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Roadmap	  

▶  Elici%ng	  informa%on	  for	  events	  with	  verifiable	  
outcomes	  
▶  Proper	  scoring	  rules	  
▶  Market	  scoring	  rules	  

▶  Elici%ng	  unverifiable	  informa%on	  
▶  Peer	  predic%on	  
▶  Bayesian	  Truth	  Serum	  
▶  Robust	  Bayesian	  Truth	  Serum	  



How	  to	  Evaluate	  Weather	  Forecasts	  

▶  Specifica%on	  of	  a	  scale	  of	  goodness	  
for	  weather	  forecasts	  

▶  “…	  the	  forecaster	  may	  oTen	  find	  
himself	  in	  the	  posi%on	  of	  choosing	  to	  
…	  let	  it	  (the	  verifica%on	  system)	  do	  
the	  forecas%ng	  for	  him	  by	  ‘hedging’	  
or	  ‘playing	  the	  system.’	  ”	  

▶  “one	  essen%al	  criterion	  for	  
sa%sfactory	  verifica%on	  is	  that	  the	  
verifica%on	  scheme	  should	  influence	  
the	  forecaster	  in	  no	  undesirable	  way”	  

	   	   	   	   	   	  [Brier	  1950]	  

p 1� p



The	  Brier	  Scoring	  Rule	  [Brier	  1950]	  

p 1� p

▶  	  	  	  

▶  Expected	  score	  of	  predic%on	  	  	  	  	  given	  belief	  

	  
▶  	  Predic%ng	  	  	  	  	  maximizes	  the	  expected	  score	  	  	  	  	  

S(p, rainy) = 1� p2
S(p, sunny) = 1� (1� p)2

S(p, q) = q S(p, sunny) + (1� q)S(p, rainy)

= 1� q(1� p)2 � (1� q)p2

= 1� q + q2 � (p� q)2

p q

argmax

p
S(p, q) = q

q

S(p, q) increases as |p� q| decreases.



The	  Brier	  Scoring	  Rule	  

▶  State	  
▶  Predic%on	  
▶  Brier	  score	  for	  predic%on	  	  	  	  	  in	  state	  	  	  	  	  	  is	  

▶  Also	  called	  the	  quadra%c	  scoring	  rule	  	  

! 2 {1, 2, . . . , n}

p

p = (p1, p2, . . . , pn)

Parameters,	  b	  >0.	  	  
Affine	  transforma%on	  does	  
not	  change	  incen%ves.	  

!
	  	  	  -‐th	  indicator	  vector	  !

S(p,!) = a! � b ||e! � p||2



Other	  Strictly	  Proper	  Scoring	  Rules	  

▶  Logarithmic	  scoring	  rule	  

▶  Spherical	  scoring	  rule	  	  

S(p,!) =
p!
||p||

S(p,!) = log p!



Proper	  Scoring	  Rules	  

▶  Scoring	  rule	  
▶  Expected	  score	  for	  predic%on	  	  	  	  	  given	  belief	  	  	  	  	  :	  	  	  

S(p,!)

p q

S(p,q) :=
nX

!=1

q!S(p,!)

A	  scoring	  rule	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  proper	  if	  and	  only	  if	  
	   	   	   	   	   	   	   	   	   	   	  	  	  	  .	  	  

It	  is	  strictly	  proper	  if	  the	  inequality	  is	  strict	  unless	  	  	  	  	  	  	  	  	  	  	  	  .	  	  	  

S(p,!)
S(q,q) � S(p,q)

q = p

predic%on	  

belief	  

Proper	  scoring	  rules	  are	  dominant-‐strategy	  incen%ve	  compa%ble	  
for	  risk-‐neutral	  agents.	  	  	  



