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(57) ABSTRACT

Disclosed is a method of generating a functional singularity
at a point or collection of points. The method may include
determining a relationship between one or more parameters
associated with a physical structure and a spatial gradient of
field values of at least one of electromagnetic energy, sound
energy, particle beam, or water waves manipulated by the
physical structure, configuring, according to the relation-
ship, the spatial gradient of field values to represent a
functional singularity at a point, performing backpropaga-
tion using the spatial gradient of field values to obtain design
parameters corresponding to values for the one or more
parameters that achieve the functional singularity at the
point, and producing a physical structure having the design
parameters.
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SYSTEMS AND METHODS OF PHASE AND
POLARIZATION SINGULARITY
ENGINEERING

CROSS-REFERENCE TO RELATED
APPLICATIONS

[0001] This application claims the benefit of and priority
to U.S. Provisional Patent Application No. 63/140,260, filed
Jan. 22, 2021, the contents of which is incorporated by
reference herein in its entirety for all purposes.

STATEMENT OF FEDERALLY SPONSORED
RESEARCH OR DEVELOPMENT

[0002] This invention was made with government support
under 2025158 awarded by the National Science Founda-
tion, and FA9550-19-1-0135 awarded by the U.S. Air Force
Office of Scientific Research. The government has certain
rights in the invention.

BACKGROUND

[0003] Optical phase singularities are positions of zero
field value in a complex scalar field. For example, regions of
darkness surrounded by light. Singularities may be ubiqui-
tous in complex wave systems and are accompanied by
extremely rapid phase variation nearby. The most system-
atically studied subclass of singular fields is optical vortices:
beams with helically wound wavefronts which carry orbital
angular momentum and are accompanied by a linear (1D)
singularity along the optical axis.

SUMMARY

[0004] One embodiment of the present disclosure is a
method of generating a functional singularity at a point or
collection of points including determining a relationship
between one or more parameters associated with a physical
structure and a spatial gradient of field values of at least one
of electromagnetic energy, sound energy, charged or
uncharged particle beam, or water waves manipulated by the
physical structure, configuring, according to the relation-
ship, the spatial gradient of field values to represent a
functional singularity at a point, performing backpropaga-
tion using the spatial gradient of field values to obtain design
parameters corresponding to values for the one or more
parameters that achieve the functional singularity at the
point, and producing a physical structure having the design
parameters.

[0005] In some embodiments, the functional singularity
includes a phase singularity in one or more field compo-
nents. In some embodiments, the field values are associated
with light manipulated by the physical structure and wherein
the functional singularity includes a polarization singularity.
In some embodiments, the polarization singularity is in an
azimuth of a transverse polarization in a paraxial field. In
some embodiments, the polarization singularity is in an
ellipticity angle of a transverse polarization in a paraxial
field. In some embodiments, the physical structure includes
a metasurface. In some embodiments, the physical structure
includes a spatially-variant phase plate. In some embodi-
ments, the physical structure includes a spatial light modu-
lator (SLM). In some embodiments, the physical structure
includes a spatially-variant waveplate. In some embodi-
ments, the design parameters include a plurality of at least
one of nanopillar diameter, height, or width values. In some
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embodiments, the design parameters include a plurality of
nanostructure rotation angles or spatial displacements. In
some embodiments, the point includes an isolated 0-dimen-
sional position in 3-dimensional space. In some embodi-
ments, a collection of points forms one or more 1-dimen-
sional lines in 3-dimensional space. In some embodiments,
a collection of points forms one or more 2-dimensional
surfaces in 3-dimensional space. In some embodiments, a
collection of points forms one or more 3-dimensional vol-
umes in 3-dimensional space. In some embodiments, con-
figuring the spatial gradient of field values includes per-
forming gradient descent optimization. In some
embodiments, the functional singularity is associated with a
maximized value of the spatial gradient of field values at the
point. In some embodiments, the functional singularity is
associated with a minimized value of the field value mag-
nitude at the point. In some embodiments, the spatial gra-
dient of field values at the point is oriented perpendicular to
the physical structure. In some embodiments, the relation-
ship between the one or more parameters associated with the
physical structure and the spatial gradient of field values
includes a Green’s function for wave propagation. In some
embodiments, the relationship between the one or more
parameters associated with the physical structure and the
spatial gradient of field values includes a spatial Fourier
transform. In some embodiments, the physical structure
includes an acoustic transducer. In some embodiments, the
physical structure includes a shaped magnetic field for
deflecting charged particles. In some embodiments, the
physical structure includes a shaped reflector or attenuator.
In some embodiments, the physical structure includes at
least one of a water pump or pneumatic actuator.

BRIEF DESCRIPTION OF THE DRAWINGS

[0006] For a better understanding of the nature and objects
of some embodiments of this disclosure, reference should be
made to the following detailed description taken in conjunc-
tion with the accompanying drawings.

[0007] FIG. 1 is a block diagram illustrating a system for
generating phase and polarization singularities, according to
an example embodiment;

[0008] FIGS. 2A-2H are a number of diagrams illustrating
optical singularities, according to several example embodi-
ments;

[0009] FIGS. 3A-3D are a number of diagrams illustrating
isosurfaces of optical singularities, according to several
example embodiments;

[0010] FIGS. 4A-4H are a number of diagrams illustrating
an engineered heart-shaped optical phase singularity,
according to several example embodiments;

[0011] FIG. 5A includes images of a metasurface designed
by the system of FIG. 1, according to an example embodi-
ment;

[0012] FIG. 5B is a block diagram illustrating a setup for
characterizing an optical phase singularity, according to an
example embodiment;

[0013] FIG. 5C is a diagram illustrating multiple-intensity
reconstruction using the setup of FIG. 5B, according to an
example embodiment;

[0014] FIGS. 6A-6F are a number of diagrams illustrating
an engineered heart-shaped optical polarization singularity,
according to several example embodiments;
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[0015] FIG. 7A includes images of a polarization-sensitive
metasurface designed by the system of FIG. 1, according to
an example embodiment;

[0016] FIG. 7B is a block diagram illustrating a setup for
characterizing an optical polarization singularity, according
to an example embodiment;

[0017] FIGS. 8A-8E are a number of diagrams illustrating
characteristics of a blue-detuned trap array generated by the
system of FIG. 1, according to several example embodi-
ments; and

[0018] FIG. 9 is a method of generating a physical struc-
ture to create a functional singularity, according to an
example embodiment.

