δ Γ
˜ 3 = ∆3 Γ
∆
=
2
Γ 2πg n0
η |∆1 |

χs (δ) = i

(A.7)
(A.8)
(A.9)

where Γ′ = Γ/2 − i∆1 − i∆3 , Γ0 = γ0 − i∆3 and ∆3 is the two-photon detuning which
2

Ω
is related to the dimensionless two-photon detuning in the main text (∆3 = 2 ∆
δ).
1

˜ 3 is very small for slow group velocities ( Γ22 =
We note that in most cases, ∆
2πg n0
2

( ΩΓ )2 2πgΩ2 n0 ≪ 1), and therefore the corresponding term can be neglected for simplicity.
In order to obtain transmission and reﬂection coeﬃcient, one should solve the
couple mode equations Eq.(A.6) with proper boundary conditions. Therefore, we
consider a system which is driven with a weak coherent ﬁeld at (z = 0). Therefore,
the boundary conditions can be set to,

E+ (z = 0) = E0

(A.10)

E− (z = d) = 0.

(A.11)

We evaluate the transmission coeﬃcient (E+ (z = d)/E0 ), and the reﬂection coeﬃcient (E− (z = 0)/E0 ) by numerical methods using BVP5C in Matlab. In particular,
we are interested in the Raman regime, in other words the detuning is very large
|∆1 | ≫ Γ and also we assume ∆1 < 0. First, we consider the case where the EIT
width is smaller than the one-photon detuning, i.e. Ω ≪ |∆1 |. Fig.A.2 shows the reﬂectivity and transmittivity of the system for diﬀerent optical densities. In the regime
with low optical density, the spectrum corresponds to a shifted Raman transition at

Appendix A: EIT and band gap

163

2

Ω
∆3 ≃ 2 ∆
and an EIT window around ∆3 ≃ −∆1 . In higher optical densities, the
1

system develops a band gap for −Ω ≤ ∆3 ≤ 0. Fig.A.2 shows that in media with
higher optical density, the band gap becomes more prominent.
As we discussed in the main text, we are interested in the band gap edge where the
transmission peaks are present and the system acts like an eﬀective cavity. Fig.A.3
shows a close-up of the transmittivity and reﬂectivity spectrum in Fig.A.2(c) at the
band gap edge. We can observe that several resonances occur at the edge due to the
ﬁnite size of the system. By positioning at the one of the transmission peaks, the
system behaves as an eﬀective cavity, where the decay rate of the cavity will be given
by the width of the transmission peak. Therefore, the present results, including the
full susceptibilities of the system, is consistent with the model presented earlier where
we had approximated the system to be around ∆3 = 0.
We add that alternatively, one can assume a strong control ﬁeld so that the EIT
windows would be smaller than the one-photon detuning Ω > |∆1 |. Similar to the
previous case Ω < |∆1 |, the system develops a band gap. As shown in Fig.A.4, the
band gap is formed between −Ω . ∆3 . Ω, similar to modulated EIT with AC-stark
shift as discussed in Ref.[8].
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Figure A.2: By increasing OD, the band gap structure becomes more pronounced
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Figure A.3: Transmission resonances at the edge of the band gap
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Figure A.4: Band gap structure for strong control ﬁelds (Ω > ∆1 )

Appendix B
Numerical methods
In this section, we describe the numerical methods that have been used to simulate
the evolution of the photonic quantum state and the related correlation functions, in
the limit where we truncate the Hilbert space to two photons or less (Chapter 3). The
partial diﬀerential equations for the one-photon and two-photon wave functions (3.30,
3.31) are turned into diﬀerence equations by discretizing space and time, and are
evolved forward in time using the Du Fort-Frankel scheme [157]. This algorithm is
is explicit in time – i.e., the next time step function is explicitly given by the past
time function – and is also unconditionally stable. We note that the system under
investigation is open and it is driven out of equilibrium, therefore, conventional analytical methods for approaching the NLSE such as Bethe ansatz or quantum inverse
scattering [103] are not applicable here.
The one-photon wave function can be easily integrated and solved analytically.
However, we describe how to obtain the one-photon wave function numerically and
then generalize this technique to obtain the two-photon wave function. First, we
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mesh space and time and reduce the diﬀerential equations to a diﬀerence equation.
If we choose the time step k and the space step h, the discretized time and space
will be x = z/h and s = t/k and the system length d = Nh. Then following the Du
Fort-Frankel scheme [157], the evolution equation takes the form:
θ(x, s + 1) − θ(x, s − 1)
i
=
[θ(x + 1, s) + θ(x − 1, s) − θ(x, s + 1) − θ(x, s − 1)]
2k
2mh2
(B.1)
where the position take all values inside the boundary (2 ≤ x ≤ N − 1). By rearranging the above equation, the explicit form of the equation can be obtained
(1+

ik
ik
)θ(x, s+1) =
[θ(x + 1, t) + θ(x − 1, t) − θ(x, s − 1)]+θ(x, s−1) (B.2)
2
mh
mh2

Therefore inside the boundaries, the wave function at time s + 1 can be obtained
knowing the wave function at time s and s − 1. The boundary condition at z = 0
-i.e. x = 1, will be given by
θ(1, s + 1) + θ(2, s + 1)
θ(2, t + 1) − θ(1, s + 1)
−i
=α
2
2mh

(B.3)

Or equivalently,
θ(1, s + 1) =

i
)θ(2, s
2mh
i
1
+ 2mh
2

α + (− 12 +

+ 1)

(B.4)

and similarly for the boundary condition at z = d -i.e. x = N, we have
θ(N, s + 1) + θ(N − 1, s + 1)
θ(N, s + 1) − θ(N − 1, s + 1)
+i
=0
2
2mh

(B.5)

which gives
θ(N, s + 1) =

(− 12 +

i
)θ(N −
2mh
i
1
+ 2mh
2

1, s + 1)

.

