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In this paper, we demonstrate the concept of simultaneous controlling of the phase and the polarization handed-
ness of a circularly polarized (CP) incident beam over an array of bilayer double split-loop resonators (DSLRs).
The physical parameters are optimized by means of the finite-difference time-domain method in such a way that
each unit-cell exhibits the half-wave-plate response. By simply rotating the unit-cell, the phase shift of the trans-
mitted cross polarized beam can be controlled in the range of 0 − 2π without any restrictions. This plasmonic
metasurface provides optimal cross polarization transmission efficiency (>70%) at 1.55 μm wavelength. An
array of DSLRs with helicity dependency and spatially varying phase response offers the possibility of designing
anomalous bending and bifunctional (convergence/divergence) metasurfaces in which the bending direction
and convergence/divergence feature can be directly controlled by the handedness of the impinging CP wave.
Furthermore, a metalens with the capability of converting a CP Gaussian beam into a uniform irradiance profile
(flat-top beam) is designed, and the performance of structure is evaluated in detail. All the designs are composed of
the same DSLR elements with space-variant orientations. © 2016 Optical Society of America
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1. INTRODUCTION

The development of artificially engineered metamaterials
(MTMs) stems from the recent demonstration of their unique
electromagnetic properties including negative refraction [1–3],
subdiffraction imaging [4–8], and invisibility [9–12]. In com-
parison to the traditional lenses and imaging devices, MTMs
provide an alternative approach to wave manipulation with
reduced thickness and higher resolution. In spite of these
advances in imaging devices and metalenses, the implementa-
tion of MTMs is severely challenging due to their high
sensitivity to loss and the fabrication complexity in three-
dimensional (3D) form. In particular, the lens thickness, as
an inevitable parameter to provide the required spatial variation
of refraction effects along the lens, strongly restricts the com-
pactness. In order to surpass the aforementioned bounds,
the investigation of equivalent 2D surfaces, or metasurfaces
(MTSs), capable of performing the same functionality has been
prompted. MTSs, which can be realized by nanopatterning
thin films, can offer a wide range of potential applications

in the design of controllable surfaces, novel waveguiding struc-
tures, absorbers, miniaturized cavity resonators, and frequency
selective surfaces. MTSs are constructed from functional reso-
nant optical nanoantennas. The resonant characteristic plays an
important role in controlling the amplitude, phase, and polari-
zation of the scattered light. The optical properties of each unit-
cell can be tuned through choices of the nanoantenna material,
geometry, physical dimensions, and orientation. By placing
nanoantennas with different scattering functionalities on a sur-
face, space-variant MTSs are obtained which provide more
degrees of freedom in manipulating optical wavefronts.

Recently, the phenomenon of phase discontinuities with ex-
ploitation of the electromagnetic MTSs has attracted consider-
able attention, and it has been used for novel and intriguing
applications by tailoring the phase distribution of MTSs
such as flat lenses [13–15], optical information processing
and analog computation [16,17], manipulation of polarization
state [18,19], wavefront engineering in reflection/transmission
modes [20–24], manipulating orbital angular momentum of
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light [25], and 2D/3D holography [26–30]. As described by
the generalized Snell’s law [20,21], the physical mechanism be-
hind this technique can be described as an abrupt phase change
which mainly has taken place at the interface of the lens.
Therefore, the recent realization of MTSs or MTMs of reduced
dimensionality indeed can replace the traditional lenses in
which the required phase has been obtained by the phase ac-
cumulation along the lens.

