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Consumption-Based Capital Asset Pricing Model
. Substituting:
0 = exp(—p), Ry =explriy, +o'epy, — %(Uiy]a U (c) =c"
into the Euler equation:
u'(c) = E [5R§+1u’(ct+1)]
yields:
¢, " = E{exp[—ptri+oe,—3(0") e} = 1 = Bdexpl—ptriy +o'e =5 (")) (e /e) T}

Noting that:

<th—:1) . exp {ln [(%) _7] } — exp {—'yln (th—:l)} = exp[—7AIn(cpy1)],

the Euler equation can be written as:

1= B{exp[—p + iy +0'epyy — 5(0°)° — yAln(cpa)]}-
. The moment-generating function for a normal random variable X is:
E[e"] = exp(bu + $b°0?),

where 1 and o2 respectively denote the mean and variance of X. Applying this
formula to the normal random variable [o'e} ; — YA In(cpq)] yields:

E{explo’ey, —yAIn(ci1)]} = exp{—vEi[AIn(cpi1)]+ %W[Ui€i+1 —7Aln(c)]}-
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Hence, the Euler equation can be expressed as:

1 = exp{—p+ryy —5(0") = vE[AIn(c)] + 5Vi[o'ely — vAln(ca)]}
= 0= —p+ry —5(0) = vE[A ()] + gVilo'epy — vAIn(erp)]-

The Euler equation for the risk-free asset with o/ = 0 is simply:
0=—p+rly —vE[A ()] + $VilyAIn(c ).
Differencing the Euler equation for assets ¢ and j yields:

0= riyy =iy = [0 — ()] + 4 {Viloehyy — 7A ()] — Vilo'ely, —7A In(eren)]}
= 7"§+1 - Tngl = % {(01)2 - (U])z - Vt[Uzgiﬂ —yAln(cp)] + ‘/t[o-jgngl —7A 1H(Ct+1)]} .

3. Using the definitions:
V(A) = E{[A- E(A)P}, Cou(A,B) = B{[A~ E(A)][B - E(B)]},
we can express:

V(A+B)=E{[(A+ B) — E(A+ B)?} = E{[A — E(A) + B — E(B)]|A — E(A) + B — E(B)]}
= E{[A - E(A))” +2[A - E(A)|[B - E(B)] + [B — E(B)]*}

= E{[A— E(A)P’} + 2E{[A - E(A)|[B — E(B)]} + E{[B — E(B)]}

— V(A) + 2Cou(A, B) + V(B).

4. The statistical lemma yields:
Vilo*ets = yAm(ce)] = (07)° = 2y04e + 9 Vi[A ()]s

so that, we obtain:
ij i j
M1 = T = T
(0 = (07 — [(0)? — 230 + Vil n(ers)]] + [(07)2 — 2050 + Vil A In(er)]

7(0 ic — O jc)-

5. Because of. = 0, we have Wifrl = ~o;. Vi. The equation states that the risk
premium Wiil on asset ¢ is equal to the coefficient of relative risk aversion ~
times the covariance o;. of asset returns with consumption growth. Intuitively,
if the covariance o;. of asset returns with consumption growth is high, then the
asset tends to deliver higher returns in states where the future marginal utility of
consumption is low relative to today’s marginal utility. It is therefore perceived
to be a risky asset and a high risk premium Wffrl is needed to ensure that the
consumer is willing to hold it. This effect becomes larger as the coefficient of

relative risk aversion v increases, because the more risk averse the agent the higher
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the return that the agent requires as compensation for a given “quantity” of risk
(the latter is captured by the covariance term). In other words, v corresponds to
the “price” of risk.

Note: The v multiplying the asset’s covariance with (contemporaneous) consump-
tion growth in the equity premium expression represents risk preferences rather
than consumption smoothing preferences. This cannot be discerned from the
derivation above but can be shown to be true by looking at the Epstein-Zin util-
ity case (see section 3 in section note 3 for a brief discussion of the relationship
between CRRA and Epstein-Zin utility).

2 Asset Pricing and the Equity Model

1. The Euler equation sets the marginal loss in utility from saving an additional unit
of wealth in the current period equal to the marginal gain in expected discounted
utility from consuming the resulting savings in the next period. If the Euler
equation did not hold for some asset, then the consumer would have an incentive
either to invest more in that asset or to invest less in the asset and possibly sell
it short. Hence, the Euler equation needs to hold for every asset in equilibrium.

2. By definition, the Euler equation for the risk-free asset is:
u'(er) = B[R exp(—p)u/(cpp1)].

This can be derived (along with a corresponding equity Euler equation) from the
first-order and envelope conditions from a Bellman equation where the savings
technology is through both an equity and risk-free asset. There, the consumer
would optimally choose both current consumption and allocation of wealth across
the two assets.

3. Because R/ is a constant, rearrangement of the Euler equation yields:

(RI)™" = Exlexp(—p)u/(ce1) [t/ (cr)] = Ex [exp{—p + In[u' (cts1) /u'(ce)]}] -

For the utility function u(c) = ¢!=7/(1 — ~), we can express:

In [%} —In [(th—:l) V] = —yAln(cir).

