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I. INTRODUCTION

Helium is a prototypical quantum liquid, being the only natural substance that remains

liquid down to zero temperature [1]. The reason for this behavior is the weakness of the

interatomic potential and the smallness of the atomic mass, leading to large zero-point

fluctuations destroying the would-be crystal.

The phase diagram of 4He is schematically depicted in Fig. 1. The solid phase at high

pressure has been left out of the phase diagram; we focus on the gas, the normal fluid,

and the superfluid phases. There are two characteristic temperatures that can be seen

from this phase diagram. The first is the temperature of the superfluid-to-normal phase

transition, T�. This phase transition is second order and occurs at roughly T ⇡ 2.2 K (the

temperature depends slightly on the pressure). The second temperature is the temperature

of the liquid-gas critical point, Tc which is at approximately 5.2 K.

FIG. 1: The schematic phase diagram of physical 4He. The solid phase at higher pressure

is outside of the frame. Solid lines denote first-order phase transitions, dashed lines denote

second-order phase transitions.

One can ask whether this phase diagram should be expected for any fluid which becomes

a superfluid at low temperature. (Here by “fluid” we mean a thermodynamic system that

has a liquid-gas phase transition terminated at a critical point. Typically, such a system is

made out of particles which interact which each other through a potential with a van-der-

Waals-type long-distance attractive tail and a short-range repulsive core.) Because helium is

a unique liquid that becomes a superfluid at low temperature, this question is rarely asked.

But one can, for example, inquire if the liquid-gas critical point can be made to lie inside

the superfluid phase.

In this paper we try to establish the possible phase diagrams of an “ultra-quantum liquid,”

which can be thought of as a hypothetical isotope of helium with a bosonic nucleus lighter

than the 4He nucleus (the alpha particle). Assuming that the mass of the nucleus is still

much larger than the mass of the electron, one can use the Born-Oppenheimer approximation

to treat the motion of the nuclei. In particular, the interaction potential between the atoms
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Quantifying quantum effects

• Lennard-Jones potential

• de Boer parameter

•  Λ<<1: classical liquid/solid (zero point fluctuations 
small)
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Λ = 0.436
Λ = 0.275

Berry, Rice, Ross, Physical Chemistry



“Ultra-quantum helium”

• Imagine that one lowers the mass of the helium 
nucleus, keeping it bosonic. What would happen?

• Born-Oppenheimer approximation: potential 
between atoms unchanged

• lower m, larger Λ (more quantum)

• Thus lighter helium will not solidify at zero 
temperature and zero pressure, but what will 
happen to the phase diagram?



Superfluid phase transition

• Naively: superfluid phase transition = BEC 
transition

• Tc increases when the mass decreases

• Critical temperature of liquid-gas phase transition 
decreases with nuclear mass (neon)

Tc = #
~2n2/3

m
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FIG. 3: The evolution of the phase diagram as one lowers the atomic mass.

• For m1 < m < mphys the phase diagram is topologically the same as that of the

physical 4He (Fig. 1)

• For m2 < m < m1 a tricritical point appears on the line of the superfluid phase

transition. The superfluid phase transition, instead of being always second order,

is now first order at low pressure and second order at high pressure. The junction

between the superfluid, normal fluid and gas phases is now a triple point instead of

being a critical endpoint [3] (Fig. 3a).

• When m3 < m < m2, the liquid gas critical point disappears under the first-order

superfluid phase transition line. The phase diagram now has two phases, a superfluid

phase and a normal phase, separated by a line of phase transition, which is first-order

at low pressure and second-order at high pressure (Fig. 3b).

• For m < m3 the the tricritical point disappears, and the whole line of superfluid phase

transition is second order (Fig. 3c).

While m1 and m2 cannot be computed analytically, the value of m3 can be determined: it

is the value of the mass for which the scattering length for the two atom scattering vanishes.

For the Lennard-Jones parameters (3), this happens when m is approximately 1.58 atomic
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Z2 liquid-gas critical point

U(1) superfluid phase transition

The multicritical point has at least 4 relevant U(1) 
symmetric deformations
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Z2 liquid-gas critical point

U(1) superfluid phase transition

The multicritical point has at least 4 relevant U(1) 
symmetric deformations
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Z2 liquid-gas critical point

U(1) superfluid phase transition

The multicritical point has at least 4 relevant U(1) 
symmetric deformations

But we can tune only 3 parameters: P, T, m
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units. Thus, all the transformations of the phase diagram described above happen in a

relatively small window of nuclear mass, ranging from 1.58 to 4 atomic units.

II. ANALYSIS OF THE MEAN-FIELD THEORY

A. Ruling out the simplest scenario

We now show that the simplest scenario, in which at a critical value of the mass the

phase diagram looks like in Fig. 2, is excluded. In this scenario the a critical point would

have O(2) ⇥ Z2 symmetry. We now analyze this hypothetical critical point from the point

of view of Landau’s theory of phase transition.

We introduce two order parameters: the superfluid condensate  and the liquid-gas order

parameter �.  is complex and the free energy is supposed to have U(1) symmetry  !  e
i↵.