DETAILED DESCRIPTION

[0019] Optical phase singularities are positions of zero
field value in a complex scalar field—regions of darkness
surrounded by light. These singularities may be ubiquitous
in complex wave systems and may arise due to extremely
rapid or discontinuous phase variation in a given light field.
In some embodiments, this is encountered in beams with
orbital angular momentum (OAM), which may exhibit a
linear singularity along the optical axis, around which the
wavefront (and thus the Poynting vector) swirls and forms
an optical vortex. Phase structures of this nature, and their
associated singularities, have attracted much attention owing
to the non-intuitive behavior they can imbue on the sur-
rounding light field. As a non-limiting example, superoscil-
lations, whereby a bandlimited signal exhibits rapid spatial
variation that is arbitrarily larger than its maximum Fourier
component, may occur by virtue of nearby singularities. In
various embodiments, phase singularities exhibit fundamen-
tally different topologies as compared to bright regions of
the field and obey different constraints. As a non-limiting
example, focusing a beam of light is usually constrained by
the diffraction limit (e.g., it may be difficult to focus light
into a small region or into a sharp angle, etc.). There is no
such diffraction limit for dark (e.g., one may make phase
singularities arbitrarily localized and measure their locations
with deeply subwavelength precision, limited only by the
signal-to-noise ratio of the measuring apparatus, etc.).
Indeed, measuring an intensity minimum may be far more
precise than measuring the displacements of finite-width
beams of light. This may enable a host of applications which
rely on the small size and high location precision of singu-
larities. For instance, molecular scale imaging, enabled via
the MINFLUX technique, may infer the position of a
fluorescent particle from the spot of minimum emission
when the particle is illuminated with a doughnut-shaped
pump beam with zero on-axis intensity. In some embodi-
ments, the precise position of singularities may be used to
create a subwavelength ruler that can resolve displacements
to Ykoo of the light wavelength or greater.

[0020] Optical phase singularities are largely synonymous
with one-dimensional (1D) singularity lines, such as those
on the optical axis of OAM beams. However, the inter-
changeability of “vortex” beams singular light produces a
misconception that all optical singularities look like 1D
phase singularities. In various embodiments, 1D line struc-
tures may be observed as they are stable with respect to
small perturbations to the scalar field. In some embodiments,
other classes of singularities such as point (zero-dimen-
sional) and surface (two-dimensional) singular structures
also exist, where the singularity can take the form of a single
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point or a continuous surface, respectively. In various
embodiments, such structures may be unstable in the sense
that a small perturbation added to the field can easily deform
its singular region, reducing it to a collection of zero or more
stable 1D singularities. These singular structures may be
observed in systems with high symmetry, such as the radial
nodes in cylindrically symmetric Bessel beams.

[0021] Turning now to FIG. 1, system 100 for generating
singularities is shown, according to an example embodi-
ment. In various embodiments, system 100 may generate/
provide design parameters for constructing and/or operating
a physical structure to achieve a functional singularity. For
example, system 100 may generate/provide/determine a
plurality of nanopillar diameters for a nanostructure to
generate/define an optical singularity. As another example,
system 100 may generate/provide/determine operational
parameters for a plurality of actuators to generate a water
wave singularity. As another example, system 100 may
generate/provide/determine the pixelated phase and/or
amplitude profile to be displayed in one or more spatial light
modulators. In various embodiments, the singularities gen-
erated by system 100 are arbitrary in size and/or shape. For
example, system 100 may generate/establish/define a singu-
larity at a point and/or may combine/aggregate a number of
point singularities to achieve an extended singularity in a
shape of an arbitrary object. In various embodiments, system
100 determines a relationship (e.g., mathematical, linking,
descriptive, etc.) between design parameters and field values
or spatial gradients of field values associated with one or
more points in space. For example, system 100 may deter-
mine piecewise continuous functions that link/relate a plu-
rality of nanopillar widths to a spatial gradient of field values
associated with light. In various embodiments, system 100
may use the information contained in the aforementioned
relationship to generate/determine a suitable set of design
parameters associated with a desired field characteristic such
as the shape of a functional singularity.

[0022] System 100 is shown to include singularity gener-
ating system 110 which may generate/determine/provide
design parameters and/or operational parameters for physi-
cal structure 10 which may interact with propagating or
evanescent fields to achieve/establish a functional singular-
ity in field values 20. In various embodiments, the propa-
gating energy may include electromagnetic energy, sound
energy, particle beams, and/or water waves. Physical struc-
ture 10 may include a metasurface, a spatial light modulator
(SLM), a spatially variant waveplate, an acoustic transducer,
a water pump, a pneumatic actuator, magnetic fields, shaped
reflectors, shaped attenuators, and/or the like. In various
embodiments, physical structure 10 may generate/establish
fixed functional singularities (e.g., functional singularities
that are the result of static design parameters, etc.). Addi-
tionally or alternatively, physical structure 10 may generate
dynamic functional singularities (e.g., functional singulari-
ties that may be changed based on dynamically controlling
a physical structure such as changing a voltage applied to a
SLM, etc.). It should be understood that physical structure
10 may generate 0D, 1D, 2D, and/or 3D functional singu-
larities in the fields values 20.

[0023] Singularity generating system 110 may include
processing circuit 120 having processor 130 and memory
140. Processor 130 may be a general purpose or specific
purpose processor, an application specific integrated circuit
(ASIC), one or more field programmable gate arrays (FP-
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GAs), a group of processing components, or other suitable
processing components. Processor 130 may be configured to
execute computer code or instructions stored in memory 140
or received from other computer readable media (e.g.,
CDROM, network storage, a remote server, etc.).

[0024] Memory 140 may include one or more devices
(e.g., memory units, memory devices, storage devices, or
other computer-readable media) for storing data and/or
computer code for completing and/or facilitating the various
processes described in the present disclosure. Memory 140
may include random access memory (RAM), read-only
memory (ROM), hard drive storage, temporary storage,
non-volatile memory, flash memory, optical memory, or any
other suitable memory for storing software objects and/or
computer instructions. Memory 140 may include database
components, object code components, script components, or
any other type of information structure for supporting the
various activities and information structures described in the
present disclosure. Memory 140 may be communicably
connected to processor 130 via processing circuit 120 and
may include computer code for executing (e.g., by processor
130) one or more of the processes described herein.

[0025] Processor 130 may include relationship determina-
tion circuit 142, objective function calculation circuit 144,
backpropagation circuit 146, and physical design circuit
148. In some embodiments, one or more of relationship
determination circuit 142, objective function calculation
circuit 144, backpropagation circuit 146, and/or physical
design circuit 148 are embodied as computer-executable
instructions stored in memory 140. Relationship determina-
tion circuit 142 may determine a relationship (e.g., math-
ematical relationship, descriptive relationship, etc.) between
parameters associated with physical structure 10 and field
values 20 based on one or more theoretical models of the
physical system comprising the physical structure 10 and
field values 20. For example, relationship determination
circuit 142 may determine a relationship between metasur-
face design parameters and complex field values and/or
objective function values (e.g., through the theoretical
model of Maxwell’s equations). In some embodiments,
relationship determination circuit 142 determines one or
more piecewise continuous mathematical operations that
link the parameters associated with physical structure 10 and
field values 20. Relationship determination is described in
greater detail below. In some embodiments, the mathemati-
cal operations performed by relationship determination cir-
cuit 142 are stored as a computational tree in memory 140.