So far, the majority of proposed MTSs have been focused on
manipulation of the phase and amplitude of the linearly polar-
ized waves [13,14,17,18,22,23,28–31]. Here, we are interested
in controlling the transmission phase for the cross polarization
of the circularly polarized (CP) waves as it provides a better
mean for phase control [32–34]. We will focus on the design
and optimization of thin double-layer split-loop resonators
(DSLRs), which can change the handedness of a CP incident
wave (similar to a half-wave plasmonic plate) and simultane-
ously introduce an orientation-related phase shift from 0 to
2π for the transmitted field, while efficient transmission ampli-
tude is also achieved. The desired characteristics—same trans-
mission amplitudes and 180° phase shift between the two
orthogonal linearly polarized incident beams (parallel and
perpendicular to the optical axis)—can be realized by tuning
the resonance of each split-loop resonator (SLR) through alter-
ing the inner and outer radii, thickness, and size of the gap.
Consequently, the rotation of the DSLRs gains an arbitrary
phase shift for the CP incident wave based on the
Parancharatnam–Berry (PB) geometric phase manipulation
[35,36]. In Section 2, we investigate the transmission perfor-
mance of periodic arrays of such inclusions and their optimal
performance properties in such a way that high cross transmis-
sion (>70%) and low cotransmission (<30%) for CP incident
wave as a desired property is guaranteed. In comparison to the
other recently proposed planar MTSs, the most significant ad-
vantage of our proposed lens resides in the fact that its operat-
ing principle is based on the phase shift obtained by rotation of
the elements without any modification of the geometrical
dimensions. This straightforward technique can generate a
smooth phase shift from 0 to 2π and obviates the need for ex-
haustive parametric studies. Furthermore, the optimization has
been carried out in such a way that the unit-cell guarantees the
optimal trade-off between the transmission performance and
the compactness. In Section 3, the unit-cells with different geo-
metrical orientations are placed on a surface to create space-
variant MTSs. Our study reveals that the phase discontinuity
on the lens can be metamorphosed by controlling the helicity of
the CP wave. We leverage this bifunctionality of the proposed
lens with respect to the handedness of the incident polarization
in order to realize different light manipulations and optical
beam shaping techniques such as the anomalous wavefront
bending and converging/diverging of a CP plane wave.
Moreover, we employ the theory of lossless beam shaping to
design a MTS for converting a CP Gaussian beam into a beam
with a uniform irradiance. This kind of beam, which is nearly
constant over a specified area, is commonly called a flat-top
beam. The proposed beam shaper integrates phase filter and
focusing lens elements into a single optical metalens which
offers simple fabrication and a compact optical system design.

In addition, a collimated uniform irradiance beam is realized by
utilizing a conjugate phase lens at the target plane of the optical
system. Thus, the uniform beam can propagate for longer
distances beyond the target plane [37–39]. The conclusion
is drawn in Section 4.

2. PLASMONIC MTS ELEMENT DESIGN

We are interested in designing a MTS which enables us to
control the phase shift of the transmitted field and convert
the left-handed CP (LHCP) wave to a right-handed CP
(RHCP) wave and vice versa, at the same time. This function-
ality can be achieved by exploiting a structure with half-wave-
plate response. Recently, the characteristics of the multimaterial
concentric loop nanoantennas in low and high coupling
schemes have been studied by Mosallaei’s group in [40,41].
In particular, two concentric loops which are made of various
materials—silver, gold, indium tin oxide, and aluminum-doped
zinc oxide—have been investigated, and a framework to control
the resonances and design low-coupled and high-coupled loop
MTSs by tuning the physical parameters has been presented.
Following this idea, we consider a bilayer DSLR as shown in
Fig. 1. Figure 1 illustrates the schematic diagram of one unit-
cell of a periodic quadratic structure with the lattice constant of
P consisting of two layers of DSLRs which are separated by a
dielectric slab (SiO2) with permittivity of ϵh � 2.2 and thick-
ness of h. The inner loop of the investigated structure has inner
radius of R1, outer radius of R2, gap with opening angle of α1,
and thickness of t. The outer loop has inner radius of R3, outer
radius of R4, and gap with opening angle of α2. The two layers
of DSLRs have exactly the same geometry. The DSLRs are
made of silver, and the optical behavior of this noble metal
is described through its dispersive permittivity, which can be
approximated with a Drude model in the near-infrared (NIR)
spectral region as

Fig. 1. Schematic of the unit-cell of a period of bilayer DSLRs:
(a) x–z plane (cross-sectional view), (b) y–z plane (top view), and
(c) 3D view. (d) Illustration of the principle of PB phase on the
Poincaré sphere.
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where ϵ∞ � 5, the plasma frequency is ωp � 2π × 2.175 PHz,
and the collision frequency is Γ � 2π × 4.35 THz [42,43].
The silver DSLR configuration can be experimentally imple-
mented by using the well-known method of electron-beam
lithography, followed by e-beam silver evaporation and lift-
off procedures [44–49].

Here, we describe the behavior of this optical element based
on the PB geometric phasemanipulation. It has been shown that
if the polarization of an incident light beam traverses a closed
path in the space of polarization states of light (Poincaré sphere),
it acquires a geometric phase in addition to the dynamic phase
from the accumulated path length. The final state differs from
the initial state by a phase factor equal to half of the solid angle
encompassed by the path on Poincaré sphere �j2�θ2 − θ1�j�
[35,36]. Figure 1(d) illustrates the concept of PB on the
Poincaré sphere. It can be concluded that by arbitrarily rotating
a MTS with half-wave-plate functionality by θ, a CP incident
light beam will be fully transformed to a beam of opposite
helicity (from purely RHCP to LHCP or vice versa) and influ-
enced with a geometric phase equal to�2θ. By controlling the
local orientation of the PB elements between 0 to π, any desired
phase modification can be achieved in the range of 0 to 2π.