Thus, we have the result:
(R7)™ = E{exp[—p — yAIn(cri1)]}-
4. Substituting ¢; = Qﬁ_%xt into the equation of motion for z; yields:

Ti41 = Rfﬂlty(xt - Ct) = Rteﬂ”y(l —¢ 7)1} = $t+1/$t = Rteﬁzwﬂ —¢ ”)~
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Hence, we can express Aln(cqy) as:

-1 equi
Aln(eppr) = In(erpr/er) = (@ /) = In(1 — ¢ 7) + In(RELY™)
(A =y)r = pl + 5(v = D)o} + {r + 0e11 — 507}
S(r=p)+ 10® — 0% + oe441,
where ;11 is a standard normal random variable. Thus, we have:

Ei[An(ciiq)] = %(7” —p)+ %‘72 -0’ & Vi(Aln(cya)) =V (0gp41) = 0
5. Using the moment-generating function for the normal distribution, the result from
the third part can be rewritten as follows:

(RT) ™ = exp{—p = vEi[AIn(c,)] + §7*Vi[AIn(ci1)]}
=exp{—p = [z (r = p) + (3 = 1)o°] + 37%0%} = exp(—r + 70°).

Taking the log of both sides yields the result: r/ = r — vo2. In the previous
problem, we obtained the Consumption Capital Asset Pricing Equation:

=t -l = Y0ie = yCou; (0i5§+1a Aln(ct+1>) ;
so that, we have the following in the current problem:

i -1 equi
reait _pl = yCovfoeiy, In(1—¢~ 7 ) +Hn(Ri™)] = yCovy (a1, 08011) = YVil(oer) = yo°.

6. It is realistic to assume that physical production technologies are, at least to some
extent, risky. Therefore, it is plausible to assume that the aggregate supply of the
riskfree asset is zero.

Note that this is perfectly consistent with the trading of riskfree claims in financial
markets. Of course, in a closed economy with a single (representative) agent, the
risk-free rate in general equilibrium must be such that the agent is indifferent
between buying and selling the risk-free bond, because a representative agent
cannot borrow from or lend to herself.

Also note that “net supply” is not the same as “excess supply” in this context. For
example, equity is in positive net supply (there is positive aggregate endowment
of equity) but its excess supply must be zero in equilibrium, as for any other asset.

7. It is not true in the real world that the variance of equity returns is equal to
the covariance of equity returns with consumption growth. First, consumers hold
assets other than equities, such as real estate, commodities, and cash. Second,
consumers also receive labor income, which creates a noncontractible source of
risk.
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3 General Exam Question

1. To derive the stated Euler equation, we need to use the two defining conditions
of (general, competitive) equilibrium: first, all (price-taking) agents behave opti-
mally given the prices they face; second, markets clear. Let ayee and agm be the
units of the tree asset and the firm that the representative agent holds. The sec-
ond condition, market clearing (demand must equal supply for all assets), requires
that otree = 1 and agem = 1.

The first condition requires that this equilibrium portfolio allocation is optimal for
the representative agent. That is, risk premia for each asset must be such that the
representative agent is willing to hold exactly the net supply of each asset. It may
be more intuitive to think of the representative agent as a continuum of identical
agents of total mass equal to oneﬂ Each infinitesimal agent takes prices as given
and chooses the optimal portfolio allocation given these prices. Optimality then
requires that each agent has no incentive to (marginally) perturb his holdings of
each asset in a feasible way starting from the equilibrium holdings ay..e = 1 and
Afiyym — 1.

Consider the gain from marginally increasing the agent’s holding of the tree by
davree units. This perturbation must respect the budget constraint if it is to be
feasible. Note that, since p denotes the price of the firm and c¢ is the price of
the tree (by the fact that one certain unit of consumption in period 1 is worth
1 and the Law of One Price), the agent must reduce his holdings of the tree by
|dotgrm| = ﬁdatree units so as to pay for the increase in tree holdings.

His consumption will now be ¢+ 1+ ¢ - dotgee — 1+ |dagem| in the good state and
¢+ ¢ - daygee in the bad state.

Optimality requires that U, — Ugq = 0 for a marginal change in asset holdings.
Taking a first-order expansion of U, around the old portfolio allocation, we get

plu(c+ 1+ c- dogree — 1+ [dotfom|) — u(c+ 1)] + (1 — p) [u(c + ¢ - dovgree) — u(c)] =0
,u (c dree — 1+ gdatree> w(c+ 1)+ (1 —p) (¢ doge) u'(c) =0
(1 =p)pu'(c+1) = p(1l — p)u'(c) =0

where the final line follows by multiplying the second line by —— OZ —.

An alternative, equivalent way of deriving this equation is to consider feasible
perturbations of consumption across states of nature rather than perturbations
in asset holdings. This can be done by looking at the prices of the Arrow-Debreu
(AD) securities corresponding to each state of nature. In general, the AD security

!Each agent also has an identical endowment of each asset, which aggregates to the net supply of
each asset.
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for state s is defined to be a financial claim paying 1 unit of consumption in state
s and 0 in all other states. Thus, the price of the state-s AD security can be
interpreted as the price of consumption in state s. For this reason, the prices of
AD securities are known as state prices.