(B.6)

Therefore, by having the above boundary conditions and the initial condition θ(x, s =
1) = 0, the wave function can be calculated at any time inside the boundaries (2 ≤
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x ≤ N − 1). The order of accuracy of the Du Fort-Frankel scheme is given by
O(h2 ) + O(k 2 ) + O(k 2h−2 ) and it is consistent as k/h tends to zero [157].
Similarly, we can write a diﬀerence equation for the two-photon wave function.
The δ-interaction can be approximated by a Gaussian distribution. The space domain
is meshed so that ∆z1 = ∆z2 = h. The evolution equation for the two-photon wave
function reads


2ik
ik
1+
φ(x, y, s + 1) =
[φ(x + 1, y, s) + φ(x − 1, y, s)]
2
mh
mh2
ik
+
[φ(x, y + 1, s) + φ(x, y − 1, s)]
mh2
ik
− 2
φ(x, y, s − 1) + φ(x, y, s − 1)
mh2


2iκ
(x − y)2
φ(x, y, s)
− 2k √ Exp −
2σ 2
σ 2π

(B.7)
(B.8)
(B.9)
(B.10)

The boundary condition at z = 0 will be given by
φ(2, y, s + 1) − φ(1, y, s + 1)
α
φ(1, y, s + 1) + φ(2, y, s + 1)
−i
= θ(y, s + 1),(B.11)
2
2mh
2
where σ is the length scale characterizing the distance of the two-photon interaction.
Approximating the delta-function with a Gaussian is valid if σ ≪ d. On the other
hand, we should have h ≪ σ so that the Gaussian function would be smooth. Or
equivalently,
φ(1, y, s + 1) =

1
αθ(y, s
2

i
+ 1) + (− 21 + 2mh
)φ(2, y, s + 1)
i
1
+ 2mh
2

(B.12)

and similarly for the boundary condition at z = d, we have
φ(N, y, s + 1) + φ(N − 1, y, s + 1)
φ(N, y, s + 1) − φ(N − 1, y, s + 1)
+i
= 0(B.13)
2
2mh
which gives
φ(N, y, s + 1) =

(− 21 +

i
)φ(N −
2mh
1
i
+ 2mh
2

1, y, s + 1)

.

(B.14)

Appendix B: Numerical methods

169

Once the wave function is known at any point in time and space, we can evaluate the
correlation functions. In particular, the two-photon correlation function g2 (d, τ = 0)
is given by Eq. (3.45), where the ﬁrst and the second derivatives at anytime are given
by the following expressions,

1
[φ(N, N) − φ(N − 1, N)]
2mh
1
∂ (1) ∂ (2) φ(d, d) =
[φ(N, N) − φ(N − 1, N)
4m2 h2
∂ (1) φ(d, d) =

− φ(N, N − 1) + φ(N − 1, N − 1)].

(B.15)
(B.16)
(B.17)

Note that in evaluation of g2 (τ ), once the ﬁrst photon is detected the two-photon wave
function collapses to zero. This seems to be contradictory with the driven boundary
condition Eq.(3.38) where the two-photon state at the boundaries is proportional to
the one-photon wave function which is not zero. This apparent inconsistency occurs
because we have neglected higher number photon states in our truncation. However,
this inconsistency only leads to higher order corrections to g2 (τ ) in the input ﬁeld
amplitude α, which is assumed to be weak (α≪1).

Appendix C
Effect of noise
In this appendix, we investigate the eﬀect of noise in the NLSE system introduced
in Chapter 3. We ﬁrst show the origin of the nonlinear noise and then argue that
the noise is negligible for the regime of our interest where many atoms are present
and the system is weakly driven. In particular, every time a two-photon is absorbed,
an atom has undergone a transition from the state |ai to the state |di . The excited
atom ﬁrst emits a photon and goes to the state |ci. The emitted photon can either be
in the guided mode or in a mode which is not guided. In the former case, the photon
emission is already taken into account by E± , as long as the regime of validity
of NLSE is greater than Γ1D (which is usually the case). In the former case, the
photons leaves the system and therefore does not interfere with the desired guided
mode. Therefore, no noise is produced so far. Now, the atom can relax from the
state |ci into |ai by absorbing a control photon and subsequently emitting a second
photon either in the guided or non-guided mode. However, if the emission of the ﬁrst
emitted photon was not in the guided mode, the emission of the second photon in
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the waveguide can introduce a noise, because it does not carry any phase correlation
with the ﬁeld inside the medium. Although, this noise can in principle interfere
with the photonic ﬁeld of our interest, we show that in the limit of large number
of atoms and small number of excitations (photons), this noise eﬀect is negligible.
For that, we review the emission of the noise photon in further detail to include
the eﬀect of many atoms. In an atomic ensemble, the interaction between atoms
√
and photon is enhanced by N , where N is the number of atoms. As shown in
Fig.C.1, atoms in the ground state (|ai = |a1 a2 ...aN i) are coupled to a symmetric state
P
with a single excitation (|bi = √1N N
i=1 |a1 a2 ...bi ...aN i) by a coupling constant equal
√
P
to g N . However, the single excitation (|ci = √1N N
i=1 |a1 a2 ...ci ...aN i) is weakly
P
coupled to the corresponding excited state (|di = √1N N
i=1 |a1 a2 ...di ....aN i) with the

coupling constant g. There could be also two-photon excitation which is presented
q
PN
2
by (|cci =
i6=j |a1 a2 ...ci ..cj .aN i). Now, we want to track the source of
N (N −1)
noise. For simplicity, let’s assume that the system starts in the ground state with n+2

photon: (|a, n+2i = |a1 a2 ...aN , n+2i), then one of the atoms can make a transition to
the excited state |d, ni, by absorbing two photons. Due to the spontaneous emission
out of the waveguide, this state relaxes into (|c′ , ni = |a1 a2 ...ci ...aN , ni) where i
corresponds to an arbitrary single atom (circle in Fig. C.1). We note that such states
are orthogonal to symmetric state with single excitation (|ci) in the limit N ≫ 1. Now
in return, this atom can go back to the ground state by emitting one photon into the
waveguide ((|c′ , ni → (|b′ , ni → |a, n+1i). The atom-photon coupling for this process
is g (dashed curvy line in Fig.C.1), since we are dealing with only one excitation. Due
to the incoherent nature of the spontaneous emission out of the guided mode (from
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|d, ni → |c′ , ni transition), the extra photon (from |b, ni → |a, n + 1i transition) does
not have any phase relationship with the starting photonic state inside the waveguide.
Therefore, this process adds a noise to the guided photonic mode.
However, when there is a large number of atoms inside the cavity N ≫ 1, the atomphoton coupling for the non-symmetric state is very small and the noise is negligible.
√
In other words, while the coherent process coupling strength scale with N , the
noise due to dipole radiation of few exited atoms is very weak and therefore the noise
√
eﬀect scales down with N. Hence, given that the noise eﬀect is not important, using
the previous formalism where the nonlinear absorption is treated as a decay term in
the NLSE, is consistent within the model.
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Figure C.1: Level diagram of the atom-photon system. Two-photon absorption is
accompanied by an emission of a photon out of the guided mode. Subsequently, the
atom decays into a single atom state (red circle) which has a small overlap with spin
wave state when N ≫ 1.