Geometric	  Interpreta%on	  
S(p, sunny) = 1� (1� p)2

S(p, rainy) = 1� p2
G(p) = S(p, p) = (p� 1/2)2 + 3/4
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G(p) = S(p, p)
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S(p, sunny)

S(p, rainy)

	  	  	  Brier	  Scoring	  Rule	  
	  
	  
	  

Bregman	  Divergence	  
DG(q, p) = G(q)�G(p)�rG(p)(q � p)



McCarthy,	  Savage	  Characteriza%on	  
	   	   	   	   	  ［McCarthy	  1956］[Savage	  1971]	  

▶  Expected	  score	  

▶  	  In	  terms	  of	  Bregman	  Divergence,	  for	  differen%able	  	  	  	  ，	  

A	  scoring	  rule	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  (strictly)	  proper	  if	  and	  only	  if	  
	  

	   	   	   	   	   	   	   	   	   	   	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  
	  

where	  	  	  	  	  	  	  is	  a	  (strictly)	  convex	  func%on	  and	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  a	  
subgradient	  	  of	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  its	  	  	  	  	  	  	  	  	  	  	  component.	  	  	  	  

S(p,!)

rG(p)

S(p,!) = G(p)�rG(p) · p+rG!(p)

rG!(p) !-thG
G

S(p,!) = G(p)�rG(p) · p+rG(p) · e!

= G(e!)� (G(e!)�G(p)�rG(p) · (e! � p))

= G(e!)�DG(e
!,p)

S(p,p) =
X

!

p! (G(p)�rG(p) · p+rG!(p)) = G(p)

G



Common	  Strictly	  Proper	  Scoring	  Rules	  

▶  Brier	  scoring	  rule	  

▶  Logarithmic	  scoring	  rule	  

▶  Spherical	  scoring	  rule	  	  

S(p,!) = 1� ||e! � p||2

G(p) = ||p||2 DG(q,p) = ||q� p||2

S(p,!) = log p!

G(p) =
X

!

p! log p! DG(q,p) =
X

!

q! log

q!
p!

S(p,!) =
p!
||p||

G(p) = ||p|| DG(q,p) = ||q||� q · p
||p||



Other	  Work	  on	  Scoring	  Rules	  

▶  Proper	  scoring	  rules	  for	  con%nuous	  variables	  	  
	  [Matheson	  and	  Winkler	  1976;	  Gnei%ng	  and	  RaTery	  2007]	  

	  

▶  Proper	  scoring	  rules	  for	  proper%es	  of	  distribu%ons	  (e.g.	  
mean,	  quin%les)	  	  	  
	  [Savage	  1971;	  Lambert	  et	  al.	  2008;	  Abernethy	  and	  Frongillo	  2012]	  

▶  Scoring	  rules	  for	  more	  complex	  environments	  
▶  Agents	  can	  affect	  the	  event	  outcome	  	  
	   	  [Shi	  et	  al.	  2009;	  Bacon	  et	  al.	  2012]	  
▶  A	  decision	  will	  be	  made	  based	  on	  the	  elicited	  informa%on	  
	   	  [Othman	  and	  Sandholm.	  2010;	  Chen	  and	  Kash	  2011;	  Bou%lier	  2012]	  



One	  Expert	  à	  Mul%ple	  Experts	  	  



Market	  Scoring	  Rules	  (MSR)	  
[Hanson	  2003,	  2007]	  
▶  Sequen%al,	  shared	  version	  of	  proper	  scoring	  rules	  
▶  Reward	  improvements	  on	  predic%on	  

▶  Select	  a	  proper	  scoring	  rule	  
▶  Market	  opens	  with	  an	  ini%al	  predic%on	  	  	  
▶  Par%cipants	  sequen%ally	  change	  the	  market	  predic%on	  
▶  Par%cipant	  who	  changes	  the	  predic%on	  from	  	  	  	  	  	  	  	  	  	  to	  
	  	  	  	  	  receives	  payment	  	  

	  	  

S(p,!)

p0

pt�1 pt

S(pt,!)� S(pt�1,!)