On the other hand, there is no symmetry associated with the order parameter � of the liquid-

gas phase transition, which can be taken to be the density. Writing down all terms in the

free energy to forth order in the expansion over  , and �, we get the most general expression

⌦( ,�) =
t

2
�
2 +

u

4
�
4 � h�+ (t+ em)| |2 + �

2
| |4 � ↵�| |2 � ��

2| |2 (5)

Here we have eliminated the (redundant) �3 term by using the freedom to shift � by an

arbitrary constant �! �+ c (note that there is no symmetry �! ��).
The O(2) ⇥ Z2 critical point is achieved when the coe�cients of t = em = h = ↵ = 0.

This requires fine tuning of four variables, while we can change only three parameters (T ,

p, and the mass of the nucleus). Therefore, the O(2)⇥Z2 critical point cannot be achieved.

B. The overall evolution of the phase diagram

To understand what actually happens, we analyze the mean field theory based on the

free-energy above. For simplicity we set � = 0 and rescale the fields so that ↵ = 1. The

thermodynamic potential in grand canonical ensemble (the negative pressure) that needs to

be minimized in the phase diagram in (t, h) space is

⌦(�, | |) = t

2
�
2 +

u

4
�
4 � h�+ (t+ em)| |2 + �

2
| |4 � �| |2 (6)

Here, (u,�) are assumed to be positive constants, but em is a variable parameter that can

have any sign, and is presumably related to the mass of helium atom. The (t, h) should be

related to the conventional parameters (T, µ) in the ordinary phase diagram.

We now investigate numerically the evolution of the phase diagram of the model given

by Eq. (6) as a function of em. To find the minimum of the free energy, one first notices that

⌦ is quadratic in | |2, so it is easy to “integrate out”  , which results in the replacement in

  : mass of the atom
t:  temperature
h: pressure

In the numerics we fix u = 1,  λ = 1/2

m̃
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I. INTRODUCTION

Helium is a prototypical quantum liquid, being the only natural substance that remains

liquid down to zero temperature [1]. The reason for this behavior is the weakness of the

interatomic potential and the smallness of the atomic mass, leading to large zero-point

fluctuations destroying the would-be crystal.

The phase diagram of 4He is schematically depicted in Fig. 1. The solid phase at high

pressure has been left out of the phase diagram; we focus on the gas, the normal fluid,

and the superfluid phases. There are two characteristic temperatures that can be seen

from this phase diagram. The first is the temperature of the superfluid-to-normal phase

transition, T�. This phase transition is second order and occurs at roughly T ⇡ 2.2 K (the

temperature depends slightly on the pressure). The second temperature is the temperature

of the liquid-gas critical point, Tc which is at approximately 5.2 K.

FIG. 1: The schematic phase diagram of physical 4He. The solid phase at higher pressure

is outside of the frame. Solid lines denote first-order phase transitions, dashed lines denote

second-order phase transitions.

One can ask whether this phase diagram should be expected for any fluid which becomes

a superfluid at low temperature. (Here by “fluid” we mean a thermodynamic system that

has a liquid-gas phase transition terminated at a critical point. Typically, such a system is

made out of particles which interact which each other through a potential with a van-der-

Waals-type long-distance attractive tail and a short-range repulsive core.) Because helium is

a unique liquid that becomes a superfluid at low temperature, this question is rarely asked.

But one can, for example, inquire if the liquid-gas critical point can be made to lie inside

the superfluid phase.

In this paper we try to establish the possible phase diagrams of an “ultra-quantum liquid,”

which can be thought of as a hypothetical isotope of helium with a bosonic nucleus lighter

than the 4He nucleus (the alpha particle). Assuming that the mass of the nucleus is still

much larger than the mass of the electron, one can use the Born-Oppenheimer approximation

to treat the motion of the nuclei. In particular, the interaction potential between the atoms
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m̃ = 1
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FIG. 3: The evolution of the phase diagram as one lowers the atomic mass.

• When m3 < m < m2, the liquid gas critical point disappears under the first-order

superfluid phase transition line. The phase diagram now has two phases, a superfluid

phase and a normal phase, separated by the line of phase transitions which are first-

order at low pressure and second-order at high pressure (Fig. 3b).

• For m < m3 the tricritical point disappears, and the whole line of superfluid phase

transition is second order (Fig. 3c).

While m1 and m2 cannot be computed analytically, the value of m3 can be determined: it

is the value of the mass for which the scattering length for the two-atom scattering vanishes.

For helium this happens when m is 1.55 atomic units. Thus, all the transformations of

the phase diagram described above happen in a relatively narrow window of nuclear mass,

ranging from 1.55 to 4 atomic units.

II. ANALYSIS OF THE MEAN-FIELD THEORY

A. Ruling out the simplest scenario

We now show that the simplest scenario, in which at a critical value of the mass the phase

diagram looks like in Fig. 2, is excluded. In this scenario one would have a multicritical point

with O(2) ⇥ Z2 symmetry. We first analyze this hypothetical multicritical point from the

point of view of Landau’s theory of phase transition.

We introduce two order parameters: the superfluid condensate  and the liquid-gas order

parameter �. The condensate  is complex and the free energy is supposed to have U(1)

symmetry  !  e
i↵. On the other hand, there is no symmetry associated with the order

parameter � of the liquid-gas phase transition, which can be taken to be the density. Writing

down all terms in the free energy to forth order in the expansion in powers of  and �, we

get the most general expression

⌦( ,�) =
t

2
�
2 +

u

4
�
4 � h�+ (t+ em)| |2 + �

2
| |4 � ↵�| |2 � ��

2| |2. (7)



2

I. INTRODUCTION

Helium is a prototypical quantum liquid, being the only natural substance that remains

liquid down to zero temperature [1]. The reason for this behavior is the weakness of the

interatomic potential and the smallness of the atomic mass, leading to large zero-point

fluctuations destroying the would-be crystal.