For an incident plane wave jE ini with an arbitrary polari-
zation state, the transmitted field of the PB elements jEouti
can be calculated by using the Jones calculus as [33,50]

jEouti �
ffiffiffiffiffi
ηE

p jE ini �
ffiffiffiffiffi
ηR

p
e�i2θjRi � ffiffiffiffiffi

ηL
p

e−i2θjLi;
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���� 12 �ty � tzeiφ�

����
2

;

ηR �
���� 12 �ty − tzeiφ�hLjE ini

����
2

;

ηL �
���� 12 �ty − tzeiφ�hRjE ini

����
2

; (2)

where jRi � � 1 0 �T and jLi � � 0 1 �T denote the RHCP
and LHCP unit vectors, respectively. ηE, ηR , and ηL are the
magnitudes of the coupling efficiencies to the different polari-
zation orders. Here, we use Dirac bracket notation, where h·j·i
denotes an inner product. tz and ty are the transmission coef-
ficients for the light polarized parallel and perpendicular to the
optical axis [in Fig. 1(c)], and ϕ is the phase retardation
between these linear polarization states. From Eq. (2), it is ap-
parent that the emerging beam comprises three polarization
states, which can be described as follows: the first remains with
the original polarization state and the phase of the incident
beam, the second is RHCP with a phase modification of �2θ,
and the third is LHCP with a phase modification of −2θ.

When the incident wave is purely LHCP (RHCP), the ef-
ficiency of ηL(ηR) is equal to zero. Therefore, Eq. (2) indicates
that the transmitted field comprises two polarization orders.
The first term has the phase and polarization state similar to
the incident wave, and the second term (third term) exhibits
opposite handedness and experiences a phase pickup equal
to �2θ, in which the sign should be selected with respect
to the helicity of the incident CP wave and the rotation

direction of the unit-cell. For the ideal case of ty � tz � 1
and ϕ � π, an incident wave with right-handed polarization
jRi leads to total polarization state conversion and results in a
transmitted field as [36]

jEouti � e−i2θjLi: (3)

Equation (3) can clearly demonstrate that an incident CP wave
will change its handedness of polarization and simultaneously
acquire a phase shift of −2θ. In order to design a MTS that
operates with this functionality at λ � 1550 nm (f �
193.5 THz), the structural parameters are selected by a paramet-
ric analysis as follows: P � 415 nm, h � 200 nm, R1 �
90 nm, R2 � 110 nm, R3 � 160 nm, R4 � 180 nm, α1 �
20°, α2 � 60°, and t � 40 nm.

The finite-difference time-domain (FDTD) method is uti-
lized to simulate the transmission characteristics of the bilayer
DSLRs. The periodic boundary condition is applied at y- and
z-directions, and the absorbing boundary condition is applied
to the x-direction. The amplitude and phase of the transmission
coefficients versus frequency with rotation angle of θ � 0 are
plotted in Fig. 2. It is observed from Figs. 2(a) and 2(b) that the
amplitudes of both y-directed and z-directed components are
equal (the insertion loss is 2.88 dB) and phase difference
between them is 176.64° (≈180°) at the operating frequency
of f � 193.5 THz. It is worth noting that although silver
has some absorption at the operating frequency, the structure
could satisfy closely the aforementioned conditions of a lossless
half-wave plate.

There are several interesting points about the corresponding
MTS. The bilayer DSLRs are utilized to overcome the challenge
of intrinsically low transmission amplitude of the single-layer unit-
cell. In addition, the double layer can guarantee the possibility

Fig. 2. (a) Amplitude and (b) phase of the transmission coefficients
for the y- and z-polarized incident waves. (c) Phase difference between
transmitted Ey and Ez . The results are obtained for the reference
unit-cell with the rotation angle of θ � 0.
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of achieving the required phase difference (∠ty − ∠tz � 180°)
[51,52]. It has been shown that the transmission response of
the double layer can cover a wider range of phase differences
between the incident and transmitted fields (∠ty and ∠tz) and
thus can facilitate the design procedure, as shown in Figs. 3(c)
and 3(d) in [53]. Although due to the frequency dispersion, the
ideal half-wave-plate conditions can be met only at the single
frequency of f � 193.5 THz, and the phase difference of the
transmitted linearly polarized components smoothly changes
around the operating frequency with the phase bandwidth of
173–218 THz. This region (180°� 20°) is shown by the shad-
owed area in Fig. 2(c). On the other hand, the ratio of the am-
plitudes of the transmitted linearly polarized components is
within the range of 0.7–1.3 in 191.1 to 196.4 THz. It can
be concluded that the acceptable operating frequency range is
191.1 to 196.4 THz in which the performance of the MTS
as a half-wave plate is still satisfactory. The optimization has been
carried out in such a way that we obtain the optimal trade-off
between transmission performance and the compactness of the
unit-cell. The total thickness of the lens is chosen as 280 nm,
which is lower than λ∕5.5 at the operating frequency.