[0026] Objective function calculation circuit 144 may
convert the modeled field values or field gradients from
relationship determination circuit 142 into one real number
to be optimized. For example, objective function calculation
circuit 144 may calculate the minimum field phase gradient
from a list of field phase gradient values provided by
relationship determination circuit 142, since the point with
the minimum field phase gradient may represent the worst-
performing point that requires iterative improvement. In
some embodiments, objective function calculation circuit
144 may accept as input modeled field values or field
gradients from a plurality of relationship determination
circuits 142, each relationship determinization circuit 142
representing a different configuration of physical structure
10 or incident evanescent or propagating fields that interact
with physical structure 10. For example, objective function
calculation circuit 144 may accept as input field values from
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one relationship determination circuit 142 representing
green light incident on physical structure 10, and from
another relationship determination circuit 142 representing
red light incident on physical structure 10 (e.g., to control
the behavior of physical structure 10 under illumination of
two light colors, etc.). In various embodiments, objective
function calculation circuit 144 returns one real number as
output. In some embodiments, the mathematical operations
performed by objective function calculation circuit 144 are
stored as a computational tree in memory 140.

[0027] Backpropagation circuit 146 may perform back-
propagation using the stored computational trees con-
structed by relationship determination circuit 142 and/or
objective function calculation circuit 144. In various
embodiments, backpropagation circuit 146 traverses a com-
putational tree to determine a first-order or higher-order
derivative of the real output from objective function calcu-
lation circuit 144 with respect to one or more parameters
associated with physical structure 10. Backpropagation is
described in greater detail below.

[0028] Physical design circuit 148 may generate and/or
optimize physical design and/or operational parameters for
physical structure 10 based on the gradient information
provided by backpropagation circuit 146. For example,
physical design circuit 148 may optimize physical design
parameters such as nanopillar diameters, orientations, rota-
tion angles, shapes, separations/gaps, heights, and/or widths
associated with a nanostructure based on backpropagation
performed by backpropagation circuit 146. In various
embodiments, physical design circuit 148 may facilitate
producing physical structure 10 having characteristics to
generate a functional singularity as modeled by objective
function calculation circuit 144. In some embodiments,
physical design circuit 148 updates the input and interme-
diate values for one or more of relationship determination
circuit 142, objective function calculation circuit 144, and/or
backpropagation circuit 146 to obtain updated gradient
information used to iteratively improve the behavior of
physical structure 10. Generating physical design param-
eters and producing a physical structure is described in
greater detail below.

[0029] Referring now generally to the figures, system 100
may offer many benefits over existing systems and/or meth-
ods. Traditional systems and methods of generating singu-
larities such as optical singularities may be incapable of
generating singularities limited to a point in space. For
example, a conventional system may generate a line singu-
larity such as that associated with the optical axis of a beam
with orbital angular momentum but may be unable to
generate a singularity at only a specific point on the line.
Moreover, traditional systems and methods may be inca-
pable of generating singularities associated with zero field
value such as one or more optically dark points. However,
system 100 of the present disclosure may generate phase
and/or polarization singularities representing dark spots at
arbitrary points. Furthermore, some traditional systems may
rely on finite difference methods to compute the objective
function gradient that are more computationally demanding
than the algorithmic differentiation (backpropagation) as
performed by system 100. Moreover, conventional systems
that rely on finite difference methods may be more suscep-
tible to errors than system 100 described herein (e.g.,
estimating a derivative near singularities where the phase
gradients are diverging is highly susceptible to errors using
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a finite difference method, particularly when it pertains to
the a periodic phase, etc.). Furthermore, dark regions gen-
erated/produced by system 100 may be generated with
greater contrast and fidelity than that attained through tra-
ditional systems such as traditional computer-generated
holography.

[0030] System 100 may facilitate improvements in various
technologies. For example, system 100 may generate custom
phase plates and/or metasurfaces for singular point-spread-
functions in fluorescent microscopy. As another example,
system 100 may facilitate adaptive optics for astronomical
and/or military telescopes that allow selective enhancement
and suppression of light sources in an image. In various
embodiments, system 100 may facilitate design of devices
using superoscillations. For example, system 100 may facili-
tate placement of dark singular features around a position to
“squeeze” light into a subwavelength space.

[0031] In various embodiments, system 100 may facilitate
advances in remote sensing. For example, system 100 may
facilitate producing optical singularities for detecting and
reconstructing inhomogeneities (e.g., density fluctuations
and currents, etc.) in transparent and/or weakly-scattering
propagation media. To continue the previous example, sys-
tem 100 may facilitate reconstructing properties of a scat-
tering medium such as perturbations from air currents or air
pockets. As another example, system 100 may facilitate
precision remote sensing of distant surfaces. To continue the
previous example, system 100 may measure a displacement
associated with a dark spot reflected of a vibrating surface
(e.g., where the dark spot encodes information about surface
vibrations, etc.). In some embodiments, system 100 may
generate a physical structure to facilitate sensing character-
istics such as tilt, displacement, thickness, color, and/or
polarization associated with a beam and/or object. To con-
tinue the previous example, system 100 may generate a
physical structure that correlates one or more of these
sensing characteristics with the displacement of singular
field structures, so that one or more precision measurements
of the singular field structure shape and/or displacement
provides qualitative or quantitative information about the
correlated sensing characteristics.

[0032] In various embodiments, system 100 may be
applied in quantum optics and/or communication. For
example, system 100 may produce compact metasurface-
enabled devices that generate red and blue-detuned atomic
traps for quantum optics. Blue-detuned atomic traps are
local minima in light intensity, which may be associated
with optical singularities. As another example, system 100
may generate a physical structure to replicate random
speckle patterns to defeat optical encryption (e.g., since
speckle patterns may be optical singularity structures, etc.).
As another example, system 100 may produce a physical
structure to generate on-demand structured light for quan-
tum communication (e.g., information can be encoded into
modes including polarization singularities for mode-division
multiplexed communication, thereby increasing communi-
cation bandwidth, etc.).