The phase diagram of 4He is schematically depicted in Fig. 1. The solid phase at high

pressure has been left out of the phase diagram; we focus on the gas, the normal fluid,

and the superfluid phases. There are two characteristic temperatures that can be seen

from this phase diagram. The first is the temperature of the superfluid-to-normal phase

transition, T�. This phase transition is second order and occurs at roughly T ⇡ 2.2 K (the

temperature depends slightly on the pressure). The second temperature is the temperature

of the liquid-gas critical point, Tc which is at approximately 5.2 K.

FIG. 1: The schematic phase diagram of physical 4He. The solid phase at higher pressure

is outside of the frame. Solid lines denote first-order phase transitions, dashed lines denote

second-order phase transitions.

One can ask whether this phase diagram should be expected for any fluid which becomes

a superfluid at low temperature. (Here by “fluid” we mean a thermodynamic system that

has a liquid-gas phase transition terminated at a critical point. Typically, such a system is

made out of particles which interact which each other through a potential with a van-der-

Waals-type long-distance attractive tail and a short-range repulsive core.) Because helium is

a unique liquid that becomes a superfluid at low temperature, this question is rarely asked.

But one can, for example, inquire if the liquid-gas critical point can be made to lie inside

the superfluid phase.

In this paper we try to establish the possible phase diagrams of an “ultra-quantum liquid,”

which can be thought of as a hypothetical isotope of helium with a bosonic nucleus lighter

than the 4He nucleus (the alpha particle). Assuming that the mass of the nucleus is still

much larger than the mass of the electron, one can use the Born-Oppenheimer approximation

to treat the motion of the nuclei. In particular, the interaction potential between the atoms
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pressure has been left out of the phase diagram; we focus on the gas, the normal fluid,

and the superfluid phases. There are two characteristic temperatures that can be seen

from this phase diagram. The first is the temperature of the superfluid-to-normal phase

transition, T�. This phase transition is second order and occurs at roughly T ⇡ 2.2 K (the

temperature depends slightly on the pressure). The second temperature is the temperature

of the liquid-gas critical point, Tc which is at approximately 5.2 K.

FIG. 1: The schematic phase diagram of physical 4He. The solid phase at higher pressure

is outside of the frame. Solid lines denote first-order phase transitions, dashed lines denote

second-order phase transitions.
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In this paper we try to establish the possible phase diagrams of an “ultra-quantum liquid,”

which can be thought of as a hypothetical isotope of helium with a bosonic nucleus lighter

than the 4He nucleus (the alpha particle). Assuming that the mass of the nucleus is still

much larger than the mass of the electron, one can use the Born-Oppenheimer approximation

to treat the motion of the nuclei. In particular, the interaction potential between the atoms
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By minimizing V (�) we find the Z2 order parameter h�i, and then use (7) to obtain the

superfluid order parameter h| |2i.
On Fig. 4 we present the 3D plots show the values of each order parameters in the (t, h)

space, h�i(t, h) and h| |2i(t, h). On the plots one can see discontinuous jumps represent

first order phase transition lines, and the second order phase transition lines for superfluid

order can also be seen. We can play with changing the parameter em to see how the phase

transition lines change.

The numerical result can be summarized as follows. For su�ciently large em, that is

em > em1, the phase diagram is similar to that of the physical 4He. As em drops below em1,

a modification appears on the line of the superfluid phase transition: the lower part of the

line (which touches the liquid-gas phase transition line) becomes first order, the upper part

remains second order. The two parts are separated by a tricritical point. As em drops further,

when em < em2 liquid-gas critical point disappears under the first-order superfluid-to-normal

phase transition line (Fig. 3b).

C. The appearance of the superflluid tricritical point

One can understand qualitatively why the superfluid phase transition becomes first-order

when this transition happens close to the liquid-gas phase transition in the following manner.

Suppose we expand the potential around the minimum at �0, i.e., � = �0 + ��. Then the

potential contains the following terms:

V (�, ) = · · ·+ 1
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where � is the susceptibility of the system with respect to the order parameter �. Let us

“integrate out” the fluctuations of the liquid-gas order parameter � to obtain a an e↵ective

action for  . One then obtains
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As one approaches the critical point, the susceptibility � ! 1 and | |4 coe�cient turns

negative. This means that the superfluid phase transition will have to become a first-order

phase transition. In other words, the coupling between the superfluid order parameter and
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FIG. 3: The evolution of the phase diagram as one lowers the atomic mass.

• When m3 < m < m2, the liquid gas critical point disappears under the first-order

superfluid phase transition line. The phase diagram now has two phases, a superfluid

phase and a normal phase, separated by the line of phase transitions which are first-

order at low pressure and second-order at high pressure (Fig. 3b).

• For m < m3 the tricritical point disappears, and the whole line of superfluid phase

transition is second order (Fig. 3c).

While m1 and m2 cannot be computed analytically, the value of m3 can be determined: it

is the value of the mass for which the scattering length for the two-atom scattering vanishes.

For helium this happens when m is 1.55 atomic units. Thus, all the transformations of

the phase diagram described above happen in a relatively narrow window of nuclear mass,

ranging from 1.55 to 4 atomic units.