It has been discussed in [54–57] that an incident electro-
magnetic wave can excite the magnetic resonance of a SLR
while the external magnetic field is perpendicular to the
SLR plane (the propagation direction is parallel to the SLR)
or if the incident electric field is oriented along the direction
in which the SLR does not have mirror symmetry (the propa-
gation direction is perpendicular to the SLR). The latter case
corresponds to a weaker resonance, which takes place due to the
electric coupling of the incident EM wave to the magnetic res-
onance of the SLR. In order to illustrate this fact, we first treat
the SLRs separately and focus on the inner split loop. Let us
assume that an incident electric field with polarization
perpendicular to the gap of the inner SLR (Ez) is illuminated
to the structure; the near-field distribution is depicted in
Fig. 3(a). Since the incident light preserves the symmetry of
the inner SLR, currents with opposite directions are induced
in each half-arm, which causes the electric field in the gap to
vanish, and no resonance will be observed. On the other hand,
the outer split loop has been rotated counterclockwise in our
design by 90° relative to the inner split loop. Therefore, the
outer loop does not have mirror symmetry with respect to
the incident electric field direction, which causes the excitation
of the magnetic resonance. Figure 3(b) illustrates the near-field

distribution when the structure is illuminated by the electric
field with polarization perpendicular to the outer SLR’s gap
(Ey). It is clearly shown that the electric field is strongly con-
fined at the inner split loop’s gap, and the resonance occurs.
However, the outer split loop, due to the mirror symmetry with
respect to the incident electric field direction, does not expe-
rience a resonance (the electric field vanishes in the gap). It
can be concluded that two distinct resonances occur when the
structure is illuminated by two orthogonal linear polarizations
perpendicular to the gaps of SLRs, and each resonance can be
controlled independently.

To further demonstrate the prediction of Eqs. (2) and (3)
regarding the relation between the geometric phase modifica-
tions of the transmitted electric field and the variation of the
orientation angle of the unit-cell, the simulated amplitude and
phase response of the structure when illuminated by a CP wave
are plotted versus rotation angle θ � �0; π∕2� in Fig. 4 (the
FDTD results for the other rotation angles, θ � �−π∕2; 0�, have
a great agreement with the theoretical approach as well). The
transmission coefficients of CP waves can be converted from
the linear transmission coefficients using the Jones matrix
method as discussed in [58–62]. In Fig. 4, “In” and “Out” cor-
respond to the incident and transmitted CP waves, respectively.
For the transmitted components with the opposite handedness
[LHCP–RHCP and RHCP–LHCP], the full-wave simulation
results prove the claim that the CP wave passing through the
structure gains a phase shift which is equal to twice the rotation
angle of the unit-cell [as shown in Fig. 4(b)], which is consistent
with the theoretical expectations in Eqs. (2) and (3). In addi-
tion, it should be mentioned that for cotransmitted fields
(LHCP–LHCP and RHCP–RHCP), there is no phase change
regardless of the unit-cell rotation.

In this design, it is desirable to attain a low insertion loss and
a large polarization extinction ratio (i.e., the level of cross-
transmission to cotransmission). FDTD simulation results

Fig. 3. Near field distribution of the electric field around the
DSLRs at the operating frequency of f � 193.5 THz. Two different
illumination polarizations are considered: (a) Ez and (b) Ey . The
distributions are computed in the y–z plane through the top of the
substrate.

Fig. 4. FDTD simulation results for the transmission (a) amplitude
and (b) phase variation with respect to the rotation angle θ for the
normal incident CP waves. “Out” and “In” denote the handedness
of transmitted and incident waves, respectively. Two layers of
DSRLs are rotated identically.
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reveal that the amplitudes of the cross transmission coefficients
for CP incidence (LHCP–RHCP and LHCP–RHCP) are al-
most independent from the orientation angle of the unit-cell,
and the insertion loss varies slightly with rotation angle from
1.7 to 2.62 dB. We also observe that the extinction ratio is
better than 7.5 dB for all rotation angles. Therefore, by arrang-
ing the unit-cells with different orientations, it is possible to
adjust the local spatial phase variation in such a way that it
can effectively manipulate the impinging field for the desired
operation. Due to the fact that any desired phase modification
in the range of 0 to 2π can be achieved without any limitations
only by arbitrary rotation, this method provides full control
over the wavefronts.