[0033] In various embodiments, system 100 may be
applied in advanced holography. For example, system 100
may facilitate improved light/dark contrast in holograms
(e.g., through selective placement of dark spots and/or
extended dark structures, etc.). In various embodiments,
system 100 may generate physical structures for application
in acoustic and/or radiofrequency devices. For example,
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system 100 may generate a physical structure to shape
radio-wave and/or acoustic-wave dead zones by manipulat-
ing emissions patterns produced by physical structure 10 or
arising from field interactions with physical structure 10. As
another example, system 100 may be used to produce/design
a surface for an underwater structure and/or floating object
to produce wave and/or acoustic singularities that reduce or
enhance hydrodynamic resistance to motion.

[0034] In various embodiments, system 100 may applied
to generate optical forces and/or perform debris accumula-
tion. For example, system 100 may generate a physical
structure to create an optical dark “shield” to repel particles
from a region. As another example, system 100 may gen-
erate operational parameters to operate one or more devices
to interact with a body of water to facilitate trash collection
and/or oil spill concentration. As another example, system
100 may generate operational parameters for an acoustic
transducer to facilitate particle trapping in acoustic singu-
larities (e.g., for pollution filtration, etc.). In some embodi-
ments, system 100 may generate/provide/define physical
structures to determine a chirality of particles. For example,
system 100 may generate a physical structure to facilitate
chiral resolution of particles using optics (e.g., at the sin-
gularity boundary where the polarization response has the
opposite sign, etc.). In various embodiments, physical struc-
ture 10 may be, include, and/or be associated with a “blue”
atomic trap. In various embodiments, physical structure 10
may trap atoms in a dark spot and/or extended dark structure
surrounded by light. It should be understood that, in various
embodiments, “blue” atomic traps refer to 3D spatial con-
finement in which atoms are trapped in a dark spot and/or
extended dark structure surrounded by light.

[0035] Turning now to FIGS. 2A-2H, a number of dia-
grams illustrating optical singularities are shown, according
to several example embodiments. Singularities occur when
one or more parameters of a field are undefined at one or
more points. Phase singularities occur where real and imagi-
nary parts of a scalar time-harmonic field E(r)=Re[E(r)]+
ilm[E(r)] are simultaneously zero, thus leaving the overall
phasefront undefined there. In most complex 3D scalar
fields, the points at which the real (or imaginary) part of the
field vanishes forms a 2D surface (a zero-isosurface). The
field zeros and optical singularities thus occur at the inter-
section of these two zero-isosurfaces (Re[E(r)]=0 and Im[E
(1)]=0). Referring to FIGS. 2A-B, the two field zero-isosur-
faces (Re[E(r)]=0, shown as first surface 210, and Im[E(r)]
=0, shown as second surface 220) intersect at exactly one
point where the surfaces touch, forming a point OD singu-
larity, as shown in FIG. 2A. FIG. 2B illustrates the complex
phase at an XY cross-section of the field in FIG. 2A. When
the intersection between the two zero-surfaces forms a line,
a 1D linear singularity is produced. By bringing the two
surfaces (e.g., first surface 230 and second surface 240 as
shown in FIG. 2C) that formed the 0D singularity in FIGS.
2A-2B closer together, the intersection locus becomes a
closed loop, as shown in FIGS. 2C-2D. For the fundamental
vortex beam, the real (e.g., first surface 250) and imaginary
(e.g., second surface 260) parts only cross on the optical
axis, as shown in FIGS. 2E-2F. FIGS. 2D and 2F illustrate
cross-sections of these 1D singularities and demonstrate that
the complex phase swirls in either a clockwise or anticlock-
wise fashion around the singularity locus. This swirling
occurs because the two zero lines in the cross-sectional
plane divide the plane into four quadrants with each com-
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bination of positive or negative real and imaginary field
parts. In taking a loop around the singularity, one crosses
into each of the four quadrants, accumulating a phase of
+71/2 over each quadrant to produce the characteristic phase
swirl. When the real and imaginary zero-isosurfaces coin-
cide, 2D sheet singularity 270 may be produced, as shown
in FIGS. 2G-2H.

[0036] 1D singular structures may differ from the other
topologies in terms of their stability under field perturba-
tions. For example, introducing a perturbation by adding a
small nonzero complex number P to each of the scalar fields
in FIGS. 2A-2H may be considered an additional plane wave
in the long wavelength limit. To continue the example, the
addition of P may displace and distort the zero-isosurfaces
for at least one of the real and imaginary parts. For the 0D
and 2D topologies, this shift may misalign the precise
orientation of the zero-isosurfaces, destroying the singular-
ity altogether (e.g., when the intersection is removed) or
producing 1D singular lines (e.g., where the new isosurfaces
intersect). In some embodiments, the addition of P to the 1D
singularity fields causes the zero-isosurface intersection to
be displaced in space, preserving the existence of the 1D
singularity. 1D singularities are stable against such field
perturbations, while 0D and 2D singularities may not be. 0D
and 2D singularities are therefore exceedingly rare in ran-
dom disordered optical fields. In various embodiments, the
existence of a true mathematical 0D or 2D singularity relies
on perfect alignment of field zero-surfaces. In various
embodiments, optical fields may be engineered to behave in
a manner which may closely approximate this behavior for
practical purposes. This may also be the case for 3D singu-
larities: although volumetric singularities may not be math-
ematically possible, “perfect” optical vortices with a dark
hollow core can be designed and generated experimentally.

[0037] Insome embodiments, design of optical devices to
shape lighted regions of a field is possible through iterative
techniques such as computer-generated holography, the Ger-
chberg-Saxton algorithm, or adjoint optimization, or
through non-iterative means such as in guiding freestyle
laser traps. These iterative light-shaping numerical tech-
niques may rely on the reverse propagation of a desired light
field distribution to provide information on how to improve
the design of an optical device in the next iteration. Such
techniques may work if the desired output optical shape
comprises lighted regions but often fail if the desired pattern
is dark or associated with little optical intensity. If there are
singular regions in the desired optical output, reverse-propa-
gation of the output from these regions may result in zero
information provided to the iterative algorithm. Further-
more, computer-generated holography techniques may not
work when the pattern is smaller than the diffraction-limited
Airy disk spot size associated with the device aperture.
Singularities are often closely associated with infinities in
the spatial gradients of the field parameters that are singular.
Therefore, a key to generating singularities as described
herein lies not only in optimizing values of field parameters
(such as phases), but also in configuring the spatial gradients
of'these field parameters. Phase singularities in particular are
intimately connected to phase gradients, which rise to arbi-
trarily large values in the vicinity of a singularity. An infinite
phase gradient at a point may imply that there is vanishing
field value there, although the reverse implication is not
always true.
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[0038] Turning now to FIGS. 3A-3D, field behavior in
terms of real and imaginary zero-isosurfaces from optimi-
zation runs produced by phase gradient maximization and
field minimization are illustrated, according to various
example embodiments. Spheres 330 represent positions at
which the field is optimized. Inset surface plots are the
logarithmically scaled field intensities in the XY cross-
section located at the middle z value of each 3D plot. In
various embodiments, maximizing the phase gradient at a
point in a specified direction may produce a sheet-like
singularity (e.g., in a localized area, etc.), accompanied by a
low intensity region. FIG. 3A illustrates the result of opti-
mization for a single point (e.g., at the center of sphere 330).
An asymptotically large and directed phase gradient can be
achieved by aligning the real and imaginary zero-isosurfaces
(surfaces 310 and 320, respectively) so that they touch
tangentially and are normal to a specified direction, as
shown in FIG. 3A. FIG. 3B illustrates a crossing of the
zero-isosurfaces when the field amplitude is minimized at
the center of sphere 330 instead, which may not produce
sheet-like singularity behavior. A range of the sheet-like
singularity may be extended by maximizing and/or increas-
ing a phase gradient at multiple nearby positions, as shown
in FIG. 3C. FIG. 3D illustrates multiple discrete intersec-
tions when the field amplitude is minimized at two points,
which may not produce the desired sheet-like singularity
behavior as shown in FIG. 3C. Phase gradient maximization
may produce different field topologies than field amplitude
minimization.