II. ANALYSIS OF THE MEAN-FIELD THEORY

A. Ruling out the simplest scenario

We now show that the simplest scenario, in which at a critical value of the mass the phase

diagram looks like in Fig. 2, is excluded. In this scenario one would have a multicritical point

with O(2) ⇥ Z2 symmetry. We first analyze this hypothetical multicritical point from the

point of view of Landau’s theory of phase transition.

We introduce two order parameters: the superfluid condensate  and the liquid-gas order

parameter �. The condensate  is complex and the free energy is supposed to have U(1)

symmetry  !  e
i↵. On the other hand, there is no symmetry associated with the order

parameter � of the liquid-gas phase transition, which can be taken to be the density. Writing

down all terms in the free energy to forth order in the expansion in powers of  and �, we

get the most general expression

⌦( ,�) =
t

2
�
2 +

u

4
�
4 � h�+ (t+ em)| |2 + �

2
| |4 � ↵�| |2 � ��

2| |2. (7)
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superfluid phase transition line. The phase diagram now has two phases, a superfluid
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I. INTRODUCTION

Helium is a prototypical quantum liquid, being the only natural substance that remains

liquid down to zero temperature [1]. The reason for this behavior is the weakness of the

interatomic potential and the smallness of the atomic mass, leading to large zero-point

fluctuations destroying the would-be crystal.

The phase diagram of 4He is schematically depicted in Fig. 1. The solid phase at high

pressure has been left out of the phase diagram; we focus on the gas, the normal fluid,

and the superfluid phases. There are two characteristic temperatures that can be seen

from this phase diagram. The first is the temperature of the superfluid-to-normal phase

transition, T�. This phase transition is second order and occurs at roughly T ⇡ 2.2 K (the

temperature depends slightly on the pressure). The second temperature is the temperature

of the liquid-gas critical point, Tc which is at approximately 5.2 K.

FIG. 1: The schematic phase diagram of physical 4He. The solid phase at higher pressure

is outside of the frame. Solid lines denote first-order phase transitions, dashed lines denote

second-order phase transitions.

One can ask whether this phase diagram should be expected for any fluid which becomes

a superfluid at low temperature. (Here by “fluid” we mean a thermodynamic system that

has a liquid-gas phase transition terminated at a critical point. Typically, such a system is

made out of particles which interact which each other through a potential with a van-der-

Waals-type long-distance attractive tail and a short-range repulsive core.) Because helium is

a unique liquid that becomes a superfluid at low temperature, this question is rarely asked.

But one can, for example, inquire if the liquid-gas critical point can be made to lie inside

the superfluid phase.

In this paper we try to establish the possible phase diagrams of an “ultra-quantum liquid,”

which can be thought of as a hypothetical isotope of helium with a bosonic nucleus lighter

than the 4He nucleus (the alpha particle). Assuming that the mass of the nucleus is still

much larger than the mass of the electron, one can use the Born-Oppenheimer approximation

to treat the motion of the nuclei. In particular, the interaction potential between the atoms

What is the range of m?
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(a) (b) (c)

FIG. 3: The evolution of the phase diagram as one lowers the atomic mass.

• When m3 < m < m2, the liquid gas critical point disappears under the first-order

superfluid phase transition line. The phase diagram now has two phases, a superfluid

phase and a normal phase, separated by the line of phase transitions which are first-

order at low pressure and second-order at high pressure (Fig. 3b).

• For m < m3 the tricritical point disappears, and the whole line of superfluid phase

transition is second order (Fig. 3c).

While m1 and m2 cannot be computed analytically, the value of m3 can be determined: it

is the value of the mass for which the scattering length for the two-atom scattering vanishes.

For helium this happens when m is 1.55 atomic units. Thus, all the transformations of

the phase diagram described above happen in a relatively narrow window of nuclear mass,

ranging from 1.55 to 4 atomic units.

II. ANALYSIS OF THE MEAN-FIELD THEORY

A. Ruling out the simplest scenario

We now show that the simplest scenario, in which at a critical value of the mass the phase

diagram looks like in Fig. 2, is excluded. In this scenario one would have a multicritical point

with O(2) ⇥ Z2 symmetry. We first analyze this hypothetical multicritical point from the

point of view of Landau’s theory of phase transition.

We introduce two order parameters: the superfluid condensate  and the liquid-gas order

parameter �. The condensate  is complex and the free energy is supposed to have U(1)

symmetry  !  e
i↵. On the other hand, there is no symmetry associated with the order

parameter � of the liquid-gas phase transition, which can be taken to be the density. Writing

down all terms in the free energy to forth order in the expansion in powers of  and �, we

get the most general expression
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t

2
�
2 +

u

4
�
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2
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where

g =
4⇡~2a
m

, G =
~2D
m

(22)

where a is the scattering length and D is the three-body scattering hypervolume [7, 8]. The

three-body scattering hypervolume has not been computed for the Lennard-Jones potential.

We assume here that D > 0 for helium. For g < 0 a first-order phase transition occurs at

the value of µ where local minimum of the free energy (21) is equal to the free energy of the

vacuum, i.e., zero:
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These formulas coincide with those obtained by Zwerger [5].