3. RESULTS AND DISCUSSION

A. Anomalous Wavefront Bending

Here, we propose a MTS with individual elements rotated in
such a way that the aperture can feasibly bend an incident CP
wave. The characteristics of the flat MTS for the beam bending
can be designed with the refraction phase shift in the y–z plane
as follows [13,63]:

ϕ�y� � 2π

λ
y sin θbending: (4)

In order to realize a refraction with the bending angle of
θbending � 30°, the required phase profile φ�y� is plotted as
a solid blue line in Fig. 5. The supercell along the y-axis in-
cludes eight elements with rotation angles between 0 and π,
and the unit-cells along the z-direction have the same rotation
angle. The red dashed line in Fig. 5 corresponds to the phase
distribution obtained by the FDTD simulation at the distance
of 600 nm (≈0.4λ) after the structure under the LHCP inci-
dent wave. In Figs. 6(a) and 6(b), we simulate the transmitted
electric field distribution for normal RHCP and LHCP illumi-
nations, respectively. It can be observed that the bending angle
of the transmitted electric field is almost 30° for both cases,

which confirms the analytical approach. There is an important
point which should be addressed regarding the bending differ-
ence in Figs. 6(a) and 6(b). For an incident RHCP (LHCP)
beam, the major part of the light changes handedness to
LHCP (RHCP) and experiences a phase pickup equal to
−2θ (2θ) for clockwise rotation upon propagation through
the structure. Therefore, it reveals the concept of anomalous
refraction functionality for different hands of the circular
polarization as shown in Figs. 6(a) and 6(b). Furthermore, this
anomalous functionality can be observed if the rotating direc-
tion of the unit-cells is reversed when the lens is illuminated by
a fixed incident polarization.

B. Bifunctional Wavefront Manipulation for
Divergence and Convergence

In order to focus an incident CP plane wave, the MTS must
actualize a spatially varying phase shift. The following expres-
sion, which can be derived by simple geometrical arguments,
can describe the relationship between the required focusing
behavior and the phase shift of each nanoantenna [13,63]:

φ�y� � 2π

λ
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2 � y2

q
− f �; (5)

where f is the focal length. In our approach, the continuous
phase function is approximated with discrete steps in the y-di-
rection, and the unit-cells along the z-axis have the same rota-
tion angle. The rotation of each quantized phase element is
described by θ�y� � 0.5φ�y�, where θ�y� is the rotation angle.
Figure 7(a) illustrates the schematic of the designed 22-element
focusing lens with clockwise rotation for the focal length of 2λ
and the wavelength of 1550 nm. In Fig. 7(b), the required in-
terfacial phase distribution is shown as a solid blue line, and the
red dashed line indicates the full-wave FDTD simulation result
for the realized phase distribution at a distance of 570 nm
(≈0.4λ) after the aperture for the LHCP incident polarization.
A great agreement is observed between FDTD and theoretical
results.

The simulated field distribution at the operating frequency
(f � 193.5 THz) reveals that the MTS lens can converge and
diverge the cross polarization component. Figures 7(c) and 7(d)
show the electric field distributions under the LHCP and
RHCP incident waves, respectively. In Fig. 7(c), it can be

Fig. 5. Required phase discontinuity to bend the impinging LHCP
plane wave with the refraction angle of 30° at the wavelength of
1550 nm. The solid blue line corresponds to the theoretical result
which is obtained from Eq. (4), and the dashed red line is the numeri-
cal result at 600 nm after the structure under the LHCP incident wave.
The square markers indicate the sampling of the phase profile using
the eight elements with the step size of 415 nm along the y-axis.

Fig. 6. FDTD simulated distributions of the real part of the cross
polarized electric field for a metasurface composed of eight clockwise-
rotated unit-cells with period of 415 nm under (a) RHCP and
(b) LHCP incident waves.
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clearly seen that the MTS operates as a converging lens with
focal length of f � 2λ for the normal LHCP incident wave.
Conversely, when the handedness of the CP incident wave is
changed to RHCP, the proposed MTS behaves as a diverging
lens as shown in Fig. 7(d). It is worth mentioning that if the
DSRLs are rotated counterclockwise, the expected phase distri-
bution, which is shown in Fig. 7(b), is changed from positive
(convex shape) to negative (concave shape). Consequently, the
lens causes the converging of the impinging RHCP wave
and diverging of the LHCP light. To sum up, this single lens
has the bifunctionality of convergence and divergence, which
can be considered as a special privilege in comparison to the
conventional lenses.