Appendix D
Photon-Photon interaction in
Double-V system
In this appendix, we show that the stationary pulses of light can be achieved by
counter-propagating control ﬁelds in an EIT system and expand the derivation of the
transfer matrix introduced in Chapter 4. In particular, we illustrate that how such
stationary pulses can be obtained without neglecting the rapidly oscillating atomic
coherences [7, 8] by generalizing a scheme introduced in Refs.[182, 56].
Speciﬁcally, we consider a double-V system where the counter propagating probe
ﬁelds (E± ) are coupled to counter-propagating control ﬁelds (Ω± ), as shown in Fig. D.1.
Note that for both the probe and the control channel, forward and backward lights
have diﬀerent polarizations (e.g., the forward-propagating probe ﬁeld is σ+ polarized).
Using the rotating wave approximation, the Hamiltonian of the system in the rotating
frame is written as,
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Figure D.1: Double-V system

H = −

Z

√
dz(∆+ σe+ ,e+ + g 2πE+ σe+ ,g + Ω+ σs,e+

√
+ ∆− σe− ,e− + g 2πE− σe− ,g + Ω− σs,e− )

(D.1)
(D.2)

where ∆± = ∆ ∓ ǫ is the detuning of the control ﬁeld from the exited states.
The evolution of the slowly varying electric ﬁelds is given by Maxwell equations:

√
(∂t + c∂z ) E+ = i 2πgNσg,e+

√
(∂t − c∂z ) E− = i 2πgNσg,e− .
Furthermore, one can write the evolution equation of the entire photon-atom system,
X ⊤ = (E+ , E− , σgs , σg,e+ , σg,e− ), in a compact form:
∂
X = −iHef f X
∂t
where the eﬀective Hamiltonian, in Fourier domain for space, is

(D.3)
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√



Hef f

0
0
−g 2πN
0
 −ck

√


0
+ck
0
0
−g 2πN


=
0
0
0
−Ω
−Ω


√

 −g 2π
0
−Ω −iΓ/2 − (∆ − ǫ)
0


√
0
−iΓ/2 − (∆ + ǫ)
0
−g 2π −Ω
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where Γ accounts for the decay rate of the excited states. The dynamics of the system
in double-V scheme is essentially the same as in N-level scheme described in Ref.[8,
12, 36]. However, in this derivation, we have not used the secular approximation to
neglect the rapidly oscillating atomic coherences. Such system yields ﬁve eigenstates
which their energies is shown in Fig. D.2. In particular, one solution has zero energy
at ck = 0, which we call the dark state polariton [54] and has the form:

Ψ= p

1
2Ω2 + g 2 N

i
h
√
Ω(E+ + E− ) − g Nσg,s .

(D.5)

We note that at ck = 0, the dark state polariton is separated by a gap from the
other energy eigenstates. In the limit, where ǫ → 0, this gap is equal to 12 (−∆ +
p
8πg 2N + ∆2 + Ω2 ). The energy of such states at small values of ck is quadratic

in momentum and therefore, we can write the evolution of such states in form of a
Schrödinger equation:

(i∂t +

1 2
∂ )Ψ(z, t) = 0
2m z

(D.6)

Other eigenstates has nonzero energies, and by adiabatically eliminating them one
√

ﬁnds: σg,s ≃ − g ΩN (E+ + E− ). In the slow light limit, g 2 N/Ω2 ≫ 1, the eﬀective mass
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Figure D.2: Energy spectrum of a double-V system as a function of momentum (ck).
(∆ = −2, ǫ = 1, g 2N/Ω2 = 1, Γ = 0). Dark state polariton solution (third band) has
zero energy at ck = 0 and possesses a quadratic dispersion.
is given by:

1
2m

2

2

c ∆Ω
1+
= − 2π(g
2 N )2

iΓ
2∆



which is independent of ǫ and the dark state
√
√
polariton takes the simple form of Ψ = g ΩN (E+ + E− ). If we assume ǫ, g N ≪ ∆,
the energy gap between the dark state polariton and the neighboring states will be
equal to 2πg 2N/∆, in the slow light regime.
As mentioned before, the Schrödinger equation in Eq. (D.6) is equivalent to the
Schrödinger equation as in the N-level scheme [36]. However, in this case no secular
approximation on rapidly oscillating atomic coherences is used.
In the following, we evaluate the transport properties of a stationary pulse system.
The transfer matrix formalism allows us to obtain the transport properties of light
through the system in the linear regime. Moreover, since in our gate scheme, the
control photon is stored and its dynamics is frozen in time, such formalism is also
useful to evaluate the eﬀect of photon-photon nonlinearity.
Following Ref.[12, 74] (see Chapter 3), the counter-propagating dark-state polari-
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tons (Ψ± ) inside the waveguide obey a set of linear equations of motion,
η
ξ
(±c∂z + ∂t ) Ψ± + ∂t (Ψ+ + Ψ− ) = ∓ (Ψ+ − Ψ− ) .
2
2

(D.7)

Working now in the frequency domain, because the system is linear, one can deﬁne
a transfer matrix M(ω, z) that relates the ﬁelds Ψ± (z ′ + z, ω) to the ﬁelds Ψ± (z ′ , ω)
at some previous position z ′ (0 < z, z ′ < L),




′
′
 Ψ+ (z , ω) 
 Ψ+ (z + z, ω) 
.
 = M(ω, z) 

′
′
Ψ− (z , ω)
Ψ− (z + z, ω)

(D.8)

By solving the propagation equations of Eq. (D.7), it is possible to obtain the elements
of M(ω, z). Switching now to the dimensionless units deﬁned in earlier work [74] (i.e.,
time and space in units of tcoh , Lcoh introduced in Chapter 3 ), we ﬁnd that


 M11 M12 
M = 
,
M21 M22
p
p
Γ
i
M11 = cos z δ̃ + p (1 + i
+ δ) sin z δ̃,
2|∆|
2 δ̃
Γ
p
i(δ − 1 − i 2|∆|
)
p
sin z δ̃,
M12 =
2 δ̃
M21 = −M12 ,
p
p
i
Γ
+ δ) sin z δ̃,
M22 = cos z δ̃ − p (1 + i
2|∆|
2 δ̃

(D.9)

where δ̃ = δ(1 + iΓ/|2∆|), δ is the two-photon detuning in our re-scaled units, and
the imaginary part accounts for the small imaginary component of the mass m≈1/2.
The reﬂection and transmission coeﬃcients can generally be related to the transfer
matrix elements by r = −M21 /M22 , t = M11 − M12 M21 /M22 . In particular, for the
above solutions of Mij and a system of length z = d, we recover the previously derived
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transmission and reﬂection amplitudes [74],
p
2i δ̃

t(d, δ) =

p
p
p ,
Γ
+ δ) sin[d δ̃]
2i δ̃ cos[d δ̃] + (1 + i 2|∆|
p
Γ
(1 + i 2|∆|
− δ) sin[d δ̃]
p
p
p .
r(d, δ) =
2i δ̃ cos[d δ̃] + (1 + iǫ + δ) sin[d δ̃]

(D.10)

(D.11)

In the absence of losses (Γ ≪ |∆|), the ﬁrst transmission resonance occurs at (π/d)2
2

and in real units δres = ( πd )2 2Ω
. We note that in the regime of our interest (OD ≫
|∆|
1000), the transmission resonance happen very close to two-photon Raman resonance
(δres ≪ |∆|.) A ﬁnite loss both shifts the resonance frequency δres by a small amount
and reduces the transmittivity from its peak value of 1. Note that ﬁxing OD and the
desired transmittivity Tpeak = |t|2 on (shifted) resonance allows one to solve for the
corresponding detuning [74].