B. Field-theory calculation at finite temperature

We now investigate the phase diagram of the Bose gas for small and negative g, con-

centrating on the first-order superfluid phase transition. We start with the Euclidean La-

grangian for a non-relativistic boson with chemical potential µ
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T=0: self-bound fluid with

a: scattering length
a<0, a→0 

D: three-body scattering hypervolume
(Shina Tan, 2008)
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very close to this value. The largest zero of a(⇤) is ⇤ ⇡ 0.679, and this corresponds to the

nuclear mass of about 1.58 u. Using the more realistic Aziz potentials [15, 16], we obtain a

slightly lower numerical value of 1.55 u for the nuclear mass at which a vanishes.

As m approaches m3 from above, the tricritical point moves to zero temperature and zero

pressure. The density of the superfluid and the normal gas phases on the two sides of the

first-order section of the superfluid phase transition is small, therefore one can use e↵ective

field theory to describe this phase transition.

A. Dilute liquid at zero temperature

At zero temperature, the problem of the dilute droplets of bosons with small two-body

coupling and finite three-body coupling has been considered in Refs. [13, 17]. (Dilute quan-

tum droplets have recently been considered in the context of trapped bosons [18–22], but

unlike our system, these droplets are stabilized by e↵ects beyond mean field.) For complete-

ness, we rederive the relevant formulas here.

At zero temperature the free energy density, as a function of particle number density n,

is given by
⌦

V
=

g

2
n
2 +

G

6
n
3 � µn, (24)

where

g =
4⇡~2a
m

, G =
~2D
m

, (25)

a is the scattering length and D is the three-body scattering hypervolume [23, 24]. The

scattering length a approaches zero when the de Boer parameter ⇤ approaches the critical

value ⇤c ⇡ 0.679 as [25]

a ⇡ 3.82812 `vdW(⇤� ⇤c) ⇡ 2.23

✓
⇤

⇤c

� 1

◆
�. (26)

We will work in the regime a < 0, |a| ⌧ �. The three-body scattering hypervolume D has

been computed for the Lennard-Jones potential at ⇤ = ⇤c [25]

D = (86± 2) `4
vdW

⇡ 47�4
. (27)

For g < 0 a first-order phase transition occurs at the value of µ where local minimum of the

free energy (24) is equal to the free energy of the vacuum, i.e., zero:

�|g|n+
G

2
n
2 � µ = 0, (28)

� |g|
2
n
2 +

G

6
n
3 � µn = 0. (29)

These equations have the solution

n0 =
3

2

(�g)

G
= 6⇡

(�a)

D
, (30)

µ0 = �3

8

g
2

G
= �6⇡2~2a2

mD
. (31)
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Fig. 1. Scattering length for the Lennard-Jones potential, equation (1) with s = 6, of intensity λ going from 0 to 2500.

Table 1. Values of
√

λ corresponding to zeros of the scattering
length of the potential equation (1).

s = 4 s = 6 s = 7

1.135708 2.944907 4
4.281230 10.307414 14
7.627058 17.758560 24
10.991652 25.220363 34
14.361060 32.685259 44
17.732554 40.151469 54
21.105133 47.618360 64
24.478348 55.085650 74
27.851968 62.553194 84
31.225862 70.020910 94

Table 2. Values of
√

λ corresponding to poles of the scattering
length of the potential equation (1).

s = 4 s = 6 s = 7

2.650141 4.728696 6
5.949138 12.165518 16
9.308435 19.622908 26
12.675992 27.086171 36
16.046629 34.551611 46
19.418744 42.018080 56
22.791679 49.485114 66
26.165118 56.952491 76
29.538887 64.420092 86
32.912885 71.887847 96

In order to facilitate the comparison of the values of
the scattering length for different exponents s, we give
in Figure 2 a synoptic representation, for s = 4, 6 and
7, of a variable related to the scattering length, namely

arctan(ascatt/r0), vs.
√

λ. Such a variable, that presents
the advantage of being free of the singularities of ascatt,
was already used by Ouerdane et al. [13] to solve numeri-
cally the Riccati equation obeyed by the scattering length,
in the variable phase theory [14], when the potential is
truncated at a large distance.

As a consequence of the Pade’s study [6] and of ours,
it seems plausible to formulate the following conjecture:
given a potential

VLJ(r) =
!2λ

2mr2
0

((r0

r

)srep

−
(r0

r

)sattr)
, λ > 0, (36)

of the Lennard-Jones type with exponents srep>sattr >3,
let us denote by λ0,n and λ∞,n (n = 0, 1, 2, . . .) the values
of the intensity corresponding respectively to zeros and
poles of the scattering length. Then, one can write the
quasi-linear laws

√
λ0,n = A(srep, sattr)n + B0,n(srep, sattr), (37)

√
λ∞,n = A(srep, sattr)n + B∞,n(srep, sattr), (38)

where B0,n(srep, sattr) and B∞,n(srep, sattr) are nearly in-
dependent of n. In the particular case srep = 2 sattr − 2,
Pade [6] obtained

A(2 sattr − 2, sattr) = 2 sattr − 4, (39)
B0,n(2 sattr − 2, sattr) = sattr − 3, (40)
B∞,n(2 sattr − 2, sattr) = sattr − 1. (41)

The dependence of A(srep, sattr) on its arguments is such
that, keeping sattr fixed, A diminishes as srep increases
and, with fixed srep, A increases with sattr.

a = 1
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a = 0
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m ⇡ 4 u
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All transformations of the phase diagram happen
between 4 u and 1.55 u 



Physical realizations

• Unfortunately, helium does not have a bosonic 
isotope lighter than He-4

• (He-6 and He-8)



Muonic matter
NANOSECOND MATTER 

(i) 

109 

Figure 2. With sufficient increase of the neutrino pre88ure, all the electrons of all the 

atoms are converted to I'-mesons. The new all-I'-meson atoms are two-hundred 

times smaller than the original atoms. 