C. Flat-Top Beam

Here, we employ the theory of lossless beam shaping in order to
investigate the possibility of mapping an initial irradiance dis-
tribution of a CP Gaussian beam at the plane x � 0 into a
beam with uniform irradiance profile, which is called a flat-
top beam, at the target plane x � f flat-top. According to the
geometrical optics (GO) theory, if we suppose the system does
not absorb or block out the energy of the impinging beam (the
energies of the incoming and outgoing waves are the same), it is
possible to map a beam with arbitrary spatial distribution of

I�s� to a beam with desired irradiance profile of Q�s�. This
analysis is carried out in three steps. The detailed discussions
can be found in [64]. First, in order to satisfy the conservation
of energy of the light beam, we define a normalization constant
A which relates I�s� to Q�s�, and it can be calculated as

A �
R
∞
−∞ I�s�dsR∞
−∞ Q�s�ds : (6)

Second, we determine the function of α�ζ� which maps beams
over the MTS to the beams at the target plane. This function
can be obtained from [64]Z

ζ

−∞
I�s�ds � A

Z
α�ζ�

−∞
Q�s�ds: (7)

Equation (7) is another representation of the energy conserva-
tion, which means that the total energy of the rays with geo-
metrical positions smaller than ζ must be equal to the energy of
the rays at the target plane bounded by α�ζ�. In particular,
Eq. (7) can be rewritten in a differential form as

Q�α� dα
dζ

� 1

A
I�ζ�: (8)

Finally, we determine the function φ�ξ� that provides the phase
shift introduced by beam shaping elements. By employing
Fermat’s principle and assuming that the total travelling time
of a ray which comes from a distance of x � −∞, passes
through the lens, and ends up to a point at the focal plane
should be stationary, the relation between φ�ζ� and α�ζ�
can be expressed as [64]

dφ
dζ

� α�ζ�: (9)

The GO approximation is only valid for short wavelengths
(high frequencies) where the diffraction effects are negligible.
In order to examine the validity of the GO estimation, the di-
mensionless parameter of β � �2πRD�∕f λ is defined. R andD
are the characteristic lengths of incoming and output beams,
respectively. When β is large, the diffractive effect is negligible
and the GO approximation is valid.

By enforcing Eqs. (6)–(9), the closed-form expression of the
required phase distribution for converting a Gaussian beam to a
flat-top beam can be achieved for the 1D case as [37–39,64]

ϕy

�
ξ �

ffiffiffi
2

p
y

w0

�
� βy

� ffiffiffi
π

p
2

ξ · erf �ξ� � 1

2
exp�−ξ2� − 1

2

�
;

(10)

βy �
2

ffiffiffiffiffi
2π

p
w0y0

f flat-topλ
: (11)

In Eq. (10), w0 is the incident beam waist at 1∕e peak intensity,
y0 is the half-width of the desired flat-top spot size, λ is the
wavelength, f flat-top is the distance of the flat-top beam from
the lens, and erf �·� is the Gauss error function. The 2D prob-
lem can be easily separated to the product of two 1D cases in
which the corresponding desired phase can be achieved by
ϕtot � ϕx�x� � ϕy�y�. The expected phase discontinuities
for turning a Gaussian beam to a circular flat-top beam can
be calculated with a similar approach as described in [64]:

Fig. 7. (a) Schematic of the designed plasmonic MTS which con-
tains 22 clockwise-rotated elements, (b) desired and realized phase
discontinuities to carry out a focusing lens with the focal length of
2λ at the wavelength of 1550 nm under LHCP incident wave, and
(c)–(d) distributions of the electric field amplitude for the LHCP
and RHCP incident lights, respectively, which are obtained by
full-wave FDTD simulation.
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ϕtot

�
ξ �

ffiffiffi
2

p
r

w0

�
� βr

� ffiffiffi
π

p
2

Z
ξ

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − exp�−ρ2�

q
dρ

�
: (12)

βr �
2

ffiffiffiffiffi
2π

p
w0r0

f flat-topλ
; (13)

where r �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � y2

p
is the radial distance from the optical axis

and r0 is the radius of the circular-shaped beam. In addition to
this phase lens, Romero and Dickey demonstrate that a second
focusing lens is necessary to perform the Fourier transform and
create the desired flattened beam in the focal plane [37,64].
To achieve this functionality, we need to integrate the phase
lens and the focusing lens in a single compact beam shaper
metalens. The total phase function will then be [65,66]