Appendix E
Strategy for single photon gate
In this appendix, we investigate the implementation of the single-photon switch
scheme presented in Chapter 4 in a realistic situation. In particular, we consider
a realistic electronic level structure for the atom and discuss required parameters
such as optical density, single-atom cooperativity and magnetic ﬁeld to obtain a high
ﬁdelity gate.
We describe the scheme for a realistic atomic level structure as shown in Fig. E.1.
The main idea is similar to the scheme of Fig. 4.1. Speciﬁcally, we ﬁrst store the
ﬁrst photon in |si and then transfer it to |g− i, either by a microwave or Raman
π−pulse. In this situation, E+ and E− can interact with the single excitation through
|e0 i ↔ |g− i and |e−2 i ↔ |g− i transitions, respectively.
Note that the “excited” atom only couples to forward-going (σ+ polarized) and
backward-going (σ− polarized) ﬁeld. Therefore, the fast oscillating terms (ei2kz ) due
to reﬂection (i.e., forward-going (σ− polarized) and backward-going (σ+ polarized)
electric ﬁelds), do not lead to undesirable interference, contrary to the scheme of
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Figure E.1: Single-photon gate: The detailed level diagram where both the forwardand backward-propagating electric ﬁeld interact with the stored excitation, i.e. E+
through |g−i → |e0 i → |s−i and |g−i → |e0 i → |s+i transitions and E− through
|g−i → |e−2 i → |s−i. The zeeman shift is tuned such that only the backward ﬁeld
is coupled to the excitation and the forward ﬁeld is entirely oﬀ-resonant. Therefore,
the system simpliﬁes to the level diagram shown in Fig. 4.1(a).
Ref. [7]. Therefore, the corresponding transfer matrix will look like,





 t+ 0 
Ma = 
 , t± = 1 + r±
0 t−1
−
r+ = ζ +

−Γ1D
Ω2
(Γ − 2i∆′+ ) + −2iδ
1 +
+

r− = ζ −

−Γ1D
(Γ − 2i∆′− ) +

Ω2
2
−2iδ+

Ω2
−2iδ−

where ζ± are Clebsch-Gordon coeﬃcient corresponding to strength of dipole transitions |g− i → |e−2 >, |e0 i. Detuning parameters are deﬁned as,
1
2
δ+
= δ− = δres − 2η, δ+
= δres , ∆′+ ≃ ∆′− ≃ ∆

(E.1)

where (ǫ, η) correspond to Zeeman shift of the excited and ground states, respectively.
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We have assumed ∆ ≫ ǫ, η. We should later optimize these Zeeman shifts so that the
single excitation resonantly interacts with the backward ﬁeld i.e. r − = −ζ− Γ1D /Γ. On
the other hand, the excitation will be far oﬀ-resonant for the forward ﬁeld, therefore
r+ is essentially zero.
We note that the above equations can be seen as a generalization of transmission
coeﬃcients for two-level atoms coupled to 1D waveguides [37, 149]. In the two-level
atom case, reﬂection and transmission coeﬃcients are given by t = 1 + r, r =

−Γ1D
.
Γ−2i∆

In our case, due the presence of the control ﬁeld, we should also include the eﬀect
Raman transitions (or EIT). Moreover, we note that only transmission coeﬃcients
are important (corresponding to forward-propagating E+ and backward-propagating
E− ) and reﬂections can be ignored. The reason is that the reﬂection terms (backwardpropagating E+ and forward-propagating E− ) have fast oscillating terms (e2ikz ), which
result in destructive interference of them after traveling over a wavelength distance.
If the required Zeeman shift is present, the target photon interacts resonantly
with the stored spin excitation. This interaction is enhanced since the target photon
will be trapped inside the system because of the stationary pulse eﬀect [12, 74].
Using the transfer matrix introduced earlier, we can characterize such enhancement
and consequently evaluate how much of a target photon in the presence of a control
photon (switch ON) will be reﬂected. We set the transmittivity for switch OFF mode
and the reﬂectivity for switch ON mode to be equal. This quantity is the ﬁdelity of
the gate. Then, for a ﬁxed optical density and single-atom cooperatively, we optimize
the single-photon detuning to obtain the highest ﬁdelity.
Fig. E.2 shows the ﬁdelity as a function of OD and single-atom cooperatively.
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Figure E.2: Fidelity of the gate for the scheme presented in Fig. E.1. Reﬂectivity and
transmittivity are set to be equal to obtain the optimized α. (D1 Clebsch-Gordon
coeﬃcient are included)
For example, a 90% ﬁdelity for OD=50000 (Natoms = 5 × 105 ) is achieved when
Γ1D /Γ = 0.1. More importantly, both Fig. E.2(b) and Eq. (4.4) show that the ﬁdelity
improves linearly with single-atom cooperativity (Γ1D /Γ) while it only improves with
√
square root of the atom number Natoms . Therefore, although using smaller ﬁber
core may reduce the number of loaded atoms, it improves the overall ﬁdelity. For
example, with Γ1D /Γ = 0.3 only Natoms ≃ 5.3 × 104 (OD = 16, 000) is needed to
perform the gate.
In the following, we discuss the required parameters such as detuning and magnetic
ﬁeld to obtain a high ﬁdelity gate.
First, we consider the case in the absence of a stored excitation. The system has a
Γ
ﬁnite linear absorption proportional to α = d ∆
. Therefore, for a given optical density

)2 ), one can ﬁnd the detuning (∆) such that the transmittivity is set
(OD = α( ∆
Γ
to a desired value say Tpeak = 90%, α = 0.43 [74]. Note that the ﬁrst transmission
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2

resonance at the band edge, δres = ( πd )2 2Ω
, is a function of the control ﬁeld (Ω).
∆
Next, we optimize the Zeeman shift so that the transition (|e−2 i ↔ |g− i) interacts
strongly with the backward ﬁeld. We can estimate its value by the following argument.
We note the control ﬁeld Rabi frequency is smaller than the single photon detuning
(Ω ≪ ∆), in order to have the band gap structure and the resonances at the edge,
in the ﬁrst place. This means that the forward/backward ﬁeld almost form a Raman
transition with their corresponding control ﬁeld δres ≪ ∆ [74]. Therefore, in order
to maximize the coupling between the backward electric ﬁeld and the control spin
excitation, the backward ﬁeld should be on resonance with either the one-photon
|e−2 i ↔ |g− i transition or the corresponding Raman transition. The former case
requires a rather large Zeeman shift of the order of single-photon detuning (ǫ ≃
∆, more speciﬁcally η − 2ǫ = ∆). However, the latter case only requires a small
Zeeman shift so that the backward ﬁeld and the control ﬁeld form a resonant Raman
transition (more speciﬁcally η = δres /2 − Ω2 /8∆ ≃ −Ω2 /8∆). This solutions will give
r− = −ζ− Γ1D /Γ, regardless of the control ﬁeld amplitude (Ω). Moreover, r+ ≃ 0 due
to the shifted double-EIT resonance structure.
As an example of experimental realization, we consider a