In our case, we have two states, a “good” state occurring with probability x4 and a
“bad” state occurring with probability 1 — u. By the Law of One Price (LOOP),
the state price for the good state is p, since the firm asset has an identical payoff
schedule (that is, identical payoff in each possible state of nature) to that of the
good-state AD security. Also note that, again by the LOOP, state prices must
sum to 1, the price of one certain unit of consumption in period 1. Thus, the
price of the bad-state AD security is 1 — p.

The state prices pin down the feasible reallocations of consumption across the two
states. For example, increasing consumption in the bad state by dcpaq units costs
(1 — p)dcpaa, which must be offset through a sale of |dcgooa| = %dcbad units of
consumption in the good state. Optimality then requires

I—p

depaapu’ (¢ + 1) 4+ depaa(1 — p)u'(c) =0

Multiplying by —ﬁ once again yields the Euler equation.

2. Denote p = lim._,, p. Rearranging the formula above and taking limits yields:

_ N /
A—pp _ Wl e+l

1:
ﬁ(l — Iu) c—00 u/(c —+ 1) c—00 C

?

so that, we have:

I=pp=p1-p) & p=limp=p
In terms of the expected gross "return", we have Ey (payout) = p-1+(1 — p)-0 =
. Thus,

Ey (payout) j

lim = lim = =1
c— 00 p c— 00 p
3. In the limit as ¢ goes to infinity, the ratio of consumption in the good state to

consumption in the bad state approaches one. Given the CRRA form of the
agent’s utility function, the consumer’s marginal utility is approximately equal
across states because consumption becomes approximately equal across states in
proportional terms. Therefore, if the price of a unit of the numeraire delivered in
both states is one, then the price of the firm is simply equal to the probability that
it pays a dividend of a unit of the numeraire (or its expected payout). Intuitively,
as ¢ — oo the CRRA agent perceives no risk, so that risk aversion becomes
irrelevant.
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4/5. We are considering the same perturbation as in part 1. The difference is that the
equilibrium payout that the consumer receives in the good state is now (1 + «) c+1
instead of ¢+ 1. Again, suppose that the consumer sells a claim on one (marginal)
unit of consumption delivered in the good state (that is, he sells a unit of the
good-state AD security) and buys a claim on p(1 — p)~! units of consumption
delivered in the bad state (that is, he buys p(1 — p)~' units of the bad-state
AD security). This perturbation again satisfies the consumer’s budget constraint
with equality. Noting that markets clear in equilibrium, the loss in expected
utility from one unit less of the numeraire in the good state is pu'[(1 4+ «a)c + 1],
and the gain in expected utility from p(1—p)~! units more of the numeraire in the
bad state is p(1—p)~1(1—p)u'(c). Because the consumer is maximizing her utility
in equilibrium, she must be indifferent towards this perturbation; therefore, we
obtain:

—p [(14+a)e+1]+p(1—p) " (A=)t (c) = 0 & (1—p)pv/[(14+a)c+1]—p(1—p)u'(c) = 0.

6. Denote p = lim._,, p. Rearranging the formula above and taking limits yields:

Qb wle)
P—w O uitaery T

so that, we have:

(=P =p( —p)I+a) & p= limp==—""a—F

Similarly, we have

E i
lim 2Ot B =) > 1

c— 00 p c— 00 p

7. Even in the limit as ¢ goes to infinity, the ratio of consumption in the good state
to consumption in the bad state is greater than one. Given that the consumer
has CRRA preferences, this implies that marginal utility is greater in the bad
state than in the good state. Because the firm pays a dividend when marginal
utility is relatively low, the firm is perceived to be a risky investment, so that
its price is less than the expected dividend (it commands a risk premium). Risk
aversion is important in the current setting because consumption differs across
states in proportional terms, whereas the ratio of consumption in the two states
approached one in the previous case.

This exercise highlights the key idea of modern asset pricing theory: the riskiness
of an asset or gamble does not depend on its volatility but on its comovement
with other risks that agents face in equilibrium (equivalently, comovement with
marginal utility or with the stochastic discount factor).
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8. The calibration is inconsistent with the empirical fact that equity returns are
weakly correlated with consumption growth. In the calibration, consumption is
always high in the state where the firm has a high return and low in the state
where the firm has a low return; that is, the correlation between equity returns and
consumption growth is assumed to be one. In the postwar period, the correlation
is estimated at around 0.18 for the US and it is even lower for other countries (for
some, it is even negative).

The calibration is also inconsistent with the low observed volatility of consumption
growth. The given calibration implies that the unconditional standard deviation
of == ~ Alnc;y, is approximately 0.08. The estimated standard deviation of
US consumption growth in the postwar period is quite lower, at around 0.0164
(and similarly low for other countries).

9. The equity premium is negative if @ < 1, because the firm now pays a dividend
in the state where consumption is lower and the marginal utility of consumption
is higher. In other words, firm equity serves a hedging role and, therefore, the
agent is willing to accept a negative equity premium to hold equity.
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