ψ � ϕtot −
πr2

λf flat-top

: (14)

In Eq. (14), the second term on the right-hand side comes
from the focusing lens contribution. Consider the case in which
a square spot is desired at the distance of f flat-top � 10λ away
from the optical system. The target spot dimension is y0 � 4λ,
and a laser is applied to produce a CP incident Gaussian beam
with the waist of w0 � 3.87λ. It is shown in Section 2 that the
required phase profile, ψ�y; z�, can be generated by rotating the
phase elements when the rotation angle is half of the required
phase [θ�y; z� � 0.5ψ�y; z�]. A MTS including 81 × 81 array
(≈22λ × 22λ) is designed to realize a square-shaped flat-top
beam with the aforementioned parameters.

Direct solution of the whole large array by a volume discre-
tization technique, such as FDTD, is computationally expen-
sive. As a result, we apply the field equivalence principle so
from tangential fields on a surface in the vicinity of the
array we can calculate the electromagnetic fields at any place
in space [67]. Basically, we utilize FDTD with a local periodic-
ity assumption to determine the field performance for each
unit-cell and then collect the information for the field profile
of the whole lens right after the MTS. The actual phase dis-
tribution of the array will be very similar to the theoretical pre-
diction based on local periodicity as long as there is not a drastic
phase change between the neighbor elements of the lens (which
is usually the case); as such, the theoretical calculation can be
used to determine the field profile of the whole array right after
the MTS. Then, from this field profile it is possible to obtain
the electric and magnetic fields at any point in space efficiently
[14,68–70].

The required phase delay for the proposed design is plotted
in Fig. 8(a). The amplitude of the electric field distribution for
the LHCP incident Gaussian beam is sketched in Fig. 8(b). As
expected, the handedness of the impinging beam is changed to
RHCP and the flat-top beam is formed at x � 10λ. The beam
has relatively constant irradiance equal to 0.5 in a region with
size of 6λ, and the shaped beam waist at 1∕e peak intensity is
4.57λ. In Fig. 8(c), the electric field intensity is plotted in the
y–z plane at the target plane, and it clearly shows the conversion
of the CP Gaussian beam to the square-shaped flat-top beam in
the presence of the lens. Figure 8(d) shows the intensity of a
CP Gaussian beam in the y–z plane at x � 0 with waist of
w0 � 3.87λ. The perfect flat-top beam can only be obtained

at the target plane, and the profile quickly deteriorates beyond
it. In order to provide more clarification regarding this phe-
nomenon, the transmitted cross polarized electric field inten-
sity (RHCP) is plotted at different distances (x � 5λ; 10λ,
and 15λ) in the presence of the lens in Fig. 8(e). The
dashed–dotted line corresponds to the intensity of the LHCP
incident Gaussian beam in the absence of the structure at
x � 10λ. The flat-top beam quality can be controlled mainly
by β. Low values of β cause the target spot to be more rounded
with a wider skirt region. In contrast, the higher values of β lead

Fig. 8. (a) Required phase distribution for realizing a square shaped
flat-top beam with 81 × 81 array of DSLRs with clockwise rotation.
(b) Result for the propagation of the RHCP beam after the lens in the
x–y plane. The flat top is found around 10λ as predicted by theory. 2D
intensity patterns of (c) the square shaped flat-top beam and (d) the
incident Gaussian beam. (e) The dashed–dotted line represents the
field profile when the structure is absent. The dotted, solid, and dashed
lines correspond to the intensity of RHCP electric field at different
distances (x � 5λ; 10λ, and 15λ) in the presence of the lens.
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to an ideal uniform intensity profile with a narrow skirt and
infinitely steep sides. It has been observed that the generation
of an ideal flat-top beam is possible when β > 4. As is implied
by Eq. (11), β can be increased by enlarging the target spot,
reducing the wavelength, increasing the waist of the Gaussian
beam, and shortening the focal length. On the other hand, by
increasing β the phase profile varies more rapidly and the reali-
zation of the quantized domain becomes more challenging.
Therefore, the quality of the target spot can be selected to
be in line with the application [64]. Here, β is chosen to be
equal to 7.76, which leads to a promising agreement between
the designed and the realized parameters such as flat-top spot
size and the position of the flattened beam.