It-Mesic Matter: A New Periodic Table of the Elements 

The numbers 2, 8, 8, 18, 18, ... for the step from one rare-gas configuration 

to the next in normal matter: are they the fruit of symmetry-magic? Or 

of special circumstance? Should every student be able to derive them in an 

instant from first principles? Or does he need detailed analysis to arrive at 

those numbers and the periodic table of the chemical elements? 

The answer is well known. There is no universal prescription for predicting 

the structure of a system of identical fermions. The field of force makes all 

the difference. The order of filling of levels in a nucleus is different from the 

order of filling of levels in an atom of normal matter. Even between atoms, 

say two lead atoms, atoms of the same charge number, we recognize that 

J. Wheeler “Nanosecond matter” (1988)



Muonic quantum liquids

• “effective helium mass”: the mass of the helium 
isotope with the same de Boer parameter

• replacing electrons by muons: reduce the effective 
helium mass by 207 times

15

4He 20Ne 40Ar 84Kr H2 N2 O2 CO CH4

Me↵ 4 80.6 832 2790 9.50 545 722 595 517

Me↵(µ) 0.020 0.412 4.23 14.1 0.051 2.79 3.69 3.04 2.68

TABLE I: E↵ective helium mass for selected substances and their muonic versions.

increase the depth of the potential ✏ by a factor of mµ/me ⇡ 207 and to decrease the range

of the potential � by the same factor. This has an e↵ect of reducing the e↵ective helium

mass

Me↵(µ) =

✓
1 +

Z

A

mµ

mN

◆
me

mµ

Me↵(e) (58)

(we have taken into account a small change of the mass of the atom). The e↵ective helium

mass of the muonic substances are given in the third row of Table I. One can see that by

among the noble gases, muonic argon has essentially the same de Boer parameter as that

of (electronic) 4He, and thus will have a phase diagram very similar to that of 4He (with

the superfluid transition temperature of order 5000 K (500K?)). At the same time muonic

neon would be deep in the “gas-like” phase and muonic krypton and xenon should be rather

classical. On the other hand, muonic N2, O2, CO and CH4 have e↵ective helium mass within

the interesting range (from 1.58 to 4) and hence can realize di↵erent versions of the phase

diagram treated in this paper.

Another type of muonic matter is formed when one replaces the protons in H2 by a lighter

positively charged particle. Assuming the charge of this particle is m, the e↵ective helium

mass of this substance would be

Me↵ = 2m
�
2

H2
✏H2

�2

He
✏He

⇡ 9.50m ⇡ 1

193

✓
m

me

◆
u (59)

So when m ⇡ 770me the substance would behave like helium, and when m < 300me, its

phase diagram is that of a repulsive Bose gas (Wheeler has estimated that the critical mass

at which the self-bound liquid disappears is 253me). It appears that “muonium matter,”

matter made out of muonium molecules (Mu2), has a phase diagram of the type of a repulsive

Bose gas.

The latter example suggests that one way to realize the scenarios discussed in this paper

is to use excitons in a solid where the hole and the electron has very di↵erent e↵ective mass.

When the ratio of the masses of the hole and the electron that form the exciton varies

between approximately 300 and 770, one can hope to realize di↵erent versions of the phase

diagram. According to our discussions these materials can realize a state where biexcitons

Bose-condense [11].

One may hope that the phenomenon may also occur in two dimensions. Materials with a

tunable parameter and an approximately flat band, for example twisted bilayer graphene [12,

13], may allow one to scan a large range of mass ratios of the electrons and holes.



“Light hydrogen”

• Take hydrogen H2 and replace protons by particles of 
change +1 with lesser mass

• muon: no self-bound liquid; pion or kaon: self-bound 
liquids.

• (lifetime 10-6 or 10-8 seconds, long compared to atomic 
scales)

• Biexcitons in solids?

• want hole mass/ electron mass ~ 250-800



Conclusion

• Interesting possibilities for liquids more quantum 
than helium

• Can be simulated by quantum Monte-Carlo 
(Massimo Boninsegni, Youssef Kora, Shiwei Zhang)

• 2D systems?

• realizations? using cold atoms?



Extra slides



Finite temperature

• Integrate out nonzero Matsubara modes

15

where

L(x) = Li3/2 (e
x) +

p
�4⇡x , (47)

M(x) = Li5/2 (e
x)� 4

3

p
�⇡x3 , (48)

and the thermal wavelength �T is defined in Eq. (41).