An	  Example:	  LMSR	  Market	  

5log(0.6)-‐
5log(0.5)	  

5log(0.4)-‐
5log(0.5)	  

5log(0.8)-‐
5log(0.6)	  

5log(0.4)-‐	  
5log(0.8)	  

5log(0.9)-‐	  
5log(0.4)	  

5log(0.2)-‐
5log(0.4)	  

5log(0.6)-‐	  
5log(0.2)	  

5log(0.1)-‐	  
5log(0.6)	  

The	  mechanism	  only	  pays	  the	  final	  par%cipant!	  

0.5	   0.6	   0.8	   0.9	  0.4	  

0.5	   0.4	   0.2	   0.6	   0.1	  

5log(0.9)-‐5log(0.5)	  

5log(0.1)-‐5log(0.5)	  

t	  

S(p,!) = 5 log p!



Proper%es	  of	  MSR	  

▶  Bounded	  loss	  (subsidy)	  
▶  Eg.	  Loss	  bound	  of	  LMSR	  with 	   	  	   	  	   	  	   	  	   	  	  is	  

▶  Incen%ve	  compa%ble	  for	  myopic	  par%cipants	  

▶  Recent	  work	  studies	  informa%on	  aggrega%on	  in	  MSR	  
with	  forward-‐looking	  par%cipants	  	  
	  [Chen	  et	  al.	  2010;	  Ostrovsky	  2012;	  Gao	  et	  al.	  2013]	  
▶  Market	  as	  a	  Bayesian	  extensive-‐form	  game	  
▶  Condi%ons	  under	  which	  informa%on	  is	  fully	  aggregated	  in	  the	  

market	  

S(p,!) = b log p! b log n



Predic%on	  and	  Trading	  

Buy	  this	  contract	  if	  
	  

Sell	  this	  contract	  if	  	  

p 1� p

$1 iff 

price < p

price > p



MSR	  as	  Automated	  Market	  Makers	  
[Chen	  and	  Pennock	  07]	  
▶  One	  contract	  for	  each	  outcome	  

▶  Payments	  are	  determined	  by	  a	  cost	  poten%al	  
func%on	  	  
▶  	  	  	  	  	  	  	  	  	  is	  the	  current	  number	  of	  shares	  of	  the	  contract	  for	  

outcome	  	  	  	  	  	  	  	  that	  have	  been	  purchased	  	  
▶  Current	  cost	  of	  purchasing	  a	  bundle	  	  	  	  	  	  of	  shares	  is	  

▶  Instantaneous	  prices	  	  	   Market	  
Predic%on	  

C(Q)

R

C(Q+R)� C(Q)

Qi

!

$1 iff !

p!(Q) =
@C(Q)

@Q!



Example	  
▶  LMSR	  with	  	  	  

▶  Cost	  func%on	  

▶  Price	  func%ons	  

S(p,!) = b log p!

p!(Q) = log

eQ!/b

P
!0 eQ!0/b

C(Q) = b log
X

!

eQ!/b



LMSR	  Equivalence	  

▶  Profit	  of	  a	  par%cipant	  who	  changes	  
	  	  	  	  	  	  to	  	  	  	  	  	  	  in	  state	  
(

¯Q! �Q!)� (C(

¯Q)� C(Q))

= (

¯Q! � C(

¯Q))� (Q! � C(Q))

= (log eQ̄! � log

X

!0

eQ̄!0
)� (log eQ! � log

X

!0

eQ!0
)

= log

eQ̄!

P
!0 eQ̄!0

� log

eQ!

P
!0 eQ!0

= log p!( ¯Q)� log p!(Q)

= S(p( ¯Q),!)� S(p(Q),!)

C(Q) = log

X

!

eQ!

p!(Q) =

eQ!

P
!0 eQ!0

S(p,!) = log p!
Q Q̄ !