Next, we investigate a structure with the same structural
parameters as in the previous example except the required phase
distribution on the lens is modified in such a way that a round-
shaped flat-top beam can be formed at the target plane. The
required phase pattern is obtained from Eqs. (12) to (14)
and is plotted in Fig. 9(a). Figure 9(b) shows the intensity of
the electric field distribution for a LHCP incident Gaussian
beam in x–y plane. The position of the optimal flat-top beam
is at x � 10λ with the shaped beam radius of 3.21λ and the
waist of 4.51λ, which is in good agreement with the predicted
parameters by theory. Figure 9(c) is the 3D intensity display of
the shaped beam in the focal plane of the lens. For comparison,
Fig. 9(d) represents the intensity distribution of the incident
Gaussian beam in the absence of the structure at the target
plane. The shaped beam is observed to have a narrower skirt
and an almost flat intensity distribution (≈0.56) at the top of
the beam with small intensity variations.

The optical configuration which is presented cannot simul-
taneously provide both uniform amplitude and phase at the
target plane. Therefore, the desired beam profile will be dev-
astated after the target plane. The generation of a uniform

phase and amplitude beam with the same handedness of the
CP incident Gaussian beam is of particular interest. In this re-
gard, it is possible to utilize a conjugate phase metalens which
consists of DSLRs as building blocks at the target plane in order
to modify the phase distribution in such a way that a uniform
phase front can be obtained as well as a uniform amplitude
profile. Thus, the uniform profile can propagate for consider-
able distances [64]. The optical system for generation of a colli-
mated uniform irradiance beam is sketched in Fig. 10(a). As an
example, the phase distribution of the beam at the target plane
of Fig. 8 is obtained and plotted in Fig. 10(b). The phase of the
conjugate phase lens is designed to cancel the phase of the
uniform irradiance at the target plane of the beam shaping lens.
Figures 10(c) and 10(d) represent the intensity of the flat-top
beam at different distances after the target plane in the absence
and presence of the conjugate phase lens, respectively. The in-
fluence of propagation on the change of the flat-top beam pro-
file is more significant for the noncollimated beam [Fig. 10(c)].
For the collimated beam [Fig. 10(d)], the flat-top beam profile
remains relatively unchanged for nearly 5λ beyond the target
plane. In addition, the intensity of the collimated beam decays
more smoothly than the noncollimated beam; thus it can
propagate for more considerable distances. The only reason
for deterioration of the collimated beam is the diffraction effects
due to its finite size. In other words, the efficiency of collimat-
ing increases with the increment of flat-top spot size. It is worth
noting that the collimated beam as an output of the designed
optical system has the same handedness as the incident CP
Gaussian beam.

4. CONCLUSION

In summary, the possibility of manipulating a CP beam by
bilayer DSLRs at NIR wavelengths 1.55 μm is investigated.

Fig. 10. (a) Optical system for creating a collimated uniform irra-
diance beam. (b) Phase distribution at the target plane of a square-
shaped flat-top beam with f � 10λ, y0 � 4λ, and w0 � 3.87λ.
Intensity of the generated flat-top beam at different distances after
the target plane (c) without and (d) with the phase conjugate lens.
One can see the performance becomes more collimated as the wave
propagates.

Fig. 9. (a) Required phase pattern to achieve a round-shaped flat-
top beam with 81 × 81 array of DSLRs with clockwise rotation.
(b) Distribution of the electric field amplitude for RHCP transmitted
beam in the x–y plane. 3D intensity display of (c) the round-shaped
flat-top beam and (d) the incident Gaussian beam at x � 10λ.
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It is shown that the array of DSLRs provides significant flex-
ibility in designing various kinds of lenses with helicity depend-
ency and space-variant phase shift. The physical mechanism
behind the lens is based on the phase discontinuities that occur
when an impinging CP incident beam is converted into the
opposite handedness of circular polarization and experiences
a geometrical phase pickup equal to twice the rotating angle
of DSLRs. By controlling the handedness of the CP incident
light and the rotation direction of the DSLRs, anomalous
bending and bifunctional (convergence/divergence) MTSs
are designed. The characteristics of the presented designs are
validated with the full-wave simulation results obtained with
the FDTD solver. In addition, we exploited the corresponding
structure to convert a CP Gaussian beam into a uniform irra-
diance beam (flat-top beam). A compact flat-top beam shaper is
proposed which combines the typical phase and focusing ele-
ments into a single optical metalens. In addition, a collimated
uniform irradiance beam is realized by utilizing a conjugate
phase lens at the target plane of the optical system. Thus, the
uniform beam can propagate for longer distances beyond the
target plane.
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