87

Rb system with op-

tical density OD = 50000 and a small cooperatively Γ1D /Γ = 10%. Then, in the
switch OFF mode, a 90% transmission can be achieved by choosing ∆ = −170Γ.
Consequently, for a control ﬁeld of Ω = 10Γ, the resonance frequency is δres = 10−4 Γ
and a small magnetic ﬁeld (η = 0.07Γ → B ≃ 3.7 Gauss) is required to bring the
two-photon transition to resonance and achieve a 90% reﬂection in the switch ON
mode.
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So far only the interaction of the atom with the backward ﬁeld was optimized,
i.e. r− was maximized. One may be tempted to optimize the control ﬁeld amplitude
(Ω) to bring the (|e0 i ↔ |g− i) transition also to resonance with the forward ﬁeld
and maximize r+ . However, this requires ﬁne tuning of a very strong control ﬁeld.
Furthermore, this strong ﬁeld may entirely deform the band-gap structure [74].
Moreover, we note that in the current estimates the Clebsch-Gordon coeﬃcients
are included, therefore, the eﬀective single atom cooperatively for a single transition is reduced comparing to the simple estimate of Sec. 4.2. Note that if we ignore Clebsch-Gordon coeﬃcients, the required optical density is lowered almost three
folds to OD=5000 (for Γ1D /Γ = 0.3) and the number of required atoms is reduced
almost six-folds Natoms = 17, 000, consistent with the analytical estimate of ﬁdelity
in Eq. (4.4).

Appendix F
Vacuum Rabi splitting in
electromagnetically induced
photonic crystal
In this appendix, we show the analogy between single-mode and the transfer
matrix formalism to describe the physics of Rabi splitting. Although Rabi splitting
is derived primarily in cavity QED context, however it is not inherently a quantum
phenomenon and can be described by a simple classical treatment. A conventional
way to classically approach such a problem is the following: First, we treat atoms as
damped oscillators which are coupled to the light inside a cavity. Then, in each round
trip, we take into account the absorption and dispersion of the intra cavity ﬁeld due
the interaction. Finally, we obtain the steady-state solution of the ﬁeld inside the
cavity. Such treatment can predict the position and the width of Rabi splitted peaks,
identical to results of cavity QED approaches such as the dressed states formalism
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(see for example Ref.[181]).
Here, we present a classical method to evaluate Rabi splitting using transfer matrix approach. This approach reproduces the same results as the other approaches.
However, this approach also allows us to consider the position dependence of the
coupling between atoms and the cavity ﬁeld. Moreover, we can study the forwardand backward-going ﬁelds inside the cavity separately and we can investigate their
coupling to atoms in some details.
The transfer matrix of a mirror can be written as:

Mmirror =



2

1 t −r

t
−r

2



r 

1

(F.1)

where t and r are reﬂection and transmission coeﬃcient, respectively. They satisfy
√
√
the following relations: |t|2 + |r|2 = 1 and r ∗ t + t∗ r = 0 (e.g. r = R, t = i 1 − r 2 ).
In a realistic situation mirror have high reﬂectivity: R = |r 2 | ≃ 1 and consequently
an empty cavity made by two of such mirrors has a ﬁnesse F = π/(1 − R) [82]. The
free propagation of light on a distance z along the cavity axis is characterized by,


ikz

 e
Mf ree (z) = 

0

0
e−ikz





(F.2)

For the moment, in other to reproduce the same result as the “round trip” treatment,
we assume the eﬀect of the atom is purely a dispersive and/or absorptive eﬀect and
the atom does not couple forward and backward-propagating ﬁelds. Therefore, the
transfer matrix which characterizes the interaction of light and a single two-level
system is given by (using slowly varying approximation Γ1D ≪ |Γ − 2i∆|):

Appendix F: Vacuum Rabi splitting in electromagnetically induced photonic crystal
188



θa

 e
Matom = 
0
θa = −



0 

1

Γ1D
Γ − 2i∆

where g denotes the atom-photon coupling strength and ∆ = ω − ωa . Assuming that
the atomic resonance is close to the ﬁrst fundamental mode of the cavity, we have
Γ1D = g 2 L/c which is the spontaneous rate into the guided mode in 1D waveguide
context [44, 149]. We should note that the above expression is not always valid.
Since an atom interacts with the total electric ﬁeld, which is the sum of forward and
backward-going ﬁelds, the eﬀect of the coupling between these ﬁelds at each scattering
should be considered. In such cases, the transfer matrix takes the form:

Matom =

ra

1
ta

=





−

t2a

−

ra2

−ra



ra 

1

Γ1D
Γ − Γ1D − 2i∆
, ta =
Γ − 2i∆
Γ − 2i∆

Note that if the single atom position is random over a wavelength, the reﬂection term
picks up a random phase eikz , which leads to a destructive interference.
Now, we can easily evaluate the transmission properties of a cavity containing an
atom. For simplicity, we assume that the atoms is located in the middle of the cavity
z = L/2. Therefore, the transfer matrix of the entire system is equal to:

Mtotal = Mmirror Mf ree (L/2)Matom Mf ree (L/2)Mmirror

(F.3)
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Figure F.1: Vacuum Rabi splitting. Purple represents the bare cavity and blue represents the cavity coupled to an atom. (2g/2π = 350MHz, κ/2π = 800kHz, Γ/2π =
200kHz) Numbers correspond to circuit QED with superconducting qubit Ref.[145]
Furthermore, we assume the atom is resonant with the cavity ωa = ωc =

nπc
.
L

Then,

the transmittivity is given by

T (∆) =
e

8g 2 ΓL/c
Γ2 +4∆2

(−1 + R)2

h
4g 2 ΓL/c
+ R2 − 2e Γ2 +4∆2 R cos 2 Lc ∆ 1 −

4g 2
Γ2 +4∆2

i

(F.4)

similar to the result of a round trip approach (see e.g. Ref.[181]). If we neglect the effect of atomic absorption, we can ﬁnd the location of the new transmission resonances
p
by ﬁnding zeros of the cos function argument which gives us: ∆ = 0, ± 21 4g 2 + Γ2 .
The ﬁrst solution corresponds to the dip in the cavity transmission and the second

and the third solutions, i.e. ±g (in the limit of strong coupling), correspond to Rabi
splitted peaks (see Fig. F.1).
The above results are for an atom located in the middle of the cavity, therefore,
the atom is strongly coupled to the ﬁrst fundamental mode of the cavity which has
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an anti-node at the position of the atom. This is in contrast to the case of the second
fundamental mode of the system where the cavity ﬁeld has a node in the middle and
therefore the atom is decoupled from the photonic ﬁeld. In a single-mode cavity QED
treatment or a round trip approach, one has to use extra care to make sure that such
eﬀects are included. However, the transfer matrix formalism, by construction, allows
us to automatically evaluate transmission properties of light when atoms are located
at arbitrary positions. For an atom positioned at z, the transfer matrix takes the
form:

Mtotal = Mmirror Mf ree (z)Matom Mf ree (L − z)Mmirror .