The tadpole contribution to µe↵ from the six-point vertex is similarly computed to be

�µ = �3G

�6
T

L
2(�µ), (49)

and the tadpole contribution to ge↵ from the G-vertex is

�g =
3G

�3
T

L(�µ) . (50)

There is also a correction to the mass m:

�

✓
1

m

◆
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2g0

~2�3
T

L(�µ) (51)

Thus, the 3D e↵ective theory is described by the Lagrangian

L3D/� =
~2

2me↵

|r 0|2 � µe↵ 
†
0
 0 +

ge↵

2
( †

0
 0)

2 +
G

6
( †

0
 0)

3
, (52)

with the parameters

µe↵ = µ� 2g

�3
T

L(�µ)� 6⇡g0

�5
T

M(�µ)� 3G

�6
T

L
2(�µ), (53a)
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me↵
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2g0
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T
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As we show in Appendix B, the contributions of higher-derivative and higher-order terms are

suppressed in the e↵ective theory given by Eq. (52). The tadpole contributions in Eq. (53a)

are described by diagrams in Fig. 5(a) with g and g
0 vertex, as well as the diagram in

Fig. 5(b) with G vertex correspondingly. The tadpole contribution in Eq. (53b) is from

the diagram in Fig. 5(b), and the tadpole contribution in Eq. (53c) is from the diagram in

Fig. 5(a) with g
0 vertex.

The first order phase transition line is determined by solving the equation for µ(T ),

µe↵ = �3g2
e↵

8G
, (54)

and the tricritical point is at ge↵ = µe↵ = 0.
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ge↵

2
( †

0
 0)

2 +
G

6
( †

0
 0)

3
, (52)

with the parameters

µe↵ = µ� 2g

�3
T

L(�µ)� 6⇡g0

�5
T

M(�µ)� 3G

�6
T

L
2(�µ), (53a)

ge↵ = g +
3G

�3
T

L(�µ), (53b)

1

me↵

=
1

m
+

2g0

~2�3
T

L(�µ) . (53c)

As we show in Appendix B, the contributions of higher-derivative and higher-order terms are

suppressed in the e↵ective theory given by Eq. (52). The tadpole contributions in Eq. (53a)

are described by diagrams in Fig. 5(a) with g and g
0 vertex, as well as the diagram in

Fig. 5(b) with G vertex correspondingly. The tadpole contribution in Eq. (53b) is from

the diagram in Fig. 5(b), and the tadpole contribution in Eq. (53c) is from the diagram in

Fig. 5(a) with g
0 vertex.

The first order phase transition line is determined by solving the equation for µ(T ),

µe↵ = �3g2
e↵

8G
, (54)

and the tricritical point is at ge↵ = µe↵ = 0.
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(a) (b) (c)

FIG. 5: The “tadpole” diagrams contributing to e↵ective parameters in the 3D e↵ective

theory. Diagrams (a) and (b) contribute to µe↵ , diagram (a) with g
0 vertex to me↵ , and

diagram (c) to ge↵ (see Eq. (53)). Dashed lines are n 6= 0 modes that are integrated out.

where the last factor with " = 0+ is from the time ordering of  †(⌧+") (⌧) in the interaction

terms that ensures the normal ordering of  †
 in the operator form.

One can now derive the Feynman rules for the theory. The free propagator is given by

h ⇤
n0,k0 n,ki =

1

�2⇡in+ �
�~2k2

2m
� µ

�(2⇡)3�(k0 � k)�n0�n. (38)

The interaction terms in the Lagrangian in Eq. (32) generate three types of vertices: a

four-point vertex �2g�, a four-point vertex equal to g
0
� multiplied by

2(p1 · p2 + k1 · k2)� (p1 + p2) · (k1 + k2) = �(p1 � k1)
2 � (p1 � k2)

2
, (39)

where the incoming momenta are denoted as p1, p2 and outgoing momenta as k1, k2, and

a six-point vertex �6G�.

We integrate out n 6= 0 modes to obtain a three-dimensional e↵ective field theory for the

zero Matsubara frequency (n = 0) modes. As shown below and in the Appendices, the small

parameter controlling the loop expansion is the ratio of the scattering length a to the range

of the Lennard-Jones potential �:
|a|
�

⌧ 1 . (40)

There are two other relevant length parameters: the typical interparticle spacing n
�1/3 and

the thermal length �T , given by

�T =

r
2⇡~2
mT

. (41)

However, in the regime we want to consider, i.e., densities of order n0 and temperatures

of order the tricritical temperature, both n0 and �T are given in terms of a and the small

parameter in Eq. (40). In particular, the density in the regime where we are working is
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FIG. 6: The phase diagram in the temperature vs density plane corresponding to Fig. 3b.

4He 20Ne 40Ar 84Kr H2 N2 O2 CO CH4

Meq 4 80.6 832 2790 9.50 545 722 595 517

Meq(µ) 0.020 0.412 4.23 14.1 0.051 2.79 3.69 3.04 2.68

TABLE I: Equivalent helium mass for selected substances and their muonic versions.

IV. POSSIBLE REALIZATIONS OF ULTRA QUANTUM LIQUIDS

In the real world the mass of the helium nucleus is fixed. There are two bosonic isotopes

of helium, 6He and 8He, with half-lives of 0.8 s and 0.12 s, respectively. The lifetime of

these isotopes is very large compared to the microscopic time scales and thus the question

about the phase diagram of these isotopes make sense. The nuclear masses of these isotopes,

however, lie on the other side of the mass of the 4He nucleus, compared to the mass region

explored in this paper. The behavior of 6He and 8He must be more classical than that of 4He.

Substances other than helium have smaller de Boer parameter and hence are more clas-

sical. Let us define, for a given substance, the “equivalent helium mass” to be the mass of a

helium isotope (measured in atomic mass unit) that would have the same de Boer parameter

as that of the chosen substance:

Meq =
m

mN

✏

✏He

✓
�

�He

◆2

. (72)

The equivalent helium mass for selected substances are given on the second row of Table I,

where we have used the Lennard-Jones parameters from Ref. [3].