[0039] It should be understood that as used herein, “sin-
gularities” may refer to functional singularities that are close
to and/or approaching “perfect” singularities as used in a
mathematical sense.

[0040] Traditional systems using a finite difference
method to estimate a derivative near singularities may be
highly susceptible to errors (e.g., because of the associated
a phase periodicity, etc.). System 100 may improve upon
traditional systems by performing calculations and simula-
tions on an algorithmic differentiation (backpropagation)
platform (e.g., rather than using finite difference methods,
etc.). In various embodiments, system 100 records the
mathematical operations performed in connecting variables
(such as device design parameters and their positions in
space) to their results (such as complex field values or
objective function values). System 100 may efficiently tra-
verse this computational tree using the chain rule for deriva-
tives to generate the numerical derivative of any calculated
value with respect to another variable.

[0041] Referring now to FIGS. 4A-4H, a number of dia-
grams illustrating an optical phase singularity with an engi-
neered cross-section in the shape of a heart are shown,
according to an example embodiment. System 100 may
produce singularities by gradient-descent optimization of a
complex wavefront profile over a wavefront-controlling
metasurface. Numerical predictions can be verified experi-
mentally by fabricating metasurfaces (or any wavefront
shaping device which can sample the highest spatial fre-
quency of the target pattern) which enforce the required
wavefront profile. System 100 may differ from existing
systems and/or methods of deterministic singularity place-
ment in that system 100 may not specify an analytical
mathematical description of the field in the vicinity of the
singularities, such as in the analytical construction of a
superoscillating function to form an array of optical vortices
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or in constructing explicit analytic representations of the
fields. Instead, system 100 may sculpt/define/establish sin-
gularities based on field gradients at the position of the
singularity itself. Additionally or alternatively, system 100
may generate polarization singularities in analogy to phase
singularities by maximizing the spatial gradient of polariza-
tion parameters at a singularity loci.

[0042] Referring now specifically to FIG. 4A, a 2D phase-
singularity sheet with a cross-section in the shape of a heart
is shown, according to an example embodiment. The sin-
gularity is designed for a scalar field at A,=532 nm emitted
from a 0.8 mmx0.8 mm patterned square aperture placed 10
mm away from the target plane. The scalar field approxi-
mation (qualitatively supported by the target plane distance
being much larger than the aperture size) is justified by a full
vectorial propagation of the electromagnetic fields, which
shows that the time-averaged energy density associated with
the y (other transverse component) and z (axial) polarization
components over the volume of interest is much smaller (in
this case, less than 0.05%) that of the x-polarization. An
isosurface plot of the simulated near-zero field intensity
region may depict the orientation of the designed 2D sin-
gularity in 3D space. The grey-colored XY plane marked at
7=10 mm (where z is the longitudinal coordinate) is the
transverse plane over which the singularity phase gradient
was optimized. A cross-sectional simulated intensity plot of
the designed 2D singularity at this plane is shown in FIG.
4C.

[0043] FIG. 4F illustrates the simulated phasefront of the
2D heart-shaped phase singularity on the transverse plane at
7z=10 mm. There is a visible phase jump of m radians across
the singularity boundary as the field changes sign. The phase
profile is continuously differentiable with a well-defined
phase gradient over the entire transverse plane, and achieves
a large gradient value at the singularity boundary. In some
embodiments, the transverse phase gradient |V, §I1*=(3 ¢)*+
(ayq>)2 achieves large magnitudes near the heart-shaped
boundary and may exceed the incident wavenumber k, by an
order of magnitude, thereby exhibiting superoscillatory
behavior.

[0044] In various embodiments, system 100 generates the
2D heart-shaped sheet singularity by maximizing a phase
gradient in the directions oriented normally to the target
heart-shape at the target z=10 mm plane. In other embodi-
ments, system 100 may optimize the phase gradient in
multiple z-planes. System 100 may generate/determine a
physical structure to control the propagation phase delay
(from O to 2m) at each pixel on a wavefront-controlling
surface located at z=0 mm. In various embodiments, the
physical structure forms/establishes a 2D singularity sheet.
System 100 may partition the controlled surface (e.g., physi-
cal structure 10, etc.) into a 101x101 grid of square pixels
with a pitch of 8 um. In some embodiments, a pitch of the
controlled surface matches that used by commercial spatial
light modulators (SLMs). System 100 may parametrize the
heart-shape at the target plane by 50 points and define the
objective function to be maximized to be the minimum of
the surface-normal phase gradients at those points. In some
embodiments, the objective function of system 100 to be
maximized may be the smooth approximation to the mini-
mum of the surface-normal phase gradients. In various
embodiments, system 100 performs optimization using gra-
dient descent with iterative refinement. The optimized phase
pattern is shown in FIG. 4B. In various embodiments, the
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optimized phase pattern does not exhibit any discernable
long-scale pattern apart from a series of concentric rings
which appear to have a focusing effect.

[0045] In various embodiments, the 2D sheet singularity
can also be described as a collection of 1D singularities with
integer topological charge placed in close proximity. For
example, similar to optical vortices with fractional topologi-
cal charge, the 2D singularity sheets described herein may
be unstable with propagation, and may break apart into
collections of optical vortices with topological charge m=+1
when the aligned zero-isosurfaces separate or cross each
other. In some embodiments, the effective topological
charge of the singularity sheet may be computed by taking
the difference in topological charge computed along a larger
heart-shaped contour that encircles the design curve and that
from a smaller heart-shaped contour enclosed by the design
curve. In some embodiments, this effective topological
charge is computed to be —-0.04. In some embodiments, local
sheet-like behavior represents a finely-tuned relationship
between adjacent stable optical vortices to produce sheet-
like phase dislocations that comprise the singularity. In
various embodiments, system 100 does not control indi-
vidual trajectories of the component optical vortices. Addi-
tionally or alternatively, system 100 may control the trajec-
tories of individual optical vortices. In various
embodiments, system 100 optimizes over the total complex
field to facilitate evolution of the vortices as needed to
produce the desired overall singularity structure.