(F.5)

Note that the Rabi splitting is due the frequency dependent dispersive behavior
of the scatterer. Therefore, one should not expect Rabi splitting when the phase
introduced to the intra cavity ﬁeld is ﬁxed and frequency independent. For example,
one can assume that the cavity is largely detuned from the atomic transition (∆0 ≫
κ, Γ). In this situation, the atom couples to light with a ﬁxed dispersion and produces
a shift to the cavity resonance equal to

g2
∆0

(see Fig. F.2).

Here, we assumed that the cavity ﬁeld only couples to forward propagating ﬁeld.
However, in general, not only both ﬁelds interact with the atom separately (diagonal
element in the atom transfer matrix), but also the atom can couple them to each
other (oﬀ-diagonal element in the atom transfer matrix). In Chapter 4, these eﬀects
are included.
In the following, we study the eﬀect of adding a scatterer inside our cavity-like
system (the single-photon gate in Chapter 4), on the transmission spectrum. We
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Figure F.2: Cavity resonance is shifted due to dispersive interaction between cavity
and atom. (2g/2π = 8MHz, κ/2π = 800kHz, ∆0 /2π = 200kHz, Γ ≪ κ, g).
investigate under what conditions one should expect a Rabi splitting, similar to cavity
QED physics.
In the single-photon gate, the excited atom has two resonances, one single-photon
resonance due a two-level transition with a characteristic width Γ , and a detuned
Raman transition width a characteristic width of

Ω2
Γ.
∆2

By tuning the Zeeman shift,

the backward (or forward) electric ﬁeld of the target photon can become resonant
with both of them. However, since tuning it to the Raman transition requires smaller
magnetic ﬁeld, we consider this case. As we said before, in order to the maximize the
interaction with an atom (i.e. maximize the scattering from an atom), the Zeeman
shift should be such that the frequency of the target photon becomes resonant with
the atom. On the other hand, since the bandwidth of the photon (which is set by
the band gap edge structure) is much smaller than the width of atomic resonances,
we can safely consider that the impact of an atom on the photon is constant across
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Figure F.3: The reﬂectivity (R = |r|2) and the transmittivity (T = |t|2 ) spectrum
when the switch is ON or OFF, OD = 300, Γ1D /Γ = 0.1. Since in low OD, the
transmission bandwidth at the band gap edge becomes comparable to the singleΩ2
atom Raman bandwidth ( ∆
2 Γ), Rabi splitting is observed in contrast to Fig. 4.4.
the frequency range of the ﬁrst few transmission resonances at the band gap edge.
We check this approximation more precisely. The ﬁrst transmission resonance at the
band gap each is given by δres =

2
π2
α 2Ω
OD |∆|

and the atomic resonance width is γ =

Ω2
Γ.
∆2

In a typical situation, we have: ∆ ≃ 100Γ, α = .4, OD = 30, 000. Therefore, we
readily see that atomic resonance is much broader than the transmission bandwidth:
δres /γ = 0.03. This approximation is better satisﬁed for higher optical densities. Note
that the numerical calculation for the ﬁdelity is carried out without this approximation
and they are exact. Therefore, the scatterer only suppresses the transmission peak
rather than Rabi splitting the transmission resonance (see e.g. Fig. 4.4).
On the other hand, if we assume a comparatively low OD, the above assumption
breaks down and we see the well-known Rabi splitting as shown in Fig. F.3.

Appendix G
Theoretical model for collective
atomic recoil

G.1

Introduction

We develop a theoretical model to investigate optical nonlinearities due to collective motion of atoms. This model is important to study the recoil-induced resonance
(RIR) and optical bistability due to collective interaction between weak pulses of
light and external degrees of freedom of an ultracold slow-light medium. Since the
conventional light storage or the nonlinear optical systems use atomic ground state
coherence [113, 55], there are susceptible to the external magnetic and electric perturbation. However, using the motional degrees of freedom to create a highly dispersive
gas and to mediate photon-photon interaction alleviates the sensitivity to external
electric and magnetic ﬁeld perturbations.
The motion of delocalized atoms under the inﬂuence of two or more light ﬁelds can
193
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mediate conversion of the atomic kinetic energy into radiation[73]. These processes,
termed ‘recoil induced resonances’ have been described both in terms of stimulated
Raman scattering between diﬀerent momentum classes of the atomic ensemble and in
terms of Rayleigh scattering of the light ﬁelds oﬀ a periodic density modulation of the
atomic distribution [169]. In the case of an optically thin sample of ultracold atoms
illuminated by a strong pump beam and a weak probe, a perturbative analysis reveals
that the probe experiences gain (loss) for red (blue) detunings relative to the pump
[40]. The width of these features is proportional to the temperature of the atomic
distribution. In this dilute limit, the ampliﬁcation of the probe has little eﬀect on
the momentum distribution of the gain medium. In contrast, as the optical thickness
of the gain medium increases, the probe can be ampliﬁed by around two orders of
magnitude[168]. This can result in signiﬁcant eﬀects on the momentum distribution of
the gain medium and in a variety of dynamical processes involving feedback between
the gain medium and the ampliﬁed probe.
Further, there is a close connection between the phenomenon discussed here and
collective atomic recoil eﬀects inside a cavity such as spontaneous self-organization of
the atomic medium [89], collective recoil lasing [105].
The absorption and the consequent emission of a photon result in a momentum
recoil on a single atom. Once this simple phenomenon occurs for an ensemble of
nearby atoms, a rich variety of behavior will occur. The collective behavior of atoms
and photons has been a subject of tremendous research for more than a decade, yet
new theoretical and experimental work are underway. A general theory was devised
by Moore et al. [118] to study the center-of-mass motion in the collective atomic
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recoil laser (CARL) and Berman [19] developed a framework for compare RIR and
CARL. Later, Ling et al. [112] improved the theory by incorporating some relaxation
parameters for the light ﬁeld and the atomic momentum state but the origin of these
relaxations and also the distinction between the coherent momentum transfer and
diﬀusive population relaxation was not considered. On the other hand, there had
been some eﬀorts to investigate the mechanical behavior of an elongated BEC (similar
to our MOT case) interacting with a pump and a probe light ﬁeld [53]. By increasing
the intensity of a the probe beam, a transition from the pure superradiant regime
to the Bragg scattering regime (similar to Rabi oscillations in a two-level system)
was observed [53]. The observations can be explained either through a CARL-BEC
formalism (generalized Gross-Pitaevskii equation [53]) or the formalism explained
here in the limit of low temperature. Not surprisingly, both formalism yield the same
results.
Here, we develop a theoretical model to study the collective mechanical behavior
of atoms interacting with light. This single model allows us to derive results consistent to previous work, by exploring diﬀerent regimes. Moreover, this model is used
to explain the absorptive bistability observed in our recent experiment [166]. Speciﬁcally, we consider an elongated atomic ensemble and investigate the atomic motion in
the elongated direction while interacting with two light ﬁelds propagating along the
elongation axes. The atomic ensemble can also be placed in a low ﬁnesse ring cavity
to interact with a single mode of light inside the cavity.
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Model