Cost	  Func%on	  MM	  	  	  	  	  	  	  	  	  Strictly	  Proper	  MSR	  
[Abernethy	  et	  al.	  2013]	  

▶  An	  MSR	  using	  a	  strictly	  proper	  scoring	  rule	  
▶  The	  expected	  scoring	  func%on	  
▶  The	  corresponding	  cost	  func%on	  MM	  

▶  Profit	  equivalence	  holds	  when 	   	  	  	  	  is	  in	  the	  rela%ve	  
interior	  of	  the	  probability	  simplex	  	  	  

S(p,!)

G(p) = S(p,p)

C(Q) = sup
p2�n

Q · p�G(p)

p(Q) = rG(Q) = arg max

p2�n

Q · p�G(p)

Conjugate	  Duality	  

p(Q)



Elici%ng	  Unverifiable	  Informa%on	  



Unverifiable	  Informa%on	  

Is	  this	  website	  age-‐appropriate	  for	  children?	  
•  Yes	  
•  No	  	  	  



The	  General	  Sesng	  

▶  State 	   	   	   	   	   	  	  
▶  E.g.	  whether	  this	  website	  is	  really	  age-‐appropriate	  or	  not	  

▶  	  	  	  	  	  	  	  	  	  	  	  	  	  agents	  
▶  Each	  agent	  	  	  	  	  receives	  a	  private	  signal	  
▶  E.g.	  whether	  agent	  	  	  	  	  	  thinks	  the	  website	  age-‐appropriate	  	  	  	  	  	  	  

▶  Prior	  distribu%on 	   	   	   	   	  	  	  	  	  is	  common	  
knowledge	  for	  all	  agents	  

▶  Goal:	  truthfully	  revealing	  their	  private	  signal	  	  	  	  	  	  is	  a	  
strict	  Bayesian	  Nash	  equilibrium	  	  	  	  	  

	  

! 2 {1, 2, . . . , n}

i si 2 S
m � 2

Pr(!, s1, . . . , sm)

si

i



The	  Peer	  Predic%on	  Mechanism	  
[Miller	  et	  al.	  2005]	  

▶  Require	  that	  the	  mechanism	  knows	  the	  prior	  
▶  Each	  agent	  has	  a	  reference	  agent	  

sj

si Mechanism	  

Pr(s1, . . . , sm)
ŝj

ŝi

Pr(si|ŝj)

Pr(sj |ŝi)

S(Pr(si|ŝj), ŝi)

S(Pr(sj |ŝi), ŝj)Payment	  

Payment	  



The	  Peer	  Predic%on	  Mechanism	  
[Miller	  et	  al.	  2005]	  

▶  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  a	  strictly	  proper	  scoring	  rule	  
▶  Technical	  assump%on:	  Stochas%c	  Relevance	  

	  

sj

si Mechanism	  

Pr(s1, . . . , sm)
ŝj

ŝi

Pr(si|ŝj)

Pr(sj |ŝi)

S(Pr(si|ŝj), ŝi)

S(Pr(sj |ŝi), ŝj)Payment	  

Payment	  

S(p, ŝ)

Pr(sj |si) 6= Pr(sj |s0i), 8si 6= s0i

Truthful	  repor%ng	  is	  a	  strict	  Bayesian	  Nash	  equilibrium.	  	  	  

Requiring	  the	  
mechanism	  know	  the	  
prior	  is	  undesirable!	  



Bayesian	  Truth	  Serum	  (BTS)	  
[Prelec	  2004]	  

▶  Each	  agent	  is	  asked	  for	  two	  reports	  
▶  Informa%on	  report:	  	  	  	  	  	  	  	  	  is	  an	  indicator	  vector,	  having	  

value	  1	  at	  its	  	  	  	  	  	  	  	  	  	  	  	  element	  if	  agent	  	  	  	  	  reports	  signal	  
▶  Predic%on	  report:	  	  	  	  	  	  	  	  	  	  	  	  is	  agent	  	  	  	  ’s	  predic%on	  of	  the	  

frequency	  of	  reported	  signals	  in	  the	  popula%on	  	  

▶  The	  mechanism	  calculates	  

▶  Score	  for	  agent	  	  	  	  :	  	  