One possible (but admittedly experimentally very di�cult) way to achieve a de Boer

parameter larger than that of 4He is to create “muonic matter” by replacing all electrons

in a given substance by by muons [27, 28]. The e↵ect of this replacement is to increase the

depth of the potential ✏ by a factor of the ratio of the muon mass mµ to the electron mass

me, mµ/me ⇡ 207, and to decrease the range of the potential � by the same factor. This
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and the tricritical point is at ge↵ = µe↵ = 0.

We will see that the most interesting regime is |�µ| ⌧ 1 (�µ < 0). In this regime, the

function L(x) tends to a constant

L(�µ) = ⇣

✓
3

2

◆
+ ⇣

✓
1

2

◆
�µ+ · · · . (44)

Define

nB(T ) = ⇣

✓
3

2

◆
1

�3
= ⇣

✓
3

2

◆✓
mT

2⇡~

◆3/2

. (45)

Then Eqs. (42) become

µe↵ = µ� 2gnB(T )� 3Gn
2

B
(T ) , (46)

ge↵ = g + 3GnB(T ) . (47)

C. The tricritical point

The phase transition is first order when T < Ttri and second order when T > Ttri, where

the tricritical temperature Ttri is determined by requiring ge↵ = 0:

Ttri =
2⇡~2
m


(�g)

3⇣(3
2
)G

�2/3
=

2⇡~2
m


4⇡(�a)

3⇣(3
2
)D

�2/3
(48)

The chemical potential at the tricritical point is

µtri = 2gnB(Ttri) + 3Gn
2

B
(Ttri) = �1

3

g
2

G
= �16⇡2

3

~2
m

a
2

D
(49)

One can now check that the condition �µ ⌧ 1 is satisfied at the tricritical point:

(�µ)tri ⇠
|a|4/3

D1/3
⌧ 1 (50)

Since |µ| ⌧ T , the particle number at the tricritical point is

ntri = nB(Ttri) =
1

3

(�g)

G
(51)

i.e., 2

9
of the density of the liquid phase at zero temperature.

D. The first-order phase transition

For T < Ttri, the phase transition is first order. Assuming that T ⇠ Ttri, then µ ⇠ µtr

and the condition �µ ⌧ 1 is still valid. The chemical potential potential at the first-order

phase transition determined through

µe↵ = �3

8

g
2

e↵

G
. (52)
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Since |µ| ⌧ T , the particle number at the tricritical point is

ntri = nB(Ttri) =
1

3
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i.e., 2

9
of the density of the liquid phase at zero temperature.

D. The first-order phase transition

For T < Ttri, the phase transition is first order. Assuming that T ⇠ Ttri, then µ ⇠ µtr

and the condition �µ ⌧ 1 is still valid. The chemical potential potential at the first-order

phase transition determined through

µe↵ = �3

8

g
2

e↵

G
. (52)

ntri =
4⇡

3

(�a)

D
=

2

9
n(T = 0)
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On coexistence curve

ngas =

✓
T

Ttri

◆3/2

ntri
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Let us now compute the density along the coexistence curve. In the gas phase the density

is equal to the density of a Bose gas with temperature T and zero chemical potential

ngas = nB(T ) =

✓
T

Ttri

◆3/2

ntri (53)

The density in the liquid phase is the sum of the density in the condensate and the density

of the thermal excitations:

nliq = ncond + nB(T ) (54)

where the condensate density is

ncond =
3

2

(�ge↵)

G
=

3

2

(�g)

G
� 9

2
nB(T ) =

9

2

"
1�

✓
T

Ttri

◆3/2
#
ntri (55)

Therefore

nliq =

"
9

2
� 7

2

✓
T

Ttri

◆3/2
#
ntri (56)

In Appendices A and B we show that non-tadpole diagrams with modes of nonzero Mat-

subara frequency and loop diagrams within the 3D e↵ective field theory can be neglected in

the regime where the temperature and chemical potential are of the same order of magnitude

as at the tricritical point.

IV. POSSIBLE REALIZATION OF ULTRA QUANTUM HELIUM

In the real world the mass of the helium nucleus is fixed. There are two bosonic isotopes

of helium, 6He and 8He, with half-lives of 0.8 s and 0.12 s, respectively. The lifetime of these

isotopes is very large compared to atomic time scale and thus the question about the phase

diagram of these isotopes make sense. The nuclear masses of these isotopes, however, lie on

the other side of the mass of the 4He nucleus, compared to the mass region explored in this

paper. The behavior of 6He and 8He must be more classical than that of 4He.

Substances other than helium have smaller de Boer parameter and hence are more clas-

sical. Let us define, for a given substance, the “e↵ective helium mass” to be the mass of a

helium isotope (measured in atomic mass unit) that would have the same de Boer parameter

as that of the chosen substance:

Me↵ =
m

mN

✏

✏He

✓
�

�He

◆2

(57)

The equivalent helium isotope for selected substances are given on the second rows of Table I.

One possible (but admittedly experimentally very di�cult) way to achieve a de Boer

parameter larger than that of 4He is to create “muonic matter,” for example by replacing

all electrons in a given substance by by muons [9, 10]. The e↵ect of this replacement is to