The system can be described by quantizing both the internal and external degrees
of freedom of the atoms while treating the light ﬁelds classically. Accordingly, the
Hamiltonian can be written as a sum over the contribution of diﬀerent momentum
P
classes, H = k Hk :
Hk

 2 2

~2 k 2
~ k
†
=
cg (k) cg (k) +
+ ~ω0 ce (k)† ce (k)
2m
2m
X
+i~
(gj a∗j eiωj t cg (k − kj )† ce (k) − H.c.)

(G.1)

j=1,2

where cg (k)[ce (k)] are the annihilation operators of ground (excited) state atoms with
momentum ~k, g = µ(ω/2~ǫ0 V )1/2 is the atom-light coupling coeﬃcient and a1 (a2 ) is
the normalized electric ﬁeld of the pump (probe) beams. We assume that the atoms
are bosonic and therefore the following commutation relations hold,

[cg (k), cg (k ′ )† ] = [ce (k), ce (k ′ )† ] = δk,k′ .

(G.2)

The other commutators are zero. The equations of motion for the density matrix
can be derived from ρ̇mn (k, k ′ ) = ~i h[H, ρ̂mn (k, k ′ )]i where ρmn (k, k ′ ) = hρ̂mn (k, k ′ )i =
hc†n,k′ cm,k i. Hence, the evolution of the ground state density matrix elements is given
by
d
~(k ′2 − k 2 )
ρgg (k, k ′ ) = i
ρgg (k, k ′ )
dt
2m
X
+
gj a∗j eiωj t ρeg (k + kj , k ′ ) + gj aj e−iωj t ρge (k, k ′ + kj )
j=1,2

(G.3)
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and the density matrix elements for the ground-excited state coherence is given by


d
~(k ′2 − k 2 )
′
ρeg (k, k ) = i
− ω0 ρeg (k, k ′ )
dt
2m
X
+
gj aj e−iωj t (ρee (k, k ′ + kj ) − ρgg (k − kj , k ′ ))

(G.4)

j=1,2

In the limit of large pump detunings and weak excitation i.e. gai ≪ ∆, the excited
state can be adiabatically eliminated by introducing the parameters ρeg = ρ̃eg e−iω1 t
and δ = ω2 − ω1 = ωprobe − ωpump . In this case,
ρ̃eg (k, k ′ ) ≈

i
(g1 a1 ρgg (k − k1 , k ′ ) + g2 a2 e−iδt ρgg (k − k2 , k ′ ))
∆

(G.5)

where ∆ = ω0 − ω1 is the pump detuning for the exited state. Thus, the evolution of
the ground state populations and coherences are given by
d
ρ(p, p′ ) = 4iωr (p′2 − p2 )ρ(p, p′ )
dt
g1 g2 a∗1
+ i
a2 e−iδt [ρ(p + 1, p′ ) − ρ(p, p′ − 1)]
∆
g1 g2 a1 ∗ +iδt
a2 e [−ρ(p, p′ + 1) + ρ(p − 1, p′)]
+ i
∆

(G.6)

where ρ(p, p′ ) = ρgg (k, k ′ ). Here, we have assumed that |k1 | = |k2 | = k0 and the recoil
frequency ωr = ~k02 /2m and that the pump and the probe propagate are counter
propagating i.e. |k~1 − k~2 |/2k0 = 1 and p = k/2k0 .
On the other hand, the dynamics of the probe amplitude can be obtained using
Maxwell’s equations with the slowly varying envelope approximation,
(c2 k22 − ω22)a2 − 2i(c2 k2 ∂z a2 + ω2 ∂t a2 ) =

µω22
P̃2
i~gǫ0

(G.7)

where
P̃2 (z, t)eik2 z−iωt =

Nµ X
ρ̃eg (k + k2 , k)
V k

(G.8)

Appendix G: Theoretical model for collective atomic recoil

198

By redeﬁning ω2 to take into account the linear dispersion, the time evolution of the
probe beam, in the single-mode approximation, can be written as,
∂t a2 (z, t) = iN

X
g1 g2
a1 e+iδt
ρ(p − 1, p)
∆
p

(G.9)

Therefore, the coherent dynamics of atom-photon interaction can be deduced by
series of coupled equation given by Eqs. (G.6, G.9). We treat the incoherent part of
interaction such as inelastic photon scattering and atomic collision, as extra damping
terms both in photonic and atomic dynamics. Because of the decoherence among different momentum classes, we consider that only the ﬁrst order coherence of the form
η(p) ≡ ρ(p + 1, p)eiδt , are important. We neglect the higher order coherence among
diﬀerent momentum classes. Therefore, we obtain a set of coupled equations describing the dynamics of the ground state populations, coherences and the amplitude of
the probe ﬁeld:

∂t Π(p) = 2ℑ[β ∗ a2 (−η(p) + η(p − 1))] − γpop (Π(p) − Πth (p))
∂t η(p) = i(4ωr (p2 − (p + 1)2 ) − δ(t) + iγcoh )η(p)

∂t a2

− iβa∗2 (Π(p + 1) − Π(p))
X
= iβN
η ∗ (p − 1) − κ/2(a2 − ain )