	  Is	  this	  website	  age-‐appropriate	  for	  children?	  	  (Yes,	  No)	  	  	  

x

i

k-th ki
yi i

x̄k = lim
n!1

1

n

nX

i=1

x

i
k log

¯yk = lim

n!1

1

n

nX

i=1

logyi
k

X

k

x

i
k log

¯

xk

¯

yk
+

X

k

¯

xk log
y

i
k

¯

xk

i



Bayesian	  Truth	  Serum	  (BTS)	  

▶  Technical	  assump%ons:	  condi%onal	  independence	  of	  
signals	  and	  stochas%c	  relevance	  

X

k

x

i
k log

¯

xk

¯

yk
+

X

k

¯

xk log
y

i
k

¯

xk

When	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  truthful	  repor%ng	  is	  a	  strict	  Bayesian	  
Nash	  equilibrium.	  
	  

For	  sufficiently	  large	  	  	  	  ,	  truthful	  repor%ng	  is	  a	  strict	  
Bayesian	  Nash	  equilibrium.	  But	  	  	  	  	  depends	  on	  the	  prior.	  

n ! 1

n

Predic%on	  Score	  Informa%on	  Score	  

Log	  scoring	  rule!	  	  
Truthful	  predic%on	  reports	  



BTS:	  “Surprisingly	  Common”	  	  
▶  True	  signal	  maximizes 	   	   	   	   	  	  	  in	  expecta%on	  	  

	   	  	  

	   	  Consider	  an	  agent	  with	  “yes”	  signal	  
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Robust	  Bayesian	  Truth	  Serum	  (RBTS)	  
[Witkowski	  and	  Parkes	  2012a]	  

▶  Works	  for	  small	  popula%ons	  
▶  RBTS	  assumes	  binary	  signals	  
▶  Each	  agent	  	  	  	  	  is	  asked	  for	  two	  reports	  
▶  Informa%on	  report:	  reported	  signal	  	  
▶  Predic%on	  report:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  the	  predic%on	  of	  the	  

frequency	  of	  signal	  1	  

▶  Each	  agent	  has	  two	  reference	  agents	  

S = {0, 1}

xi 2 {0, 1}
i

yi 2 [0, 1]



Robust	  Bayesian	  Truth	  Serum	  (RBTS)	  	  
[Witkowski	  and	  Parkes	  2012a]	  	  

sj

si

sk

Mechanism	  

(xk, yk)

(xi, yi)

(xj , yj) {y0i =
yj � d if xi = 0

yj + d if xi = 1

d = min{yj , 1� yj}

S(y0i, xk) + S(yi, xk),	  S	  being	  the	  Brier	  scoring	  rule	  	  

Truthful	  repor%ng	  is	  a	  strict	  Bayesian	  Nash	  equilibrium	  for	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	  	  	  n � 3



Shadowing	  
▶  S	  is	  the	  Brier	  scoring	  rule	  	  

S(y0i, xk) + S(yi, xk) Predic%on	  Score	  Informa%on	  Score	  

{y0i =
yj � d if xi = 0

yj + d if xi = 1

d = min{yj , 1� yj}

Shadowing	  

d	   d	  

0	   1	  yj
x x

Predic%on	  of	  agent	  	  	  
given	  signal	  0	  and	  	  yj

i Predic%on	  of	  agent	  	  	  
given	  signal	  1	  and	  	  yj

i



Other	  Related	  Work	  

▶  Many	  improvements	  on	  the	  original	  peer	  predic%on	  
[Jurca	  and	  Fal%ngs	  2006,	  2007,	  2008,	  2011]	  

▶  Private	  prior	  peer	  predic%on	  [Witkowski	  and	  Parkes	  2012b]	  

▶  RBTS	  for	  non-‐binary	  signals	  [Radanovic	  and	  Fal%ngs,	  2013]	  



Ques%ons?	  

yiling@seas.harvard.edu	  
hwp://yiling.seas.harvard.edu	  
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