[0046] In various embodiments, system 100 may facilitate
validating the numerical predictions described above by
fabricating/producing the design of a transmissive metasur-
face that enforces the required phase profile described above
in reference to FIG. 4B. The metasurface may include 600
nm-tall cylindrical pillars of TiO, on a fused silica substrate.
In various embodiments, the metasurface includes 101x101
square superpixels with a pitch of 8 um, where each super-
pixel comprises 32x32 subwavelength pixels with a single
nanopillar each. However, it should be understood that the
metasurface may have any number of elements such as
nanopillars each having any configuration (e.g., pitch, size,
shape, etc.). In other embodiments, the metasurface may
comprise nanoholes of possibly varying pitch, size, shape,
etc. In various embodiments, a diameter of the nanopillars
controls the propagation phase delay imprinted onto trans-
mitted light through the metasurface. FIG. 5A illustrates
scanning electron micrographs of the full metasurface and
the nanopillar arrays. FIG. 5B illustrates an experimental
setup for profiling the singularity sheet produced. The setup
may include fiber collimator 510, first mirror 520, second
mirror 530, metasurface 540 (e.g., physical structure 10,
etc.), heart-shaped phase singularity 550, objective 560 (e.g.,
a 100x objective with NA=0.95 on a stepper motor, etc.),
lens 570 (e.g., a tube lens, etc.), and/or sensor 580 (e.g., a
CMOS sensor, etc.). FIG. 5C illustrates single-beam mul-
tiple-intensity reconstruction applied to the 3D measured
intensity map. FIGS. 4D and 4G illustrate intensity and
reconstructed phase profiles produced by the metasurface at
the z=10 mm plane, respectively. Both profiles exhibit close
correspondence to those obtained through simulation as
discussed in detail with reference to FIGS. 4C and 4F,
respectively. In some embodiments, rapid intensity decay
along the singularity sheet (~-35 dB), stemming from the
phase gradient maximization may be observed. The fidelity
and continuity of such dark regions are difficult to replicate
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using conventional holography tools. For example, FIGS.
4E and 4G illustrate field intensity and phase obtained by
using the Gerchberg-Saxton phase retrieval algorithm to
design a similar heart-shaped singular trajectory just on one
transverse plane, respectively. As the heart-shaped singular
trajectory has features that are smaller than the characteris-
tics size of features on the transverse plane, given by the
Airy disk diameter of 11.5 pum in this case, conventional
holography tools poorly replicate the desired field structure.
[0047] It should be understood that the systems and/or
methods for producing 2D sheet phase singularities may also
apply to producing 2D polarization singularity sheets. In
various embodiments, system 100 generates C-point elliptic
singularities, in which the polarization azimuth ¥ (in a
paraxial field, with negligible longitudinal electric field
contribution) is singular. W is the angle that the major axis
of the polarization ellipse makes with the transverse x-di-
rection. The polarization azimuth may be calculated as
2W=atan(s,/s, ), where the Stokes parameters are, using the
convention of positive left-handed circular polarization:

so=|EP+IE, P
s1=E,P-IE, P
s5=2Re(E,E,*)

53=2Im(E,E *)

[0048] Together with the ellipticity angle 26=asin(-s,/s,),
which determines the eccentricity and handedness of the
polarization ellipse, the pair (W, 0) parametrizes the space of
fully-polarized light. On the Poincaré sphere, lines of con-
stant W are meridians that intersect at the North and South
poles. Just as longitudes of the globe intersect at the poles so
that the longitudinal coordinate is undefined at the poles, ¥
is singular at the poles of the Poincare sphere at which
circularly polarized light resides. In analogy to phase sin-
gularities, system 100 may generate polarization singulari-
ties by maximizing the spatial gradient of where W is the
complex argument of the Stokes field X,,=s,+is,, which
may play the analogous role of the complex scalar field over
which singularities are defined. This complex field may
exhibit the same geometries as discussed above in relation to
FIGS. 2A-2H. System 100 may maximize the phase gradient
of Z,,, thereby maximizing the polarization azimuth gradi-
ent, and thereby producing a polarization singularity. At
such a polarization singularity, s, and s, go to zero, in
analogy to the vanishing of the real and imaginary parts of
a scalar complex field at a phase singularity so that the
polarization azimuth is undetermined. It should be under-
stood however, that the overall field intensity at the polar-
ization singularity may be non-zero because 53 may not
vanish.

[0049] Referring now to FIGS. 6A-6F, a number of dia-
grams illustrating an engineered optical polarization singu-
larity sheet with a cross-sectional jump in the polarization
azimuth tracing the shape of a heart are shown, according to
various example embodiments. The design heart-shape is
similar to that of the phase singularity described above in
reference to FIG. 4A-4D. In various embodiments, the
heart-shaped singularity is centered at z=10 mm and is
designed to be generated by a monochromatic plane wave at
A=532 nm incident on a patterned 0.4 mmx0.4 mm square
aperture. In various embodiments, the incident plane wave is
linearly polarized at an angle of 45° from the x-axis and is
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transmitted through a spatially variant waveplate placed at
7z=0 mm. The paraxial approximation (qualitatively sup-
ported by the target plane distance being much larger than
the aperture size) is justified since the energy density asso-
ciated with the longitudinal E, in the volume of interest is
much smaller (in this case, less than 0.05%) than that of the
transverse E_ and E, components. The polarization singu-
larity field may be inverse designed over the retardance and
diattenuation properties of the spatially variant waveplate.
FIG. 6A illustrates the simulated spatially varying polariza-
tion azimuth (with local polarization ellipses superimposed)
over the transverse plane at z=10 mm. FIGS. 6B-6C illus-
trate the ellipticity angle and field intensity on the same
plane, respectively. In a similar manner to the heart-shaped
phase singularity described above with reference to FIGS.
4A-4F, this heart-shaped polarization singularity extends
into and out of the z=10 mm plane. It should be understood
that FIG. 6A may illustrate a cross-section of a 2D polar-
ization singularity sheet. The azimuth jump across the
singularity may have a magnitude of /2 because the com-
plex argument of 2., is twice the polarization azimuth W.
Additionally or alternatively, the polarization singularity
may be illustrated by the transverse gradient of the polar-
ization azimuth IV, W| to show very rapid spatial variations
which exceed the field wavenumber k.