(G.10)

p

where γpop (γcoh ) are the population (coherence) relaxation rates respectively. The
coupling coeﬃcient is β = g 2a1 /∆, and Πth is the initial thermal distribution of the
atoms. The cavity decay rate in the free space limit can be approximate by the inverse
time needed for a photon to traverse the atomic ensemble i.e. κ ≃ c/L where L is
the length of the ensemble. We have also assumed that g1 = g2 = g.
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These coupled equations describe a rich dynamics that ensue as a consequence of
the high-gain RIR and can explain optical bistabilities due to momentum coherence.
But before elaborating on the experiment, to clarify the physics of these equation, we explore diﬀerent limiting regimes of interaction between light and the motional degrees of freedom of atoms depending on the decoherence rate and width of
the momentum distribution ∆p. First, we consider the regime where all coherences
among diﬀerent momentum classes are absent either because of high temperature
√
( mkB T ≃ ∆p ≫ ~k) or any other source of decoherence. Therefore only populations in diﬀerent momentum states governs the dynamics. We show that the dynamics
of the system can be described by a classical diﬀusive model where momentum population transfer occurs among momentum classes (Sec. G.3). In contrast to the ﬁrst
regime, in Sec. G.4, we analyze the sub-recoil temperature regime (∆p ≪ ~k) in the
strong coherent limit. A Bose-Einstein condensate falls into this regime. We show
that the system dynamics can be reduced to a set simple three coupled diﬀerential
equations. Depending on the probe intensity, we can deduce the superradiance and
Rabi oscillation behaviors from these equations. On the other hand, the intermediate
temperature regime (∆p ∼ ~k) where the momentum coherence is still present, is
the relevant case to our experiment which is used to explain the observed bistable
behavior (Sec.5.2).
In this section for simplicity, the pump is considered to be non depleted (which is
a fulﬁlled approximation for low optical densities)and therefore the dynamics of the
a1 is neglected. However, in the numerical simulation of Sec.5.4, the depletion of the
pump is taken into account since the high gain limit the pump is depleted.

Appendix G: Theoretical model for collective atomic recoil

G.3

200

Limit of large decoherence: Population diffusion

In a regime where the coherence relaxation rate γcoh is very large i.e. γcoh ≫ |βa2 |,
the coherence between diﬀerent momentum states can be adiabatically eliminated to
obtain
η(p) ≈ βa∗2

4ωr

Π(p + 1) − Π(p)
− (p + 1)2 ] − δ + iγc

[p2

(G.11)

We note that we have assumed the two-photon detuning is changing slowly comparing
to the decoherence rate, i.e. δ̇/δ ≪ γc . Therefore, the detuning can be considered
constant on this time scale. By plugging the momentum coherence back into the
population equation, we obtain a diﬀusion equation for the population of diﬀerent
momentum states:
∂
Π(p) = −γpop Π(p)
∂t

(G.12)

γcoh [Π(p) − Π(p + 1)]
+ (−δ + 4ωr [p2 − (p + 1)2 ])2
γcoh [Π(p) − Π(p − 1)]
− 2β 2 |a2 |2 2
γcoh + (−δ + 4ωr [(p − 1)2 − p2 ])2

− 2β 2 |a2 |2

2
γcoh

On the other hand, the dynamics of the probe is given by
X
κ
Π(p + 1) − Π(p)
∂
a2 = iNβ 2 a2
− (a2 − ain )
2
2
∂t
−δ + 4ωr [p − (p + 1) ] − iγcoh 2
p

(G.13)

In the limit of a large momentum spread, the propagation of the probe ﬁeld is characterized by a gain coeﬃcient
2

g(δ) = −iNβ a2

Z

Π(k + 2k0 ) − Π(k)
dk
δ + 4ωr + 2ωr kk0 + iγcoh

(G.14)
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We assume a Maxwell-Boltzmann distribution of momentum Π(k) =

k
√ 1
e− 2mkT
2πmkT

.

Approximating the population diﬀerence by Π(k + 2k0) − Π(k) ≈ 2k0 ∂k Π(k) and
the Lorentzian by a Dirac’s delta-function, we recover a frequency dependent gain
coeﬃcient for the probe consistent with Ref. [40].
Moreover, it is easy to show that if the probe-pump frequency is far detuned
form the recoil-induced resonance, Eq. G.13 reduces to a simple diﬀusion equation.
q
kB T
In particular, when δ ≫ k0 v̄, where v̄ =
is the characteristic spread in the
m
velocity distribution, the right hand side of Eq. G.13 can be simpliﬁed to the second

derivative of momentum distribution, i.e. Π(p + 1) + Π(p − 1) − 2Π(p) ∝ ∂k2 Π(k).
Therefore, the momentum diﬀusion will be characterized by a diﬀusion coeﬃcient
k2

0
β 2 a22 γcoh
.

G.4

Subrecoil Limit

In the opposite limit, in an atomic ensemble with a very low temperature and
negligible decoherence, the width of the momentum distribution is less than the recoil
momentum. In this case, the density matrix of the system has only two relevant
parameters: the population diﬀerence and the coherence between the two momentum
classes p0 and p0 + 1. Introducing the parameters ξ = η(p), W = Π(p0 + 1) − Π(p0 )
and A = −ia2 , we obtain a closed set of equations

dξ
= −iδ ′ ξ + βA∗ W − γcoh ξ
dt
dW
= −2βAξ + c.c.
dt

(G.15)
(G.16)
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dA
= βNξ ∗ − (A − Ain )
dt
2
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(G.17)

where δ ′ = 4ωr (2p0 + 1) + δ(t). These equations are consistent with the evolution
equations from a Gross-Pitaevskii model [53]. This set of equations lend themselves
to simple solutions in two extreme cases.
First, in the case of no input probe i.e. Ain = 0 and large attenuation in free
space i.e. κ ≃ c/L ≫ δ ′ , γcoh , the light ﬁeld can be adiabatically eliminated to obtain
A ≈ 2βNξ ∗ /κ. Further, if δ ′ = 0, the equations for the coherence and the population
diﬀerence reduce to
dξ
β 2N
= −γc ξ + 2
ξW
dt
κ
dW
β 2N 2
= −4
|ξ| + c.c.
dt
κ

(G.18)
(G.19)

which allow a superradiant solution of the form [131, 53],



2γc κ
1 + tanh[(β 2 N/κ − γc )(t − td )]
W = −1 + 1 − 2
β N

(G.20)

where we have assumed that initially the total population is in the momentum state p0 .
Therefore, the ﬂux of photon which is proportional to κ|ξ|2 exhibits a superradiance
with a gain equal to β 2 N/κ = N(g 2 a1 /∆)2 /κ.
On the other hand, in the presence of a signiﬁcant input probe beam, in other
words (g 2 a1 /∆)Ain ≫ β 2 /κ, it can be assumed that the probe is not aﬀected by the
atomic dynamics. In this case, the population diﬀerent is given by
W (t) = e−γc t/2 (cos ΩR t +

γc
sin ΩR t)
2ΩR

(G.21)

and the system exhibits Rabi oscillations between momentum states p0 and p0 +1with
p
a frequency ΩR = (g 2 a1 /∆)2 A2in − γc2 /4.