[0050] In various embodiments, system 100 produces a
physical structure (e.g., physical structure 10, etc.) to control
the spatial polarization variation of an optical wavetront,
point-by-point. In some embodiments, the physical structure
includes a spatially variant waveplate such as a polarization-
sensitive metasurface. In some embodiments, physical struc-
ture 10 includes a phase-only spatial light modulator setup
that structures and then superimposes two coherent beams
with orthogonal polarizations. Transparent birefringent fins
(meta-atoms) on a metasurface may behave locally as wave-
plates that perform a unitary transformation of the incident
electric fields, thereby preserving the magnitude of the
electric field upon transmission through the metasurface.
System 100 may generate appropriate meta-atom geometries
to cause the metasurface to behave as a spatially varying
wave plate to control the polarization state of the field upon
transmission. In various embodiments, the metasurface
includes 51x51 square superpixels with a pitch of 8.4 pm,
where each superpixel includes 20x20 subwavelength pixels
with a single nanofin each. System 100 may generate design
parameters for a metasurface using 600 nm-tall TiO, nano-
fins on a fused silica substrate. FIG. 7A illustrates micro-
graphs of such a structure. FIG. 7B illustrates a setup to
analyze the polarization singularity structures generated by
the metasurface at z-positions around z=10 mm using rotat-
ing quarterwave plate polarimetry. The setup may include
fiber collimator 702, first mirror 704, second mirror 706,
polarizer 708 (e.g., a 45 degree polarizer, etc.), metasurface
710 (e.g., physical structure 10, etc.), heart-shaped phase
singularity 712, objective 714 (e.g., a 100x objective with
NA=0.95 on a stepper motor, etc.), quarterwave plate 716
(e.g., on a rotary stage, etc.), polarizer 718 (e.g., a horizontal
polarizer, etc.), lens 720 (e.g., a tube lens, etc.), and/or
sensor 722 (e.g., a CMOS sensor, etc.). FIGS. 6D-6F illus-
trate measurements of the polarization azimuth, ellipticity
angle, and intensity at z=10 mm, respectively. These profiles
exhibit close correspondence to those obtained through
simulation as discussed in detail with reference to FIGS. 4A,
4B, and 4C, respectively.
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[0051] In various embodiments, physical structure 10 may
facilitate atomic trapping of neutral atoms using intensity
gradients. Depending on the sign of the detuning A=m-w,
between the optical trap field frequency w and a strong
atomic resonance frequency wo, neutral atoms are attracted
to either intensity maxima (“red” A<0 detuning) or intensity
minima (“blue” A>0 detuning). Optical dipole traps for cold
atoms may be “red” traps which trap neutral atoms in arrays
of tightly focused spots of light. System 100 may facilitate
“blue” traps with 3D spatial confinement which may trap
atoms in a dark spot surrounded by light. Conventional
systems/methods may be unable to generate more than one
“blue” trap with 3D spatial confinement.

[0052] FIG. 8A illustrates a simulation of a linear array of
ten identical blue traps 812 (A,=760 nm, blue-detuned from
the D, line of Rubidium-87 at 780 nm) with a 1D array
constant of 3 um that can be generated from a single
illuminating beam at z=0 This array includes periodically
spaced zero-dimensional point singularities in the propaga-
tion direction. FIG. 8B illustrates an intensity profile around
one of blue traps 812. FIG. 8C illustrates the maximum
potential depth for a Rubidium-87 atom in each of the traps,
as a function of the polar angle ® from the z-directed optical
axis. The potential depth U,,,,,(®) (in temperature units of
mK) is the difference between the maximum potential height
along angular direction and the dipole potential at the center
of the trap. In various embodiments, the smallest trapping
depth can reach 3 mK-W~! without any escape channels,
indicating 3D spatial confinement for each trap.

[0053] The trap depth profile as a function of polar angle
for each of the ten traps may be similar and the on-axis phase
gradient can be 100 k,, at the specified singularity positions,
as shown in FIG. 8D. In various embodiments, this arises
because the shape of the blue traps is mostly and/or fully
identical from optimization, ensuring that each trap presents
the same trapping potential. In some embodiments, the
calculated radial trapping frequency is 25.0 kHz (P/[W])""2
and the longitudinal trapping frequency is 291 kHz (P/[W])
172 with negligible variation between traps of less than 1 part
per million (e.g., in simulation, etc.). FIG. 8E illustrates a
metalens phase profile (unwrapped) that generates the blue-
detuned array. In various embodiments, the profile is cylin-
drically symmetric and may include 1001 phase values
(pitch 500 nm) within a 500 um radius. In various embodi-
ments, system 100 generates a nanopillar-based metasurface
that enforces this required phase profile and produces a
similar cross-sectional intensity profile.

[0054] In various embodiments, system 100 generates 2D
sheet-like singularities by optimizing over a single trans-
verse plane. In some embodiments, system 100 generates 2D
sheet-like singularities by optimizing over multiple trans-
verse planes. It should be understood that system 100 may
be applied in various complex wave systems such as acous-
tic, fluidic, particle beam and plasmonic systems.

[0055] Turning now to FIG. 9, method 900 of generating
a functional singularity is shown, according to an example
embodiment. In various embodiments, system 100 performs
method 900. At step 910, system 100 may determine a
relationship between one or more parameters associated
with a physical structure and a spatial gradient of field values
of at least one of electromagnetic energy, sound energy, or
water waves manipulated by the physical structure. In vari-
ous embodiments, the field values are associated with light
manipulated by the physical structure. In various embodi-
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ments, the relationship between parameters includes Green’s
function for wave propagation. Green’s function may
include an impulse response such as an impulse response of
a linear differential operator. For example, Green’s function
G may be the solution of the equation LG=3 where 0 is the
Dirac delta function and L is the linear differential operator.
Additionally or alternatively, the relationship between
parameters may include a spatial Fourier transform to obtain
far-field behavior.

[0056] At step 920, system 100 may configure, according
to the determined relationship, the spatial gradient of field
values to represent a functional singularity at a point. In
various embodiments, the functional singularity includes a
phase singularity in one or more field components. In some
embodiments, the functional singularity includes a polariza-
tion singularity. For example, the polarization singularity
may be in the azimuth of a transverse polarization. In some
embodiments, configuring the spatial gradient of field values
includes performing gradient descent optimization. In vari-
ous embodiments, the functional singularity is associated
with a maximized value of the spatial gradient of field values
at the point. In various embodiments, the spatial gradient of
field values at the point is oriented perpendicular to the
singular structure.

[0057] At step 930, system 100 may perform backpropa-
gation using the spatial gradient of field values to obtain
design parameters corresponding to values for the one or
more parameters that achieve the functional singularity at
the point. In some embodiments, the design parameters
include a plurality of nanostructure rotation angles. In some
embodiments, the point is an isolated O-dimensional position
in 3-dimensional space. In some embodiments, a collection
of points forms one or more 1-dimensional lines in 3-di-
mensional space. Additionally or alternatively, a collection
of points may form one or more 2-dimensional surfaces in
3-dimensional space. Additionally or alternatively, a collec-
tion of points may form one or more 3-dimensional volumes
in 3-dimensional space.

[0058] At step 940, system 100 may produce a physical
structure having the design parameters. In various embodi-
ments, the physical structure includes a metasurface. In
some embodiments, the physical structure includes a spa-
tially-variant phase plate. In some embodiments, the physi-
cal structure includes a spatial light modulator (SLM). In
some embodiments, the physical structure includes a spa-
tially-variant waveplate. Spatial variability may refer to a
quantity that exhibits values that differ across different
spatial locations. For example, a spatially-variant waveplate
may describe a waveplate having different characteristics at
various points on a 2-D surface of the waveplate. Addition-
ally or alternatively, the physical structure may include an
acoustic transducer. In some embodiments, the physical
structure includes a water pump and/or pneumatic actuator.
In some embodiments, the physical structure is a magnetic
lens for particle beam deflection. In some embodiments, the
physical structure is a shaped reflector or attenuator.
[0059] As used herein, the terms “approximately,” “sub-
stantially,” “substantial” and “about” are used to describe
and account for small variations. When used in conjunction
with an event or circumstance, the terms can refer to
instances in which the event or circumstance occurs pre-
cisely as well as instances in which the event or circum-
stance occurs to a close approximation. For example, when
used in conjunction with a numerical value, the terms can
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refer to a range of variation less than or equal to £10% of
that numerical value, such as less than or equal to 5%, less
than or equal to 4%, less than or equal to 3%, less than or
equal to +2%, less than or equal to £1%, less than or equal
to £0.5%, less than or equal to £0.1%, or less than or equal
to £0.05%. For example, two numerical values can be
deemed to be “substantially” the same or equal to each other
if a difference between the values is less than or equal to
+10% of an average of the values, such as less than or equal
to £5%, less than or equal to 4%, less than or equal to +3%,
less than or equal to 2%, less than or equal to +1%, less
than or equal to £0.5%, less than or equal to +0.1%, or less
than or equal to £0.05%.
[0060] While the present disclosure has been described
and illustrated with reference to specific embodiments
thereof, these descriptions and illustrations do not limit the
present disclosure. It should be understood by those skilled
in the art that various changes may be made and equivalents
may be substituted without departing from the true spirit and
scope of the present disclosure as defined by the appended
claims. The illustrations may not be necessarily drawn to
scale. There may be distinctions between the artistic rendi-
tions in the present disclosure and the actual apparatus due
to manufacturing processes and tolerances. There may be
other embodiments of the present disclosure which are not
specifically illustrated. The specification and drawings are to
be regarded as illustrative rather than restrictive. Modifica-
tions may be made to adapt a particular situation, material,
composition of matter, method, or process to the objective,
spirit and scope of the present disclosure. All such modifi-
cations are intended to be within the scope of the claims
appended hereto. While the methods disclosed herein have
been described with reference to particular operations per-
formed in a particular order, it will be understood that these
operations may be combined, sub-divided, or re-ordered to
form an equivalent method without departing from the
teachings of the present disclosure. Accordingly, unless
specifically indicated herein, the order and grouping of the
operations are not limitations of the present disclosure.
What is claimed is:
1. A method of generating a functional singularity at a
point or collection of points, comprising:
determining a relationship between one or more param-
eters associated with a physical structure and a spatial
gradient of field values of at least one of electromag-
netic energy, sound energy, particle beam, or water
waves manipulated by the physical structure;
configuring, according to the relationship, the spatial
gradient of field values to represent a functional sin-
gularity at a point;
performing backpropagation using the spatial gradient of
field values to obtain design parameters corresponding
to values for the one or more parameters that achieve
the functional singularity at the point; and
producing a physical structure having the design param-
eters.
2. The method of claim 1, wherein the functional singu-
larity includes a phase singularity in one or more field
components.
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3. The method of claim 1, wherein the field values are
associated with light manipulated by the physical structure
and wherein the functional singularity includes a polariza-
tion singularity.

4. The method of claim 3, wherein the polarization
singularity is in an azimuth or ellipticity angle of a trans-
verse polarization.

5. The method of claim 1, wherein the physical structure
includes a metasurface.

6. The method of claim 1, wherein the physical structure
includes a spatially-variant phase plate.

7. The method of claim 1, wherein the physical structure
includes a spatial light modulator (SLM).

8. The method of claim 1, wherein the physical structure
includes a spatially-variant waveplate.

9. The method of claim 1, wherein the design parameters
include a plurality of at least one of nanopillar diameter,
height, or width values.

10. The method of claim 1, wherein the design parameters
include a plurality of nanostructure rotation angles.

11. The method of claim 1, wherein the point includes an
isolated 0-dimensional position in 3-dimensional space.

12. The method of claim 1, wherein the collection of
points forms one or more 1-dimensional lines in 3-dimen-
sional space and wherein the physical structure generates a
functional singularity at the collection of points.

13. The method of claim 1, wherein the collection of
points forms one or more 2-dimensional surfaces in 3-di-
mensional space and wherein the physical structure gener-
ates a functional singularity at the collection of points.

14. The method of claim 1, wherein the collection of
points forms one or more 3-dimensional volumes in 3-di-
mensional space and wherein the physical structure gener-
ates a functional singularity at the collection of points.

15. The method of claim 1, wherein configuring the
spatial gradient of field values includes performing gradient
descent optimization.

16. The method of claim 1, wherein the functional sin-
gularity is associated with a maximized value of the spatial
gradient of field values at the point.

17. The method of claim 1, wherein the spatial gradient of
field values at the point is oriented perpendicular to the
physical structure.

18. The method of claim 1, wherein the relationship
between the one or more parameters associated with the
physical structure and the spatial gradient of field values is
associated with Green’s function for wave propagation.

19. The method of claim 1, wherein the relationship
between the one or more parameters associated with the
physical structure and the spatial gradient of field values
includes a spatial Fourier transform.

20. The method of claim 1, wherein the physical structure
includes at least one of an acoustic transducer, a water pump,
pneumatic actuator, or a magnetic lens.

21. The method of claim 1, wherein the physical structure
traps atoms in at least one of a dark spot or an extended dark
structure surrounded by light.
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